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The American Regions Math League Competition

ARML is like no other mathematics contest. After months of planning and preparations, tryouts and practice
sessions, busloads of students stream onto three college campuses, turning sedate institutions into bechives of
excitement and anticipation. New friendships are made; old ones are renewed. Superb mathematics students from
across the country are drawn together by their love of mathematics, eager to measure their abilities against other
talented students as well as against a collection of truly challenging non-routine problems. ARML is distinguished
by the fact that it creates communities of mathematics students and teachers, that it values and honors talented and
worthy students often passed over by a society focused on media heroes. ARML's format provides for a variety of
problem-solving situations and the fine problems that distinguish ARML provoke and promote mathematical insight
and inventiveness, opening up new avenues of research as well as intriguing aspects of familiar material. I'll never
forget the thrill 1 experienced the first time 1 saw an auditorium at Penn State packed with 900 students, all
absolutely quiet, all completely intent on solving a problem. I'll never forget the explosion of joy and excitement
that followed the announcement of the answer. It is an experience that repeats itself year after year, a confirmation

of our hopes and dreams as teachers of mathematics.

ARML was founded in 1976 as the Atlantic Region Mathematics League. It was an outgrowth of NYSML,
the New York State Mathematics League, founded in 1973, and designed to serve as a competition for the best of
the teams in the math leagues in New York. Both were the joint vision of Alfred Kalfus and Steve Adrian. Alfred
served as the first president of ARML and Steve, along with Joe Quartararo (from 1976 to 1982), did the
organizational work, site preparations, and publicity. Marty Badoian as vice president and Eric Walstein also played
crucial roles in ARML's early days. The impetus for ARML came when Marty Badoian brought a Massachusetts
team to NYSML in 1975 and they did so well that an expanded competition seemed desirable. ARML was
conceived as an interstate competition covering the eastern seaboard, formed through the joint action of the New
York State Mathematics League, the New England Association of Mathematics Leagues, and leagues from New
Jersey, Pennsylvania, Maryland, and Virginia. But ARML is a great contest and it soon attracted math students and
math teachers from all over the country. By 1984 ARML was renamed the American Regions Mathematics League.
Currently, it takes place simultaneously at three sites, Penn State University in State College, Pennsylvania, the
University of Iowa at Iowa City, lowa, and San Jose State University in San Jose, California. It brings together
some 1500 of the finest young mathematicians in the United States and Canada. In the past teams from Russia have
competed and currently teams from Taiwan and the Philippines are taking part. Taiwanese educators even created a

similar competition for schools in Taiwan called TRML.

ARML is a competition between regions. A region may be as large as a state—there are teams from Texas,
Minnesota, and Georgia, it may be half a state—eastern and western Massachusetts field teams, it may be a county
such as Suffolk county in New York, it may be a city such as Chicago or New York, or a region may even be a
school. For example, Thomas Jefferson High School in Fairfax, Virginia has sent some remarkably successful

teams. Each team consists of 15 students and a region may send more than one team.
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The contest consists of 6 parts. First is the Team Round. A team's 15 students are in one classroom, they
receive 10 problems, they have 20 minutes to solve them as a group, and they may use calculators. Typically,
problems are divided up so that every problem is being worked on by at least one student, answers are posted, and
hurried consultations take place if there is disagreement. Next comes the Power Question. Teams are given 60
minutes to solve a series of in-depth questions on one topic and/or prove a number of theorems on that topic. The
teams' papers are graded by a hardworking group of teachers tucked away in a corner of the auditorium. Following
the Power Question, the teams come together in a large auditorium for the Individual Round. Here they solve 8
questions, given in pairs with 10 minutes for each pair, right answer only. Neither calculators nor collaboration are
allowed. Initial problems are easier, but an easier problem is generally paired with a more difficult one. We try to
write problems so that 80-90% of the students can solve the first one and less than 5% can solve the last one. The
next round is the Relay Round. The teams of 15 are divided up into 5 groups of 3. Each 1* person in a group gets
the same problem, each 2 person gets the same problem, and each 31 person gets the same problem. The first
person's problem has all the information necessary to solve it, but the second person's problem requires the first
person's answer, and the third person needs the second person's answer. None of the three knows the other's
questions. A well-written relay problem enables the second and third team members to do considerable work while

waiting. They may even be able to discover a candidate pool of likely answers to their problem.

Those four rounds are the only rounds that count for the Team and Individual competition. Scoring is as
follows: each correct answer on the Team Round earns 4 points. Sometimes a team gets all 40 points, but 36 has
typically been the top score and the average for all the teams has been between 20 and 24. The Power Question is
worth 40 points; often one or more teams earn a perfect score. Each individual problem is worth 1 point per
contestant, meaning that the team can earn as many as 8 - 15 = 120 points on this round. Generally, 90 is a great
score. On the Relay Round, only the third person's answer is scored. If the group of 3 gets the problem correct
within 3 minutes they earn 4 points, if within 6 minutes they earn 2 points. Thus, each relay is worth a maximum of
5 -4 =20 points; a score of 14 is quite good. The top team scores for the entire contest fluctuate between 160 and

190 points although the 1995 and 1997 contests were particularly difficult, causing top scores to drop into the 120's.

The Tiebreaker Round follows the relays. ARML only gives 3 top individual prizes and usually a playoff

must take place between the top scorers. It is a dramatic moment. At each site the contenders come to the front of
the auditorium, they receive the problem at the same time that it is flashed on an overhead screen. Each student is
timed and the winners are determined by who gets the correct answer most quickly. Sometimes several tiebreakers
must be given to determine the 3 winners. The Super Relay, a competition that first took place in 1996, is the final
round and it is just for fun. It is a relay race for the whole team involving 15 questions. The team that gets the
correct answer to the last question is the winner, earning a round of applause and bragging rights 'til next year. To
keep the Super Relay from getting bogged down, we usually slip one or two problems into the relay that can be
solved without requiring the previous person's answer. In the 1996 — 1999 Super Relays, students passed answers
from position 1 to 15. Starting in 2000, students passed from both ends into position 8. That student's question

required two answers in order to be solved.



ARML is quite an undertaking. It brings together great students, it is one of the few mathematics contests
that involves exciting travel, meeting lots of other students, and renewing friendships established during summer
programs. It relies on the work of a large number of dedicated adults who do all the organizing and spend hours
finding or writing problems to use in practice sessions. It is a contest that promotes and demands creativity and
imagination. The students who take part in ARML are very experienced problem solvers, quick and insightful.
Those of us who write problems for ARML respect the abilities of our participants and, consequently, we spend
hours developing problems that spring from high school mathematics, yet are out of the ordinary, problems that can't
be attacked in rote fashion. We don't just take a theorem and write a problem that employs it. We ask questions, we
imagine situations we'd never thought of before, we try out this idea and that possibility, we run into dead-ends, and
we occasionally stumble across a really neat idea and that's the one that makes it into an ARML competition. There

are many different topics on each year's ARML, but more important, there are a wide variety of ways of thinking.

This publication makes available the problem sets and solutions for the 1995 to 2003 ARML contests. Three
earlier publications contain ARML problems from its beginning in 1976 to 1994 and NY SML problems from its
beginning in 1973 to 1992. The first was NYSML-ARML Contests 1973-1982, published in 1983 by Mu Alpha
Theta. The second was NYSML-ARML Contests 1983—1988 by Gilbert Kessler and Lawrence Zimmerman,
published by the National Council of Teachers of Mathematics in 1989. The third was ARML —~NYSML Contests
1989-1994 by Lawrence Zimmerman and Gilbert Kessler published by MathPro Press in 1995.

ARML has an executive board that organizes each contest. Alfred Kalfus was president from 1976 until 1989
when Mark Saul of Bronxville High School, NY took over. Mark retired in 2001 and Tim Sanders, director of the
Great Plains Mathematics League, took over. Starting in June of 2004, J. Bryan Sullivan will be the president.
Current board members include Marty Badoian, Steve Adrian, Linda Berman, J. Bryan Sullivan, John Benson, Josh
Zucker, Paul Dreyer, Kristie Sallee, and Amy Gibbs. Marty, Steve, and Bryan have been involved with ARML

since its inception.

Don Barry has been the head author since 1995 and during that time he has received a number of great
problems, solutions, and a lot of spirited help from Paul Dreyer, Ed Early, Zuming Feng, Zac Franco, Chris Jeuell,
Paul Karafiol, Rick Parris, Ashley Reiter, Leo Schneider, Ravi Vakil, Eric Wepsic, Elizabeth Wilmer, and Andrei
Zelevinsky. The following teachers at Phillips Academy in Andover, Massachusetts have helped enormously in
editing, reviewing, and occasionally suggesting problems: Frank Hannah, Chris Odden, David Penner, Bob Perrin,
and Bill Scott. Our work has benefited from and, we hope, built upon the fine work done by ARML's previous
problem writers including Steve Conrad, Dr. Norman Schaumberger, Dr. Erwin Just, Irwin Kaufman, Howard

Shapiro, Harry Ruderman, Gilbert Kessler, and Larry Zimmerman.

I would like to dedicate this book to my wife, Roxy, whose cheerful patience, support and encouragement
have been so invaluable and to Bob Perrin whose insights and brilliant explanations have helped make each and

every contest so much better.

Don Barry
Phillips Academy, Andover, MA 01810
dbarry{@andover.edu
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The ARML Power Contest

In 1995, under the leadership of its president, Mark Saul, ARML introduced the ARML Power Contest.
Modeled on the Power Question which involves, as Mark noted, "cooperative effort in exploring a problem situation
through the solution of chains of related problems", ARML began to offer a mail-in competition. In November and
in February, each participating team receives a set of problems based on a major theme. Some of the problems
require just a numerical answer, some require justification, while others require that a proof be written. The
mathematics of the problems has been geared so that students in an honors class, a math club, or on a math team can
have a unique problem solving and mathematics writing experience. There is no limit to the size of the team, but the
time for solving the problem set is limited to 45 minutes. Calculators are permitted, but no other outside aids are
allowed. Initially, mathematicians from Thomas Watson Laboratories of IBM, the National Security Agency, and
Los Alamos Laboratories graded the papers. Currently, the papers are now graded by the author and some of his
colleagues. There are 40 points per contest; the team score is the sum of the scores of the two contests. A team may
represent a region, not just a school, but the contest must still be taken by all members of the team at the same time
and place. The contest has grown steadily. As of the 2003-2004 academic year there were 43 teams from the

United States, Canada, and Bulgaria participating.

The Power Question and the Power Contest are both designed to simulate actual mathematical research

activity. This is not easy. As Mark noted,

"Power Contest problems are difficult to write. They must provide meaningful problem situations
both for the novice and veteran mathletes. They must attract schools with strong traditions in
mathematics competitions, yet offer experiences for students new to such events. Thus, they must
build mathematically significant results out of mathematically trivial materials."

Roger Sadlowsky, a ARML coach from Minnesota, coordinated the first few years of the competition. The initial
authors were ARML coach Thomas Kilkelly and ARML alumni John Tillinghast and David Miller. Two weeks in
the Soviet Union, working with Soviet mathematicians, teachers, and students, provided the necessary ideas for the
writers to produce the first few years of problems. This effort was underwritten by Best Practices in Education, a
non-profit foundation dedicated to finding exemplary education practices around the world and adapting them for
American educators and students. In 1998 Sadlowsky retired, Tillinghast and Miller went on to graduate studies and

Kilkelly volunteered to take over as coordinator and author.

I would like to thank Mark Saul for his encouragement and trust, Peter Moxhay and Gail Richardson from
Best Practices in Education for their vision in providing funds for the trip to Russia, John Tillinghast and David
Miller for their insight and enthusiasm in getting the project started, Aloysha Belov, Grisha Komdakov, and Dmitry
Fomin for their Russian hospitality and mathematical creativity, Evgenia (Jenny) Sendova (Bulgaria) and Bogdan
Enescu (Romania) for their continuing enthusiasm and support, and Dr. David Cervone and Dr. Steve Heillig for
their proof-reading and exchange of mathematical ideas. Special thanks to Carla, my wife, whose patience, support
and encouragement were and are essential for my participation in this project. I want to say that I really enjoy the

research, problem solving, mathematical writing challenges the competition provides.

Thomas Kilkelly, Wayzata High School
4955 Peony Lane North, Plymouth, MN 55446.
kilkelly @ties2.net
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Problem Writers and Reviewers for ARML 1995 — 2003
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Problem Writers for the ARML Power Contest

Don Barry, George Markowsky, David Penner, Bill Scott, Eric Wepsic, and Andrei Zelevinsky.

Reviewer: David Penner.

Don Barry, Zac Franco, Bill Scott, Eric Wepsic, and Andrei Zelevinsky.

Reviewers: Frank Hannah. David Penner, Bob Perrin, Leo Schneider, and Bill Scott.

Don Barry, Zuming Feng, Zac Franco, Ravi Vakil, Eric Wepsic, and Elizabeth Wilmer.

Reviewers: David Penner, Bob Perrin, and Andrei Zelevinsky.

Don Barry, Zuming Feng, Zac Franco, Ravi Vakil, Eric Wepsic, Elizabeth Wilmer, and Andrei Zelevinsky.

Reviewers: David Penner, Bob Perrin, and Andrei Zelevinsky.

Don Barry, Paul Dreyer, Zuming Feng, Zac Franco, Chris Jeuell, Ashley Reiter, Leo Schneider,
Ravi Vakil, Eric Wepsic, and Andrei Zelevinsky.

Reviewers: David Penner and Bob Perrin

Don Barry, Paul Dreyer, Ed Early, Noam Elkies, Zuming Feng, Zac Franco, Chris Jeuell, Ashley Reiter,
Leo Schneider, Ravi Vakil, and Eric Wepsic.

Reviewers: David Penner, Bob Perrin, and Andrei Zelevinsky.

Don Barry, Paul Dreyer, Ed Early, Zuming Feng, Zac Franco, Chris Jeuell, Leo Schneider, Ravi Vakil, and
Eric Wepsic.

Reviewers: David Penner and Bob Perrin.

Don Barry, Paul Dreyer, Ed Early, Zuming Feng, Zac Franco, Chris Jeuell, Paul Karafiol,
Leo Schneider, and Eric Wepsic.

Reviewers: David Penner and Bob Perrin.

Don Barry, Paul Dreyer, Ed Early, Zuming Feng, Zac Franco, Chris Jeuell, Paul Karafiol, Chris Odden,
Rick Parris, Leo Schneider, and Eric Wepsic.

Reviewers: Bob Perrin and Sam Vandervelde.

Thomas Kilkelly has written all the contests save for Color Transformations and Rotating Decimals which were
written by David Miller.
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(RML Prize Wi . 1995 — 2003

Division A

—

. New York City A
Texas Gold

Division A

San Francisco Bay Area A
New York City A
Thomas Jefferson HS A
Montgomery A

W W N =

—

Nathan Curtis
. Lorentz Shyu
. Matt Gealy

Division A

. Minnesota Gold

[\

. New York City A
. Texas Gold

[a—

. Davesh Maulik
2. Li Chung Chen
. Mile Colsher

w

1995 Team Competition

""""""""""" 2. All

1995 Individual Competition

New York City A
Northern California A
Minnesota Gold

1996 Team Competition

179
167
158
158

1996 Individual Competition

Thomas Jefferson A

1997 Team Competition

1. Chicago B

1. Upstate New York A
2. New York City B
3. Massachusetts E

Division B

Pennsylvania

3. Missouri

Division B

82
75
71
71

129
127
125

Division B

______________________ 125 1. Suffolk A
______________________ 116 2. Howard
______________________ 114 3. GeorgiaB___________

1997 Individual Competition

______________________________ Nassau A

San Francisco Bay Area A
Wisconsin Red

ix

90
89
88



\RML Prize Wi . 1995 — 2003

Division A

—

Massachusetts A
2. San Francisco Bay Area A
. Montgomery County A

2

1. Gabriel Carroll
2. Melanie Wood
3. Brian Ginsberg

Division A

1. San Francisco Bay Area A
2. Massachusetts A

1. Gabriel Carroll
2. Reid Barton

1. Chicago A
1. San Francisco Bay
3. New York City A

ok

. Tiankai Liu

1998 Team Competition

Division B

______________ 171 1. San Francisco Bay AreaB____~ 138
______________ 167 2. Phillips Exeter Academy = 122
______________ 157 3. Taiwan Yale 121
4. NewYork City Y 116

1998 Individual Competition
__________ San Francisco Bay Area A ... 8
____________________ IndianaGold .~ 8
______________________ Chicago A i 8

1999 Team Competition
Division B

_______________ 187 1. TaiwanC 158
______________ 181 2. MercerCounty .. 145
_______________ 178 3. WashingtonGold . 140
4. MassachusettsE .~~~ 137

1999 Individual Competition
__________ San Francisco Bay Area A ... 8
_________________ MassachusettsA 8
e New York City A 8

2000 Team Competition
Division B

_______________ 172 1. ConnecticutA 127
_______________ 172 1. Peninsula SouthBay ... 127
________________ 171 3. lowaA 125
3. Northern California 125

2000 Individual Competition
_______________ San FranciscoBay A o 8
_______________ San FranciscoBay A ... 8
All Pennsylvania 8



ARML Prize Winners: 1995 — 2003

Division A

fa—y

. San Francisco Bay A
2. Massachusetts A

1. Gabriel Carroll
2. Gregory Price

Division A

1. Thomas Jefferson HS A
2. Massachusetts A
3. Chicago A

1. Ruozhou (Joe) Jia
2. Anatoly Preygel
3. Jeffrey Amos

Division A

. Thomas Jefferson HS A
. San Francisco Bay A
3. Chicago A

N

. Anders Kaseorg
. Jonathan Lowd
3. Bob Hough

N =

2001 Team Competition

Division B

191 1. Michigan Reals .
185 2. OntarioB1
175 3. ChicagoC_____

2001 Individual Competition

San Francisco Bay Area A
Thomas Jefferson HS A

2002 Team Competition

Division B

_______________ 190 1. New York City S
______________ 172 2. Southern California_____
161 3. Thomas Jefferson HS B

2002 Individual Competition
Chicago A

Montgomery County A
Kansas Regional

2003 Team Competition

Division B

155 1. Connecticut A
153 2. Lehigh Valley
147 3. Missouri A

3. Nebraska

2003 Individual Competition

North Carolina

Xi

160
134
120

122
114
107

112
98
95
95



ARML Power Contest Prize Winners

1994-95

[a—

. Vestavia Hills H.S., Vestavia Hills, AL
2. St. Paul Academy, St. Paul, MN
3. Louisiana ARML, LA

1995-96 1. Stuyvesant H.S., New York City, NY
2. Mounds View H.S., Arden Hills, MN
3. North Carolina School of Science and Math, Durham, NC

1996-97 1. Stuyvesant H.S., New York City, NY
2. Vestavia Hills H.S., Vestavia Hills, AL
3. St. Paul Central H.S., St. Paul, MN

1997-98 1. Stuyvesant H.S., New York City, NY
2. St. Paul Central H.S., St. Paul, MN
3. Evanston H.S., Evanston, IL

1998-99 1. Lynbrook H.S., San Jose, CA
2. North Carolina School of Science and Math, Durham, NC
3. Evanston H.S., Evanston, IL

1999-00

[e—

. Stuyvesant H.S., New York City, NY
2. Gunn Math Circle, Gunn H.S., Palo Alto, CA
2. Wayzata H.S., Wayzata, MN

2000-01 1. Phillips Exeter Academy, Exeter, NH
2. Sofia Math Circle (Bulgaria)
3. Stuyvesant H.S., New York City, NY

2001-02 1. Thomas Jefferson H.S., Fairfax, VA
2. Sofia Math Circle (Bulgaria)
3. Phillips Exeter Academy, Exeter, NH

2002-03 1. Stuyvesant H.S., New York City, NY
2. Sofia Math Circle (Bulgaria)
3. Phillips Exeter Academy, Exeter, NH

2003-04 1. St. Louis Math Circle, St. Louis, MO
2. Academy for the Advancement of Science & Technology, Hackensack, NJ
3. Honorable Vincent Massey SS, Ontario, Canada

xii



Team Round

Power Question

Individual Round_




THE 20™" ANNUAL MEET

ARML celebrated its twentieth year of competition by expanding to a new, western site.
The University of Nevada at Las Vegas (UNLV) joined the existing ARML sites at the
University of lowa and Penn State University on June 2™ and 3" for the 1995 meet. New
teams from Idaho, Nevada, Utah, and western Pennsylvania joined the ranks, and the
former state team from California was replaced by six teams, three from northern
California and three from southern California. Including five alternate teams, a total of
eighty-five teams and over 1275 students participated. With the addition of the west
coast site, some logistical changes were required. Specifically, the teams at UNLV did
both the Power and Team rounds on Friday night, while the lowa and Penn State teams
ran the meet as always.

Susan Heicklen of Central Pennsylvania received the Samuel Greitzer Distinguished

Coach Award. She has been a key figure in establishing and maintaining Penn State as a
successful ARML site.

Eric Walstein, the ARML regional representative from the Mid-Atlantic states and coach
of the Montgomery County, MD teams received the Alfred Kalfus Founder's Award. He
has been the coach of Montgomery County for all 20 years of ARML's existence and was
a primary force behind ARML's ongoing exchange with Russia.

The following received the Zachary Sobol award for outstanding contributions to their
ARML teams:

Matt Ahart North Hollywood, CA—organizer of a new team
Franz Ed Boas San Diego, CA—organizer of a new team
Ben Stevens San Diego, CA—organizer of a new team
Lauren Williams South Bay, CA—organizer of a new team

Mathew Crawford  Alabama—two year captain
Scott Kempen Wisconsin—captain and 4 year participant
Robbie McNerney =~ Western Massachusetts—captain and six year participant



ARML Team Questions — 1995

T-2.

T-3.

T4.

T-7.

T-9.

Let 4 BC represent a three-digit base 10 number whose digits are 4, B, and C with4 > 1. Compute the

minimum valuc of 4 BC — (Az +B%+C? ]

-— AB
In AABC,side BC is the average of the other two sides. 1f cos ZC = UTek compute the numerical value

of cos ZC.

Compute the number of distinct ways in which 77 one-dollar bills can be distributed to 7 people so that no

person receives less than $10.

Starting at the same time at corner M, Alison and Ben run in opposite directions around square track MNPQ,
each travelling at a constant ratc. The first time they pass each other at corner P is the tenth time that they

meet. Compute the smallest possible ratio of the faster person's speed to the slower person's.

Determine all integer values of 6 with 0° < 6 < 90° for which (cos 8 + isin 9)75 is a real number.

Assuming the expression converges, determine the largest integer n with n < 4,000,000 for which

Jn + Jn + Jn + ...1s rational.

1
A trapezoid has a height of 10, its legs are integers, and the sum of the sines of the acute base angles is 7

Compute the largest sum of the lengths of the two legs.

Points 4, B, C, and D lie on the given circle.

If AB=8, AP =2, and PC = 4, determine the
ratio of the area of quadrilateral PAEC to the
area of ABAE .

Points C and D lie on opposite sides of line AB. Let M and N be the centroids of AABC and A4BD
respectively. If AB = 25, BC = 24, AC = 7,AD = 20, and BD = 15, compute MN.

CIf 10g1014 =x, 10g1015 = y and lOgIO 16 = z, then determine the number of elements in

S= {loglol, 10g102, loglo3,..., log1 0100} which can be written in the form ax + by + ¢z + d for

rational numbers a, b, ¢, and d.



ANSWERS ARML TEAM ROUND — 1995

1 27
5
2 —_
7
3. 1716
o
9

5. 0°12°,24°,36°, 48°, 60°, 72°, 84°

6. 3,998,000
7. 441
5. =
16
9. 2
5

10. 46



Solutions to the ARML Team Questions — 1995

T-1.

T-2.

1004 + 10B+C — 4% - B> - (C? = [100/1 - Azj + (103 - 32] + [C— c? ] We minimize the sum by
minimizing cach term. Since 108 — B> = (10~ B)B 2 0 for B € {0,1,...,9} with cquality iff B = 0, choose

|
B = 0. Since the graph of C(1 — C) is a concave down parabola with vertex at C = 5 the graph is decreasing

| .
for C > = and the minimum occurs at C = 9. Since 1004 — 4% = A(100 — A) is a concave down parabola
with vertex at 4 = 50, we minimize the expression by maximizing the difference between 4 and 50, i.e.,

set A = 1. Thus, the minimum value of the difference is 109 — [12 + 02 + 92j =109- 82 = [27]

Using the Law of Cosines, c2 = a2 + b2 —2abcos C = a2 + b2 - 2ab[%] = 02 + b2 — 2ac . Since

2
b+c b+ 2c(b+c
a= re , then = [ > C] + 5% - —L(z—c) Simplifying, we obtain 7¢2 +2bc—5h2 =0 —

: 5
(7c—5b)(c+b)=0,so% = .

Ist Method: Assume that every person has received $10 and it remains to distribute $7 among 7 people.
Imagine the seven dollars laid out on a table. The first person puts a marker after collecting her money, the

others do the same except for the last person. A distribution, for example, could be represented by the

diagram and table below:
58| |8|]|| 888 |

person 1 2 3 4 5 6 7
receives  $2 $0 $1 $0 $0 $3 $1

Hence, the number of distributions is the same as the number of placements of 7 bills and 6 bars in a line

of 13. Choose 6 locations for the bars: | .C, = [1716].

2nd Method: Let x; denote the number received by the ith person fori = 1,..,7. The number of
distributions is the number of integer solutions of the equation X HXy Fotx, = 77 for x; > 10. Letting

X; -9 = V;swe obtain the equation Nty toty, = 77 —7 -9 = 14 with each Y2 I.



T-4.

T-6.

T-7.

Solutions to the ARML Team Questions — 1995

Setting =N =Nty z, =y +...+y6,wethcnobtain <z < Zy <<z < 13.

1 22776 1 1 6

The number of distributions is simply the number of six-tuples {zl 22y 26} where each six-tuple is a

combination of 6 integers from | to 13 inclusive. Hence, 13C6 = 1716.

1st Method: Without loss of generality, lct the distance around the square be 400. At the first meeting the
faster person will have traveled 200 + d, the slower 200 — d; at the 10th encounter the distances will be

2000 + 104 and 2000 — 10d. The distances are equivalent to 5 circuits plus or minus 1/2 a lap or 3/2 a lap,
ctc. The speeds are most nearly equal if the faster person has traveled 5.5 laps and the slower person 4.5 laps.

. 11
The smallest possible ratio of their speeds is a5 = —9—

2nd Method: Let MN + NP = 1, let x be the distance traveled by the slower person between consecutive
meetings, let 2 — x be the distance traveled by the faster person. Then 0 < x < 1 and x must satisfy

9
10x = 2k + 1 for some integer k. The largest possible x satisfying this equation is x = To and the ratio

2—x
x

: 110 11
is == = —.
910 9
75
(cos 0 +isin 9) = c0s(750) + isin(750). This is real iff sin(750) = 0, meaning that 756 = 180k for

12k .
integral k. Thus, 6 = T and this implies that & is divisible by 5. Letk = 5m, then 8 = 12m and so we have

the following values for 8: [0°, 12°, 24°, 36°, 48°, 60°, 72°, and 849

, 2 . . . .
Let x = Jn+ n+Jn+ ... ,then x2 =n+ x,s0 n= x_ — x forx rational. But since # is an integer and

n = x(x — 1), then x is an integer as well and if » is to be as large as possible but less than or equal to

4,000,000, then x = 2000, making n = 2000 - 1999 = (3,998,000

1 1 1 +
Since sin6 + sina = —O-+ —O,then E = 10{" z
m

] giving
n

n-m

mn—20n—-20m=0 — mn-—20n— 20m + 400 = 400.

This factors as (m — 20X n — 20) = 400. The sum (m + n) is

maximized when one of the factors equals 400 and the other equals 1. Set n —20 =400, giving » =420 and

m—20=1,givingm =21. Thus,m +n = |44l



Solutions to the ARML Team Questions — 1995

T-8.

In this problem we will use the expression a(ABAE) to represent the area of ABAE .

PA-PB=PC-PD —>20=4-PD — PD =5 and DC = 1. Since ABAE ~ ADCE , then

2 2
ABAE)  AB APB PC

al ) _ — 64. Since APBC ~ APDA. then “AFPBC) _

a(ADCE) ~ 2 a(APDA)  py2

= 4. Let a(PAEC) = K

and a(ABAE) = 64N, making  ADCE) = N . Since a(APBC) = a(PAEC) + a(ABAE) and

APBC K+ 64N 60N
al ) = = 4, making K = T

a(APDA) = A PAEC) + q ADCE) , then

a(APDA) K + N
a(PAEC)  (60N)[3 |5

" a(ABDE) 64N 16/

Since 20 + 152 = 25% = 24% + 72 both A4BC and A4BD
are right triangles, so C and D lie on the circle with diameter
AB and center P. By Ptolemy's Theorem,

(AC)(BD) + (BCY(AD) = (AB)(CD), making

7-1 20-24 117
CD = 5;—5 = —5- The centroids M and N are the

intersection points of the medians and hence, M and N trisect
CP and DP respectively. MN I CD and since
MP NP 1 CD |39

. The equation loglon = a(log1014) + b(loglOIS) + c(log1016) +d= log] 0[14” 152 16 lOdj can be

rewritten as n = 149 - 15b -16° - 10d = 29t dc+d ~3b . 5b+d -7?. So n has no prime factors other than 2,
3,5,and 7. Conversely, if n has the form 27 -39 - 5. 7° for some non-negative integers p, g, , and s, then
we can always find rational a, b, ¢, d such thatp = a+4c+d,q = b,r = b+d,ands = a;i.e., we solve

p—s+q-~r

these equations and obtain a = 5,b = q,d =r — ¢, and ¢ = . So the number of

logs that can be written as a sum of the given logs is simply the number of elements in {l, 2,3,..., 100} that

. 100 100 100
have no prime factors greater than 7. Compute 100 — TN + -F + ...+ 37- where [x] stands for

the greatest integer function or write down all positive integers from | to 100, count 1 and all those with
factors of only 2, 3, 5, 7 to obtain [46].



ARML Power Question — 1995

Consider a collection of piles of bananas consisting of one pile of 9 bananas, one pile of 6 and one pile of 2. Such a

collection, Cl , could be expressed as (9, 6, 2). Obtain a new collection, C2 , by harvesting Cl where harvesting is
defined to mean remove one banana from each pile to form a new pile. Thus, C2 = (8,5,3, 1)and, if C2 is

harvested, we obtain C3 = (7,4,4,2).

1. a) Let Cl = (8,5, 2). Determine C2,C3,C4,and ClOO‘

b) Given the collection M = (7,6, 5), determine M Explain how you arrived at that result.

1995°

2. Prove that the collection (k, k-1k-2,...3,2 1) remains fixed after harvesting.

3. Prove that any collection of piles whose total number of bananas is 6 can be reduced to the collection

(3, 2, 1) by successive harvesting. Determine the maximum number of harvests required.

4. Denote by C(nk SNRTREN % nl) a collection of k piles of size " through n ordered such that

mo2mnm _ 2..2n.Suppose n +m | +...+n =7. Determine the number of collections C such

that the 1995th harvest yields the collection (4, 2, 1). Justify your answer.

5. Let C = (n), that is, let collection C be one pile of » bananas. If C is harvested successively, the collections
will eventually fall into a periodic sequence. That is, for all £ sufficiently large, C = C K+ p If the harvest

is fixed after some point, then p = 1. Determine all values of » such that p = 1995. Explain your reasoning;

you need not prove your result.



ARML Power Question — 1995

Define the graph of a collection as follows: write the collection of piles in

4
non-increasing order from left to right, then draw a column of squarcs for each
. . . 3
pile. The graph of (4, 2, 2, 1) is shown at the right: ‘
i
| ﬁ
12 3 4

Let the level of a square denote the sum of the coordinates of its center. Let the level sum of a collection be the sum

of all the levels of the squares of the collection.

10.

Does there exist a collection of piles different from (n,n— 1, ..., 3, 2, ) such that after harvesting once,

the level sum remains the same?

Find the level sum of C=(n,n—-1,n-2,....,3,2,1).

Show that the level sum of any collection does not increase following a harvest.

+1)

Prove that if a collection of piles contains bananas for n > 2, then successive harvesting will

eventually lead to the collection (n,n—1,...,2,1).

Prove that a collection containing one pile of bananas will be reduced to the collection

nn+1)
2

An = 1)
2

(n,n—1,....,3,2,1) in exactly harvests.



Solutions to the ARML Power Question — 1995

la.

Cl(8,5,2) - C2(7,4,3, - C3(6,4,3,2) - C4(5,4,3,2,1) - C5(5,4,3,2, ) — C]OO(S, 4,3,2,1). The

harvest is fixed or repeats with a period of 1.

M, (7.6,5 = M,(6,54,3) = M3(5, 4,4,3,2) > M4(5,4,3,3,2,1) - M5(6,5,3,2,2,1) -
M6(6,5,3,2,1,1) - M7(6,5,4,2,1) - M8(5,5, 43,1) - M9(5, 4,4,3,2) > M10(5,4,3,3,2,1). Since
M9 = M3, harvesting (7, 6, 5) is periodic with period of 6 beginning with M3, making M3+ ok = M3.

Since 1995 = 3 +6(332), M Mg = (5.4,4,3,2).

1995~

To harvest (k, k— 1, ..., 3,2, 1), we reduce each pile by 1, obtaining piles of size k— 1, k-2,..,2, 1,0, and
one new pile whose size equals the number of piles, namely . This yields the original collection

(k,k—1,...,3,2,1). Thus, the process terminates whenever (k, k— 1, ..., 3,2, 1) is reached.

The following diagram represents all collections of piles with 6 bananas and the harvest of each. The

maximum number of harvests required to reach (3, 2, 1) is 6.

2,2,1,1)
v

4,1,1)

\

(3 3) (1,1,1,11,1)

\’

(2,2,2) 2,1,1,11) (6)

G LLY

(3,2,1)



Solutions to the ARML Power Question — 1995

4. There are 15 collections with 7 bananas. If harvested successively all yield (4, 2, 1). Since (4,2, 1) —
(3.3,1) - (3,2,2) - (3,2, 1, 1) —> (4,2, 1), harvesting has a period of 4 once (4, 2, 1) has been reached.
If a collection yields (4, 2, 1) on the 3 + 4k harvest, then it will yield (4, 2, 1) on the 1995th harvest. There
are 4 collections with that property: (7), (3,3, 1),(4,3), (2, 1, 1, 1, 1, I). The following diagram shows all

collections of piles with 7 bananas and the harvest of each:

(1LL,1L,1111)

(7)

21,1111 \L (2,2,1,1,1) (2,2,2,1)

6, 1) i l
3,1,1,1,1) 5,1,1) 4,1,1,1)

(5, 2)
(4, 3)

/(3,3, 1)\ l/

(3,22

4,2,1)

\ 3,21, 1)/

5. As shown in #3 and #4, the period (6) yields is 1, the period (7) yields is 4. We form a table

showing »n and p:

n | 2 3 4 5 6 7 8 9 10 11 12 13
P 1 2 | 3 3 1 4 4 4 1 5 5 5
k(k+1 k(k +1
Whenn = 1,3,6,10, .. u,theperiod is 1. For n= (T)+m for0 < m < k, the period

1994 - 1995
—_—+

appears to be £+ 1. If the period is 1995, then k£ = 1994 and » will range from 1 to

19942- 1995 + 1994 , that is, from 1,989,016 to 1,991,009 inclusive.

11



Solutions to the ARML Power Question — 1995

6. Consider harvesting a collection of | pile of two bananas: (2) — (1, ). The level sum for (2) is
]+1+1+3 3 and the level for (1, 1)1 l+l+3+1 3
- += —+—|=3an v m -+ = —+—-|=3.
>+3 >+3 and the level sum for (1, 152 2 5+5

7. Clearly all the squares in the graph of C are of a level less than or equal to », and foreach k=1,2,..,n

the graph contains exactly & squares of level . Thus the level sum of C = 12+ 22 + ...+ n2 =

wn+1)2n+1)
—6 .

8. Consider a harvest without reordering, i.e., let the pile corresponding to the number of piles be listed first.

Thus (6, 5,4) — (3,5, 4, 3).

e

i a | al

el bl g blg b g

d| i|m ch\l ocljl 7ochl‘

e n a'i—(m k|ld|i|m kldli|m

flk|o el J n e\jn ejn‘
flklo

The center of each square is shifted one to the right and one down. Thus the sum of the coordinates of the
centers of the squares above the x-axis remains constant. Suppose there were r piles before harvesting.
Before harvesting, the sum of the x-coordinates of the centers of the first row of squares equals

r —1
2

NI"‘N

. . 1
. The sum of the corresponding y-coordinates equals # - 3 If the first row

. 1
becomes the first column, then the sum of the x-values equals r - E and the sum of the y-values equals

1 3 > -1 r?
—+-+ .+ -
22 2 2

squares as any other column, the harvest is properly ordered and the level sum is the sum as before

. Thus, the level sum is unchanged. If the first column contains at least as many

harvesting. If the first column contains less than the second or third, etc., as in the diagram above, then order
the collection by shifting squares to the left. In this, case squares [@ and | b are shifted to column 1 and square
is shifted to column 2. A shift to the left reduces each x-coordinate of the center by 1, thereby decreasing

the level sum. Thus, the level sum is constant or decreases.

12



Solutions to the ARML Power Question — 1995

. . .. onn+1
9. LetS = (n,n—1,...,2,1). Suppose that there exist collections containing (T) bananas that do not

lead to S by successive harvesting. Let C be such a collection with the additional property that it has the
minimal level sum of all such collections. Since C does not lead to S, no collection derived from C by
harvesting does either. Additionally, the level sum of C cannot decreasc by harvesting since C is supposed to
have minimal level sum. Consider the proof of #8: the only case in which the level sum of C remains constant
under harvesting is that in which the first harvested column contains as many squares as any other column. In

that case, the individual labeled squares move either one square SE or the maximum number of squares NW as

33 51 1 5
when, for example, the center of d moves from [3 s 5] to [3 R 5] to [E . 5] Under this movement, the

squares cycle with period equal to their respective level; they move along diagonals and since the level along a

diagonal is constant, the level of each square remains constant.

f a
b

Al o4l Tl

S Y
QU
Q
Q

o
Q

With these observations in mind, we derive a contradiction. Since C # (n,n—1,...,2,1), Cis not equal to

nn+1)
2

the set of squares with level less than or equal to #n. But the number of elements in C equals so C

must have an element y not included in S and S must have an element x not included in C.

Intuitively, y is an extra square and x is a hole. Shownis C = (3,3,3,1)and S = (4,3,2, 1).

If the level of y is greater than n + 1, there is some square y' below y in C with level exactly n+ 1. But y'is
not an element of § because the level of y’is greater than ». Similarly, if the level of x is less than n, there is a
square x' of level n above x also not in C but in S because x' has level n. By the logic of #8, under successive
harvesting y' rotates with period # + 1, and x' rotates with period n. After n + | harvests, x' moves one square
SE, y'stays where it is. Therefore, after at most #(» + 1) harvests, y'is directly above x'. This means a square

of C is directly above a hole of C. This is a contradiction.

13



Solutions to the ARML Power Question — 1995

k(k +1
10.  We prove by induction that after j = (—2——) + m harvests where m < k, our collection consists of:
+1
» one pile of n(n2 ) — j bananas
* mpilesofk+ 1,4, ..., k—m+2 bananas
* k—mpilesof k—m,...., 1 bananas.

nn+

The base case, j = 0, is obvious, since if j = 0, thenk = m = 0, yielding one pile of ) bananas.

We divide the inductive step into three cases: i) m = 0,1ii) 0 < m < k, iil) m = k.

nn+1

1) If m = 0, we begin with 1 pile of — J bananas and £ piles of k&, k — 1, ..., | bananas.

wn+1)
2

Harvesting yields | pile of —j—-1,k—pilesofk—1,k-2,...,1,and | pile of £ + 1 bananas.

Rewritten as 1 pile of

+1
”(”2 ) _(j+1),k—1pilesof k—1,....1,and I pile of k + 1, we see that

m = 1, k is unchanged and j is increased by 1.

n+1)

i) If 0 < m < k, harvesting yields 1 pile of A

— j — 1 bananas, m piles of k, . . . , k— m + | bananas,
k—m—1pilesof k—m—1,...,1 bananas and 1 pile consisting of | +m + k—m = k+ | bananas. This
givesm + 1 pilesof k+ 1, k,. .., k—m+ 1 bananas. This is exactly as expected, j and m both being increased
by 1.

iii) 1If m = k, harvesting yields 1 pile of r(n; D — j—1 bananas and m + | pilesofk+1,...,1

bananas. Again, j and m are increased by 1.

-1 +1 -1
After n(nz ) harvests, k = n— 1 and m = 0. This results in 1 pile of r(nz ) _ n(nz ) = n bananas,
zero pilesof k+ 1, .., k—m+ 2 bananas, and n— | pilesof n—1, .., |. This yields the desired collection:
(n,n—1,...,1).

14



ARML Individual Questions — 1995

I-1. Compute the largest prime factor of:

SRSRRCL R R R R B BRI

1-2. Tnangle ABC is similar to AMNP . If BC = 60,AB = 12, MP = 8,and BC > AC > AB,

compute the sum of all possible integer values for the ratio of the arca of AABC to the area of AMNP .

l994+ 1995

1-3.  Determine all positive primes p such that p p is a perfect square.

14, Let.A=.AAAA... . Compute the number of distinct ordered triples (A,B, C)

with 4, B.C € {0.1,2,...,9} such that & is an integer if

_ .ABC +.ACB +.BAC +.BCA +.CAB+ .CBA
A+.B+.C '

I-5.  Compute the number of distinct planes passing through at least three vertices of a given cube.

[-6. Determine all positive integers & < 2000 for which x* + k can be factored into two distinct trinomial factors

with integer coefficients.

I-7. Let f(x) = Jx + 2 + ¢. Determine all real values of ¢ such that the graphs of f(x) and its inverse f_l(x)

intersect in two distinct points.

1-8. Forx and y in radians, compute the number of solutions in ordered pairs (x, y) to the following system:

sin(x+y) = cos(x+ )
1995 2

T

2 y2 { ]

15



ANSWERS ARML INDIVIDUAL ROUND — 1995

1. 73
2. 930
3. 3
4. 999
5. 20

6. 4,64,324,1024
7. —2.25 <c¢ £ -2 orits equivalent ( -2.25,-2 ]

8. 3990

16



Solutions to the ARML Individual Questions — 1995

3e—1
9+...+31+1=
3-1

(3" + 1)(36 - 1) = (32 + 1][34 324 1)(33 —1](33 + 1) ~ 1073 -26 - 28. The largest prime factor

is [73].

I-1. The given expression cquals 311431043 . The numerator factors as

I-2. Clearly 12 < AC < 60. By the triangle inequality, 60 - 12 < AC < 60+ 12 —

< 56.25. Thus, the

2
area of AABC < 6_0 N < area of AABC
area of AMNP 8 area of AMNP

2
48
48 < AC < 60. Thus, [?)

(37 +56)20

ratio of areas lies in the set {3 7,38,..., 56}. The sum of all such ratios equals = 930l

1-3. In the general case, since pzn + p2n+1 = p2n(1 + p) = k> for k an integer, clearly | + p must be a perfect

square. Setting |+ p = RN p= 2 o1= (¢t +1)(¢t — 1). This is prime if and only if 7 — | = 1, making
t =2. Thusp = [3]

1004+ 108+ C

I-4. Since .ABC = and A4, B, and C are each in the hundreds, tens, and ones place twice in the six

999
2224+ 222B +222C 24 +2B+2C - 4
decimals, the numerator equals = . Since . 4 = —, the denominator
999 9 9
A+ B+ C . .. .
equals T Thus, the quotient surprisingly equals 2 for all triples of 4, B, and C except (0, 0, 0).

The number of triples equals (10)(10)(10) — | = 999

I-5. The planes are of three types: 1) Face planes such as DCGH, 1 for each face for a total of 6.
2) Opposite edge planes such as BCHE, | for each pair of opposite edges for a total of 12/2 = 6.

3) Face diagonal planes such as ACH forming the base of pyramid D-4CH. Each corner can serve as a

vertex of such a pyramid, so there are 8 such planes. Total: 6+6 +8 = 20

B c B c B c
D D Z D
Af—— A A
F G F G F G
E H E H E H

17



Solutions to the ARML Individual Questions — 1995

2
2
1-6. Notethat x*+4 = x* +4x? +4-4? = (xz + 2] - (2x) . The latter expression factors as

2 2 2
(x2—2x+2j(x2 +2x+ 2]. Hence, set x4+k :(x2+n) —2nx2 = (x2+n] —(x Zn) =

(xz - xJ2—n + nj[xz + x¥2n + n). Since ¥2n must be an integer and n = k , then J2J; must be

integral. Let & = 4m. Then 2% must be integral. Thus, m = 14,24,34, 44,54,... making

k = 4,64,324,1024,2500, ... Choose |4,64,324,1024|.

1-7. f_1 (x) =(x - c)2 — 2. The graphs of f and f-l are monotonically increasing and are symmetric over

v = x. Thus, they intersect on y = x and the number of intersections equals the number of solutions to

f(x) = x. Set (x — c)2 -2=x-> xz —QRec+ Dx+ c2 — 2 = 0. There are two solutions if the
2
discriminant is positive. Thus, (2c + 1) - 4(c2 - 2) >0 — ¢ >-225. Ascincreases the number of

solutions goes from 0 to 1 to 2 to 1. The transition from 2 to 1 occurs when ¢ = —2. Thus, =225 < ¢ £ 2|

\
v A

I-8. sin(x+ y) —cos(x—y) =0 > (sinx-cosy +cos x - siny)—(cosx-cosy +sinx-siny) =0 —

(sinx)cos y — siny) — (cos x)(cos y — siny) =0 — (sinx —cos x)(cos y —siny) =0 — sinx = cos x or

. T T . . .. 1995m
sin y = cos y. Therefore, x = 7 +nmwor y= n + nr for n an integer. The radius of the circle is T

n Sm 1993w
For x > 0, there are vertical lines at x = z s T . ,—4—

circle at two points, making 998 points of intersection. Similarly for y > 0 there are 499 horizontal lines

In TIn 1995

intersecting the circle at 998 points. Forx < 0 there are vertical lines at x = — 7 ) —T ey T

for a total of 499 vertical lines intersecting the

1995-3
There are —4— + 1 = 499 vertical lines, 498 of which intersect the circle in 2 points, the other is

tangent. Thus, there are 997 points of intersection. Similarly, for y < 0 there are 997 points of intersection.

The total number of points of intersection equals 2(998) + 2(997) = [3990|

18



ARML Relay #1 — 1995

Rl-1. Compute the number of distinct 1 | letter palindromic permutations of the letters of MISSISSIPPI.

. K .
RI-2. LetK = TNYWR. If the regular octagon ABCDEFGH has sides equal to 3 in length, compute the valuc

of AC? — AD.
RI-3. LetM = TNYWR. Let S bea unit square subdivided into 22 — ; :
congruent squares. The centers are all connected as shown in the : : :
diagram at the right for S,. Compute the least value of n such that the B
o aM AR TS M 1
sum of the lengths of the connecting line segments exceeds 10" . . ! .

ARML Relay # 2 — 1995

R2-1. Let ABCDEF be a regular hexagon. If the ratio of the area of region ABCE to the area of the hexagon in

. . a
simplest terms is 3 compute a+ b.

R2-2. Let K=TNYWR. Compute the number of sets of K consecutive integers in {l, 2,3,..., 50} such that the

product of the elements of each set of K integers is divisible by both 12 and 21.

R2-3. Let M = TNYWR. Given points D(0, M), O(0, 0), and E(M, 0), equilateral triangle ABC is inscribed in
ADOE such that C is the midpoint of DE and 4B is parallel to DE . The length of AB can be expressed

in simplest form as a(J[; - J;) Determine (a,b,c).

19



ANSWERS ARML RELAY RACES — 1995

Relay #1:
Ri-1. 30
R1-2. 1
R1-3. 14
Relay #2:
R2-1. 5
R2-2. 32

R2-3. (16, 6,2)

20



Solutions to ARML Relay #1 — 1995

R1-1. M must lic in the 6th position. To its left are permutations of SS/PP, to its right are mirror images of letters

!
on its left. Thus, M and letters to its right are fixed. The number of permutations is Y = [30

R1-2. Let £ = x. Then AC2 =|x +i
30 V2

Also, AD = JZ-[X+—X-] = x(£+ l). Since K = 30, thenx = 1 so

Jz—
AC? — 4D = (2+1/2_)—(J5+1) -1

1
RI-3. There are 2" horizontal line segments of length 1 — - The sum of the vertical line segments equals a
2

1
horizontal line segment which equals | — —. The sum of the vertical and horizontal lengths equals

2"

1 1
(2" + l)[l - —n] =2"_ = = 2" Since M = 1 then we want to find # such that 2”7 > 104. We
2 2

have 210 = 1024, s0 2'3 = 8192 and 2'% = 16384, s0 n = [14].

Solutions to ARML Relay #2 — 1995

f ABCE 4 2
R2-1. From the diagram, A A _C. —. The sum
area of ABCDEF 6 3
equals 2 +3 = [5].
R2-2. Since K = 5, we seek the number of sets of five consecutive integers in § = { 1,2,..., 50} such that the

product of the elements of each 5-tuple is divisible by 22.3.7. Any five consecutive numbers is divisible
by 4 and 3 so each of the desired S-tuples must contain a multiple of 7. For each multiple of 7 from 7 to 42
there are five 5-tuples in S containing the multiple of 7 in S and for 49 there are two such 5-tuples in S. Thus,
thereare 6 -5 +2 = sets of five integers the product of whose elements is divisible by both 12 and 21.
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Solutions to ARML Relay #2 — 1995

R2-3. Let O4 = OB = x giving AB = AC = xJZ_. Draw OC LDE. Since
AC AD

sin45°  sin60°

mZACD = 60°, then by the Law of Sines,

4C = ADsin45° ADY2

. Since AD = M — x, then

sin60° 5
(11 - b vbs-|
AC = ——=—— = x¥2. Solving for x, we obtain x = =————— making AC = xJZ— =
B 2
M( - 2)

T Since M = 32,4C = 16{¥6 ~¥2). Since AC = 4B. the answer is [16,6,2)|
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ARML Tiebreakers — 1995

1. The center and radius of circle M are M(0, 0) and 10 respectively. The center and radius of circle P are P(8, 0)
and 2 respectively. A circle with center Q is internally tangent to circle M and externally tangent to circle P.

Compute the maximum y-value of the locus of points Q.

2. A square is inscribed in a circle of radius 1. Circles P and Q are the largest circles that can be inscribed in the

indicated segments of the circle. The line joining the centers of circles P and Q intersects the square in points

A and B. Compute the length of AB.
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ARMIL Tiebreaker Solutions — 1995

l. Since the radius of circle O = 10 — MQ = PQ — 2, then
MQ + PQ =12. This implies that the locus of Q is an ellipse with

focal points M and P. Thus, the equation of the locus of O is

-4 2
36 20

=1. Ifx = 4, then y=J2—0 = 2J§.

2
2. Half the side of the square is -Jz—- Thus,

E
L
] -2=
2-42
CP=DQ = = J—=AC=BD.This
2 4 5
h 22— )
gives AE=EC—AC=£— L3 . Q
2 4 4
3-42
Since AB =+2 - AE ,then AB = 2‘/-‘

N2/2
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The 21" ANNUAL MEET

ARML celebrated its twenty-first year of competition with its largest competition ever.
The second year of the University of Nevada at Las Vegas site saw an increased presence
of strong California teams and the first western winner ever. New teams from
Washington and California Davis/Sacramento joined the ranks. The former Northern
California teams were replaced by three teams from the San Francisco Bay area and the
Metro New York teams were replaced by the Westchester, Suffolk, and Nassau teams.
We were again honored with the presence of a team from Russia. Including eight
alternate teams, a total of eight-nine teams and over 1335 students participated.

Kay Tipton and Dorothy Wendt of the Alabama team received the Samuel Greitzer
Distinguished Coach Award. They established the team in 1988 and have finished in the
top 15 every year except 1992 when the team couldn't make the trip.

Barbara Rockow received the Alfred Kalfus Founder's Award. Barbara has been a long
time ARML supporter and has been the corresponding secretary as well as a force behind

the scenes these past 12 years.

Michael Colsher of Wisconsin received the Zachary Sobol Award given for outstanding
contributions to his ARML team. Michael helped organize and train his team.
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ARML Team Questions —1996

T-3.

T-4.

T-5.

T-6.

T-8.

T-9.

A cylindrical container 10 units high and 4 units in diameter is partially filled with water. The cylinder is
tilted so that the water level reaches 9 units up the side of the cylinder at the highest but only 3 units up at the
lowest. Compute the volume of water in the cylinder.

Imagine 173 unit squares arranged in a row, 6 of which are shown. If a rectangle consists of a single square,
or a combination of consecutive squares as indicated by the shaded region, compute the total number of
rectangles that can be formed.

Let O(x) be the quotient when 37x"3 = 73x37 +36 is divided by x — 1. Compute the sum of the
coefficients of O(x).
A positive integer N is self-descriptive if each digit of N appears as often as the value of the digit. For

example, 212 is a three-digit self-descriptive number. Compute the sum of the digits of all the six-digit
self-descriptive numbers.

Let M=11..... 1 2 where M is a base 10 integer consisting of 299 1's followed by a 2 in the unit's place.
Let N be a positive integer. If the product (M - N) has K times as many digits as N,

compute the largest possible value for K.

Given two concentric circles with center O, points 4 and B lie on the inner circle, point P lies
on the outer circle. P4 and PB are tangent to the inner circle at 4 and B respectively.
If tan ZAOB — tan LAPB = -8/3 , the ratio of the radius of the large circle to the radius of the small circle

can be written as Wx where x is an integer. Compute x.

An icosahedron is a regular polyhedron whose faces are 20 congruent equilateral triangles. Moving on the

edges of an icosahedron, compute the number of shortest paths from a given vertex 4 to the vertex opposite A4.

Distinct lines Ll and L2 with positive slopes m and m, respectively, pass through P(3,10).
The area of the triangle formed by P and the x-intercepts of L1 and L2 equals 200.

If m < .24, compute the number of integer values m, can take on.

In AABC,AB=AC=115,4D =38, and CF = 77. In simplest form the :
ratio of the area of ACEF to the area of ADBE can be written as ﬂ. D
n
Compute the ordered pair (m, n). B c
E

F

.LetN(x) = [ [ [ [ [x]+ 6x] + 15x] + 65x] + l43x] where the brackets represent the greatest integer

function. If the domain of Nis {x: 0 < x < 1}, compute the number of values in the range of N.
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ANSWERS ARML TEAM ROUND — 1996

1. 24z
2. 15051
3.0

4. 1332

5. 301

6. 5

7. 10

8. 6

9. (19, 96)

10. 209
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Solutions to the ARML Team Questions — 1996

T-1.

T-2.

T-3.

T-4.

T-5.

Since DE =3, FC =9 and AF = FB = x, then \
3+ x = 9— x,making x = 3, so that the height 4D of
A B E ‘
the water i1s 6. Thus, the volume = n(22) -6 = [24n]. D Q F
e N

2nd Method: Imagine that the water in the tilted cylinder is frozen. Form a congruent solid and join the two

to form a cylinder of diameter 4 and height 12, Its volume is 487, so half of 487 is the answer.

A rectangle is formed when any 2 of the 174 vertical segments are chosen. Thus, 174C2 = [15051].

Let P(x) = 37x"° = T3x> | + 36 = 37()(73— 1] - 73(x37 - 1] which equals
37(x— l)(x72 et 1) —73(x— l)[x% T 1]. Thus, ((x) equals

37(x72 + ...+ 1) - 73[x36 + ...+ 1). The sum of the coefficients of Q(x) is Q(1) which equals

19

37(73) - 73(37) = [0l Note: The original problem involved 1976 — 96x 1% + 77 , but we chose to suppress

our calendrical instincts.

= 6 numbers consisting

6!
There is 1 self-descriptive number with six 6's giving a sum of 36. There are TRT

!

4121

of five 5's and one 1 giving a sum of 6(26) = 156. There are = 15 numbers with four 4's and two 2's

!

312101

giving a sum of 15(20) = 300, and there are = 60 numbers with three 3's, two 2's, and one I,

giving a total of 60(14) = 840. Answer: 36 + 156 + 300 + 840 = [1332]

300
10 + 8
Suppose N has n digits, making N < 10", Write M = — If MN has Kn digits, then
105"V < NM . Thus 9. 10571 < (10300+8J- N < [10300+8j~10" —10390F 7 g0 1t

301
follows that Kn — 1 < 300 + n, making K < —+ 1. Kis clearly maximized whenn = l and N = 9,
n

making K = [301].
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Solutions to the ARML Team Questions — 1996

8
T-6. Let mZAOP = o, then tan2o — tan(180° — 2¢)) = —-3-,

T-7.

. 8 2tan 4
giving 2tan20 = - — — — S -3
3 I -tan” o 3
2
2tan" oo — 3tano -2 =0 — (2tan0t+ l)(tan(x—2) =0.
Choose tano. = 2. Without loss of generality, let AP = 2,

04 = 1, making OP = Jg The ratio of OP to O4 = Jg
Ans: .

Consider the icosahedron labeled as indicated at the left below. There is 1 way to get from 4 to one of the 5
vertices C which are one edge-length away from 4. There are two ways to get from each C to each vertex D,
one edge-length away . From each vertex D there is | way to get to B. Thus the number of shortest paths
along the edges from 4 to B equals 5-2 = [10l Shown to the right is a different way to visualize an

icosahedron that could be used to solve the problem.

A c

10
In general, y — 10 = m(x — 3) implies an x-intercept of 3 — — . The base of the triangle equals
m

10 3 1 1 1 ..
3—-— —[3——] = 10|— — —|. Thus, 200 equals 5 10+ 10— — —| giving
) "y M e
m,—m m, - m
4 = |——1L]. Since m, is an integer and my > m,we obtain 4 = ——=L Solving for m
m.m m, m
172 12
m
we obtain —_— = m, . Since m, < 0.24, solving for m, yields m, < 6. Hence m, =1,2,..,6.
am, +1 1 1 2 2 2

The answer is [6].
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Solutions to the ARMIL Team Questions — 1996

T-9.

Draw D—T parallel to R‘, let EC =x, BE = y. Since DB = TC = CF,

. AD AB . 38 115
then DT = 2x. Since — = —— we obtain — = . Solve
DT BC 2x X+ y

96 — —
for y and obtain y = ]_9x Since BC bisects the altitude from F to DT,

the altitude from D to BE cquals the altitude from F to E’

consequently the ratio of the area of ACEF to the area of ADBE equals

£Crx -1—9- Ans: (19,96).
BE v 96
BD AF  CE CE 19 .
2nd Solution: By Menelaus' Theorem: i FC  BE 1 which yields E %by substitution.
AC FE BD
Also by MT we have —— « —— - — = 1, yielding FE = ED.
so by wehave == - -5 = yielding
1
— (CEXEF)sin LCEF
Th a(AF CE) 2 CE 19
us, = = — = —
o« ADBE) 1 . 96
3 BE)Y(ED)sinZDEB

. First, note that for positive integer #» and real number r, [n + 7] = n + [r]. Applied to H [x] + 6x] + 15x] we

obtain [ [x] + [6:] + 15x| = [x] + [6x] + [15x]. Appliedto N(x) we obtain

N(x) = [x] + [6x] + [15x] + [65x] + [143x]. For positive integers a and b, expressions [ax] and [bx] increase

1 1
in value by 1 at intervals of — and n respectively, taking on integer values from 0 to @ and 0 to b on
a

0 < x < 1. We would expect N(x) to take on the 231 values fromOto 1 + 6 + 15+ 65 + 143 = 230, but

whenever x = £ with p and q relatively prime and ¢ dividing both a and b, [bx] will cause an additional
q

3
increase of 1, thereby causing N to skip an integer. For example, 13 divides both 65 and 143. If x = E’ both

[65x] and [143x] increase by 1, causing N(x) to increase by 2. We say that [143x] causes an additional

. . 3 . .
increase or skip at x = 'ES So, [6x] causes a skip atx = 1, [le] causes a skip at

=
I

2 3 4 )
=, =, =,and 1, and [143x] causes a skip at
555

2 . |
, ; and 1, [65x] causes a skip atx = g,

W | —

1 12
x = 1_3" e, E’ and 1. There are 22 skips so N takes on 231 —22 = [209] values.
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ARML Power Question — 1996

Let the number 1 be placed at each end of a stick, forming list L1 as shown:

le 1 |

List L’7+ is formed from list Lﬂ forn > 1 by inserting between every pair of consecutive terms a and a;

1 +1

in L thesum a. +a. ,. Lists L., L., and L, are shown:
n i i+1 2 4

3,

L,: 1 2 1

L3: | 3 2 3 1

L 4 1 4 3 5 2 5 3 4 1
L. a) Prove that every positive integer appears in some Ln.

b) Let H(n) be the number of times 13 appears in list Ln. Compute the values of H

forn = 2,6,10, 12, and 100. Justify your answers.

2. a) Compute the first seven members of L1ggg -

b) 1f 1995, 8, and 1997 form three consecutive terms in list Ln, compute the value of n. Justify.

3. Determine with proof a formula in terms of » for the number of terms in Ln.

4. Determine with proof a formula in terms of » for the average of the terms in Ln.

5. Number the elements in the lists from left to right. The 2 in L3 is in the 8th position and the
rightmost 3 in L 4 is in the 17th position. Compute the value of the element in the 524,320th position. Show

your reasoning.
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ARML Power Question — 1996

6. a) LctF1 =1, F2 =1, anan+ :F+l +Fn forn > 1. ShowthatFn+

2 is the largest element in L .
n n

1

b) Determine with explanation the least value of n for which 1996 could possibly appear in Ln.

You need not prove that 1996 actually appears in that list.

7. Show that two consecutive elements of any list L’7 are relatively prime.
8. Show that numbers ¢ and b can be consecutive elements in at most one list Ln.
9. Let N(f) be the number of times the number 7 appears in a list. Compute the maximum value of N(1996).

Prove your answer.

10.  Prove that if n is even, then Ln has twice as many odd terms as even.
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Solutions to the ARML Power Question — 1996

1b.

LN N~

&~

Ln always begins with 1, n. This is clearly true for » = 1. Ifit's true for n, then Ln+] begins

with 1, #n + 1, n. Hence the result follows from induction.

Shown are lists Ll through L6' Since the lists are symmetric we need only double the number of 13's that

appear in the first half.

1 2
1 3 2 3
1 4 3 5 2 5 3 4

1 5 4 7 3 8 5 7 2 7 5 8 3 7 4 5

1 6 59 411 710311 81351279 29 712513811 31071149 56

Clearly, H(2) = 0 and H(6) = 2. In L7 we obtain 4 additional 13's from 9 +4 and 10 + 3, making
H(@) =6.1In L8 we obtain 4 additional 13's from 7 + 6 and 2 + 11 making H(8) = 10. Since if two

consecutive elements of a list sum to more than 13, no number generated between them will equal 13, we can
write half of each successive list, omitting all numbers greater than 13 as well as all numbers sandwiched

between them.

- {1,7,6,13,4,13,13,9, 11,2} H(7) = 6
- {1,8,7,13,6,13,13,13, 11,13, 2} H() = 10
- {1,9,13,13,13,13, 13} H(9) = 10
- {1,10,13,13,13, 13, 13} H(10) = 10
- {1,11,13,13,13,13, 13} H(11) = 10
- {1,12,13,13,13, 13,13} H(12) = 10
- {1,13,13, 13,13, 13,13} H(13) = 12

We pick up no additional 13's after L

350 H(100) = 12.
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Solutions to the ARML Power Question — 1996

2a.

Thus,

2b.

L ={1,1993,...}. Therefore, L = {1,1994, 1993, .. }, making

1993 1994

Liooc = 11,1995, 19943987, 1993, .. }.s0 L oo, = {1. 1996, 1995, 3989, 1994, 5981, 3987, ... }.

1995 1996

Alternately, formulas can be developed for the elements in each position:

List 3rd Element 4th Sth 6th 7th
L4 3 5 2 5 3
L5 4 7 3 8 5
L6 5 9 4 11 7
L7 6 11 5 14 9
Ln n—1 2n-3 n-2 3n-17 2n->5
L1996 1995 3989 1994 5981 3987

1 1995, 8, 1997 appear consecutively in Ln, then 1995 — 8, 8, and 1997 — 8 must appear in Ln_ -

Continuing backwards, 1995 — 8 - 249, 8, 1997 — 8 - 249 = 3, 8, 5 must appear in Ln_249 .

Since 3, 8, 5 appears in LS’ then n—249 = S impliesn = 254.

Let f(n) be the number of terms in Ln. We show by induction that f(n) = i, Clearly,

P4 1=2. Assume f(n) = 2Tl creating L

ray =2

w12 WEDULA number in each space
. . . n—1 .
between consecutive numbers, and since by assumption there are 2 spaces in Ln, then

fary =2""V g2 2 gl ot D=y

Alternately, if we ignore the right-hand 1 in each list, the number of terms doubles each time since each

element receives 1 new right-hand neighbor. Ll has 1 term (ignoring the right-hand 1) so Ln has 2"~ !

terms. Counting the right-hand 1 gives 24
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Solutions to the ARML Power Question — 1996

4. Let s(n) denote the sum of the terms in Ln. We note that s(1) = 2, 5(2) =4, and s(3) = 10, so it seems

1 1

reasonable to conjecture that s(n) = 3" 7" + 1. Clearly s(I) = 3171 4 1. Assume that sty =3""" +1.

The new terms added to form Ln+ | fepresent sums of two consecutive terms in Ln and each member of Ln
except the first and last 1 appears in exactly two of these sums. Hence, s(n+ 1) = s(n) + 2(s( n) — 1) =

3=l 4

s(n)) -2 = 35'7_1 +1]-2 = 3(n+1)_l + 1. Thus, the average of the terms in L _equals .
g p L

Alternately, the sum of the terms in Ln+ | consists of each term in Ln exactly three times except for the

last 1 which appears only once. Thus, s(n+1) = 3(s(n)) —2 -1 and the induction follows.

Alternately, we note this pattern:

s()y = 2 - 2
s@) = 3-2-2 - 4
3 = 3*.2-3.2-2 = 10
s(49 = 3-2-3%.2-3.2-2 - 28
s(n) = 2(3”‘1 323 —30]
n—1 3n—l_1 n—1
= 2|3 - = 3 +1

and the proof can proceed by induction.

5. The sum of the number of elements in lists Ll through Ln ={0+D+2+D+@G+D+...+ (2"-1 + 1) =

(2" - 1] + n. If n = 19 the sum is 524,306. Thus we seek the 14th element in L2 o We can generate the

first 17 elements in L2 0 from the first two elements in L1 6 since the increase in numbers of elements in

L1 through L5 from two to seventeen is reflected in the increase in elements between any two consecutive
numbers in subsequent lists. Since L16begins 1, 16 then L17 begins 1, 17, 16, L1 p begins 1, 18, 17, 33, 16,
L19 begins 1, 19, 18,35, 17, 50, 33, 49, 16, and so L, , begins 1, 20, 19, 37, 18, 53, 35, 52, 17, 67, 50, 83, 33,

82,49, 65, and 16. The 14th element is 82.
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Solutions to the ARML Power Question — 1996

6a.

6b.

By induction. In Ll the numbers F1 and F2 appear consecutively and F2 is the largest number in Ll'
Similarly, F2 and F3 appear in L2 with F3 being the largest. Assume that in list Ln the numbers F, . and

Fn+1 appear consecutively with Fn+l being the largest number in Ln‘ In list Ln+1 the numbers

Fn +F F 2 and P;1+

wil = Fos will appear consecutively. Since each term in Ln+ is the sum of a term in

1 1

Ln and Ln* I the largest of which, by assumption, arc Fn+ [ and Fn, then Fn+2, the sum of the two largest

terms in L and L is the largest term in L
n n n+

-1’ 1

Since F1 .= 1597 is the largest term in L, , the least value of n such that 1996 first appears in Lﬂ must be

16’
greater than or equal to 17. Note: 1996 first appears in L] g as the sum of 741 and 1255 as well as the sum of

765 and 1231. We obtained the result by writing a calculator program, but we're still looking for a short

analytical proof that n = 18 is the answer.

The elements of L1 are relatively prime. For the inductive step, note that one of the two consecutive

elements (the lesser, in fact) must have been present in a previous list. Call the elements a and b with b the
lesser. In general, the greatest common divisor of a and 4 is the greatest common divisor of a and a— 5.

But b and a — b are consecutive in the previous list. If » and a — b are relatively prime, then so are a and b.

If a and b are consecutive terms in Ln with a > b, then in Ln_  we have the consecutive terms a — b and b.

Similarly, if b > a - b, then in Ln_ we have the consecutive terms a — b, and 2b — a. In this way we can

2

trace backwards in a unique manner until we arrive at Ll . For an example, see problem 2b. Since the

number of steps in such a process is unique, a and b cannot be consecutive elements in more than one list.

Alternately, consider all ordered pairs of consecutive numbers (ai’bi) or (bi’ai) with bl < a, such that the
pair is consecutive in lists Ln and Lm. Let a be the smallest of all such a. Working backwards,

— b < a,, which is a contradiction.

band a, — b are consecutive in L and L ,but a ,
n—1 m—1 1 1

1
Consider the pair of consecutive elements (a, b) or (b, a) with b < a . From problem 7 we know that

a and b are relatively prime. From Problem 8 we know that the pair appears at most once. We must show that if

the greatest common divisor of g and b is 1, then a and b appear as consecutive elements in at least one list Ln.
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Solutions to the ARML Power Question — 1996

Proof by induction. For a = 1 the statement is clearly true. Suppose the ged of @ and b is 1. This implies that

the ged of v and @ — b is 1. If we assume that b and a — b appear as consecutive elements in some list and are
relatively prime, then ¢ and b will appear as consecutive elements in the next list and be relatively prime as

well.

This result, together with problems 7 and 8, implies that a pair of numbers b and 1996 can be consecutive in
at most one list and that any and all numbers relatively prime to 1996 will be paired with 1996 in some list.
Thus, the number of times 1996 can appear is equal to the number of numbers relatively prime to and less
than 1996. Answer:

1996 1996 1996

1996 — +
2 499 998

= 996

In terms of parity, for » even, Ln looks like OEO OEO OEO ....OEO, while for » odd, Ln looks like 00E O0E

00E ... O0E 00. We conjecture that for # even, there are twice as many odds as evens, and for
n odd, there are 2 more than twice as many odds as evens, but the proof of the former requires that we show

that such patterns are, indeed, generated. Thus, we have the following proof:

Proof: Since L2 consists of {1, 2, 1 }, the proposition is true for » = 2. Assume that for LG there are twice

1 _ 2 _
as many odd terms as even; thus, there are 3‘(22'7 I + lj even terms and 5[22'7 ! + lj odd terms. Since

each even term in LG has an odd term on either side of it, the even terms will generate twice their number of

. ) . . 1( on-1 )
odd terms in L2n+1, i. e., the number of new odd terms in L2n+l is 2[-3- (2 =l 1)] Each pair of

consecutive odd numbers will generate an even number. Thus, the number of consecutive odd pairs in LG is
-1 1( 2n-1 . .
2 -2 5 2 + 1 || and that equals the number of new even terms in LG+ I This gives

1 1
_(22” - 1) even terms and 5(22"+1 + 4) odd terms in L

3 implying that the number of new odd

2n+1°

1 1
terms in L2n+2 is 2[-5 (22'7 - ljjand the number of new even terms is 22n — 2[3 [22" - 1]] This gives a

L 2n+1 2( 2n+1 .
total of 3 (2 + 1| even terms and 3 2 + 1| odd terms in L2n+2.
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Solutions to the ARML Power Question — 1996

Alternately, let An denote the number of odd/odd consecutive pairs and Bn denote the number of odd/even
or even/odd consecutive pairs in Ln. Looking at list Ln_ I if we have odd/odd, then the next list L,7 has an
even inserted, giving two even/odds. If we have an odd/even or even/odd in Ln_ [ then L,7 has an odd

inserted, making an odd/odd and an even/odd. Thus, An = Bn_ and Bn =24 - + Bn_ r giving

n

|

B =B +2B_ .. Recalling that the Fibonacci sequence F_ = F =+ F has the general formula
n n—1 n—-2 n n—1 n—2
n "
L(ied5) 1 (145 . (on n
F =—fF|——| ——|——| expressibleas C | r" |+ C,| s |wherer and s are roots of
n 5 2 Jg 2 1 2
2

t” = t+1, we conjecture that Bn = Bn_ + 2Bn_ 5 has the general formula Cl[rn] + Cz(s") where

1

r and s are roots of > = 1+2. Thusr=-1 and s = 2 making Bn = Cl(—l)" +C2(2)". Since Bl = 0 and

2 1
32 = 2, we obtain —C1 + 2C2 =0 and C1 + 4C2 = 2, giving Cl = 3 and C2 = E Thus,
_ _1 n n _ _1 n—1 n—1 .
Bn =3 2A-1)" +2" |and A’7 =3 A1) +2 . The number of even terms En is half the number
1 1 _
of even/odds, so E = '2"Bn = 5((—1)'2 +2" lj and the number of odd terms O is

_ 1 _ 2 _ 1
(2" I + lj— ;((—1)" + 2" 1] = 5(2" lj +1- 3(—1)”. In particular, for even n,

2( n-1), 2 2( n-1) 4
0O =—-|2 +—==2-E andforoddn, O =—|2 +— =2-F +2.
3 3 n no 3 3 n

n

Alternately, since in L there are 2"_1 spaces and every consecutive pair spans a space, the number of
Alternately. " p ry pair sp p

odd/odd consecutive pairs plus the number of odd/even or even/odd consecutive pairs equals 2" 1. Thus

2n—1

A +B =2""' Since 4 =B ,then B . +B = . We obtain:
n n n n—1 n— ]

1
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Solutions to the ARML Power Question — 1996

Since Bl = 0, we have a geometric progression with » — 2 terms, a first term a equal to 2! and a common

)

ratio » = ——. Thus, B = =
2 n

1 n n
3 5 2(—1) + 2" |, and we can proceed as before.

]__
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ARML Individual Questions — 1996

I-1.  The sum of 19 consecutive positive integers equals p3, where p is a prime number. Compute the smallest of

the 19 integers.

I-2.  The roots of ax2 + bx + ¢ = 0 are irrational, but their calculator approximations are 0.8430703308 and

—0.5930703308. Ifq, b, and ¢ are integers whose greatest common divisor is | and which satisfy ¢ > 0,
|b| <10 and |C | < 10, compute the ordered triple (a, b, ¢).

I-3.  The years from 1900 to 1999 are written down consecutively and then pluses and minuses are placed
alternately between the digits as shown:
1+9-0+0-1+9-0+1-1+9-0+2~-..... -1+9-9+9 =K

Compute the value of K.

1-4.  Given the four-digit base 10 number 4 BC D with 4 # 0, let the palindromic distance L be defined by
L= | A-D I + I B-C I Compute the number of positive four-digit numbers where L = 1.

I-5.  Shown is the complete graph of y = f(x), a polynomial function of (3, 824)

degree 10 whose domain is restricted to {x: I <x< 5} .

Function f is symmetric aboutx = 3. Compute the number of

solutions to the equation f(x) = f(f(x)). / .

(1,-200) (5, -200)

1-6. The sides of a regular pentagon are extended to form a five-pointed star. If the ratio of the area of the

pentagon to the area of the star equals sin8, for 0° < 8 < 90°, compute the value of 6.

I-7.  Consider the following sequence of 250 numerals in base b: lb’zb , 3b’4b’ ""249b’250b' Ifb = 25,

compute in base 10, the largest difference between the values of consecutive numerals.

1-8. In trapezoid ABCD, with AB < DC, the sum of the areas of regions I and II is 1996. If the lengths of bases

AB and CD are integers and the distance between them is an integer, compute the minimum area of ABCD.

4 B
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ANSWERS ARML INDIVIDUAL ROUND — 1996

1. 352

2. (4,-1,-2)
3. 802

4. 332

5. 4

6. 18°

7. 391

8. 4491
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Solutions to the ARML Individual Questions — 1996

I-1.

1-2.

4.

I-5.

1-6.

Let # be the middle term, giving(n -9+ n-8)+ . . +n+.. +(n+8) +(n+9) = p3. Thus 19n = p3

makingp = 19andn = 192. The least term is 361 — 9 = [352|

Multiplying .84307 by —.59307 gives —4999995. . . and the assumption that b and ¢ are small implies a

| 1
product of — 3 Adding the two roots gives 1 The quadratic is X - % == 0 4x% —x-2=0.

1
2
Thus (a, b, ¢) = |(4,-1,-2).

There are 100 dates. Adding the 1's in the thousand's place gives | + 99(—1) = —98. There are one hundred
9's in the hundred's place for a total of 900. The sum of the ten's place numbers will be

—(10-0+10-1 +...+410-9) = -10(0+ 1+ . . + 9), butit will be cancelled by the sum of the unit's
place numbers: 10(0 + 1 + . . + 9). Thus the sum is 900 — 98 = [802]

The conditions |A - D| = land B- C = 0 give 9 ordered pairs for (4, D) from (1, 0) to (9, 8) and 8
from (1, 2) to (8, 9) for a total of 17. There are ten possibilities for (B, C) from (0, 0) to (9, 9), making a
total of 17 - 10 = 170 possible numbers. The conditions 4 —D = 0 and |B - Cl = 1 give9

possibilities for (4, D) from (1, 1) to (9, 9), 9 possibilities for (B, C) from (1, 0) to (9, 8) and 9 possibilities
for (B, C) from (0, 1) to (8, 9), for a total of 9 - 18 = 162 possible numbers. The grand total: 332l

Let a and b be the two solutions to f(x) = x.
Clearly there are two solutions to both f(x) = aand

f(x)=b. Ans: [4].

| fa b| |

Without loss of generality let AD = 2, making AB = 1. The ratio of C
the area of the pentagon to the area of the star equals

a(AdOB) _ OB _ OB tan 54°

AAMOC) ~ OC OB+ BC  tan54°+t@n72° o c° A

OB BC
tan54° = T and tan72° = - Converting, we obtain ’ D

sin 54°cos 72° _ sin54°cos 72°
sin54° cos 72° + cos 54°sin72° sin(54° + 72°)

sm5'4 cos 72° _ sm5f1 sinl8° sin18°. So, 8 — [189]
sin126° sin54°
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Solutions to the ARML Individual Questions — 1996

2nd Solution: The star consists of six congruent 36-72-72
triangles with area R and two congruent 36-36-108 triangles with
R +28S
arca S. The desired ratio = i . LetBC = DC = 1, then B
R s/ R
C
2 2 A D

6R + 25
BD = AD = Y—— andS:R = AD:DC = ~——: | giving
W5 -1 R +2S R
S= -R . Substituting into , we obtain
2 6R + 2S

which equals sin18°.

I-7. There are three possibilities as indicated by these examples. First, 188 b 187 p
[bz + 8b+8]—(b2 + 8b+7) = 1. Second, 190, — 189, = (bz + 9b+0)—(b2 + 8b+9) ~b-9
Third, 200, — 199, = 22— (bz +9b + 9) — b2 —9h-9. Ifb = 25, the difference in the values of

consecutive numerals canbe 1,25-9 = 16, or 252 -9.25-9 = [391]

1-8. Letm and n be the lengths of the two bases 4B y B
and DC with m < n, and let & be the height of the W
trapezoid. The distance from Pto AB = km and ! P
v
the distance from P to DC = kn since D C
1 hm?
AAPB ~ ACPD . Fromkm+ kn = h,wehave k = . Thus area (IIT) equals —(km)m = —
m+ n 2 2(m + n)
darea (IV) = = (kn) hn T FABCD = <h(m+ n)
nd area = = = ———  Thear = = =
and are 5 (kn)n Xmtm e area o > m+n
2 2
h h 199 +
1996 + e + z . Solving for 4, we obtain 7 = 1D9%m + m) . The area of ABCD equals
2(m + n) 2(m + n) mn
2
998(m +
——(—mL) = 998[ﬂ+ 2+ i]. The minimum of z + Z o 2whenm = n,butherem < n. To
mn n m n m

minimize 998(-— + -—], assume that m and n are relatively prime, thus m + n and m - n are relatively prime
n o m

implying that both m and » must be divisors of 1996, namely 1, 2, 4, 499, 998, or 1996. Choosing m = 1 and

n=2 —+ making & = 2994 and the area of ABCD = [4491|.

3|3

n
m 2’
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ARML Relay #1 — 1996

RI-1. In trapezoid ABCD, AB is parallel to CD and angles B and D are acute. If sinZB = cos ZD,

compute mZ4 — mZB in degrees.

T
R1-2. Let7T = TNYWR andsetK = T3 Square LMNP is B
L M
inscribed in right triangle ABC as shown. If PN = K,
compute the product (4AP)NC). A C
P N

T
RI-3. Let7T = TNYWR andset K = 5 There are K positive integers in an arithmetic progression with

common difference 1. If the sum of the terms is 75, compute the value of the first term.

ARMI Relay #2 — 1996

R2-1. Letn be a positive integer. If the number of integers in the domain of y = log((l - x(x — n))
equals 2n — 6, compute ».

R2-2. LetT = TNYWR. Shown is the graph of the first quadrant portion of a relation. The relation is symmetric

3T 3T
over the x-axis and over the origin. Given A4(0, 7), B[—z— ,-5—] , and C(7, 0), compute the area bounded by
the graph.
B(1.5T, 1.5T)

40,7

R2-3. Let T=TNYWR. Compute the largest integer n with 0 < n < T such that the triangle with

sides n, 2n— 3, and 3n — 9 has integer area.
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ANSWERS ARMIL RELAY RACES — 1996

Relay #1:
RI-1. 90°
R1-2. 36
R1-3. 10
Relay #2:
R2-1. 4
R2-2. 96

R2-3. 74

46



Solutions to ARML Relay #1 — 1996

RI-1.

RI-2.

Since ZB and ZD are acute and sinZB = cos ZD , then y B
msB + mzZD = 90°. But mZA4 = 180° — m«ZD,

so mzA — mZB = (180° — m£D) — (90° — m£D) = [90°]

D

C
Wehave 7= 90and K = 6. Since AAPL ~ AMNC , B
AP MN
L = N Bving (APYNO) = (PLYMN) = L M

2
(PN) = K% = [36 Note that AP - NC is invariant. y c
P N
2a+ K — 1)K

Wehave T = 36 and K = 6. Letting a be the first term we have % = 75. Thus,

K and (2a + K — 1) are factors of 150. Possible factor pairs (K, a) are (2, 37), (3, 24), (5, 13), (6, 10),
and (10, 3). Since K = 6, thenag = [10l.

Solutions to ARML Relay #2 — 1996

R2-1.

R2-2.

R2-3.

The integers in the domain of the log function are 2, 3, ... n — |, making a total of n — 2 integers.

Thus,n—2 = 2n—6 yieldsn = [4].

We have T = 4. The area of the first quadrant region is

1 3T 3

2(— : T)[?J =3 72 . Symmetry over the x-axis and origin implies 1.57

2

symmetry over the y-axis as shown in the graph at right. The total

3
area = 4{5 sz = 6T2. Since T = 4, total arca = [96]

Wehave T = 96,500 < n < 96. The semiperimeter is 3n — 6. By Heron's formula the triangle's area

equals J(3n —6)2n—6)(n—3)3 = 3(n—3)2(n - 2). Clearly, the area is integral whenever

(n=2)= 2m?. Since n = 2m> + 2 < 96, then m < 6 making n = [74].
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ARML Super Relay — 1996

Note: Pass answers from position 1 to position 15.

Ao

If the area of a triangle with base 2N and height N - 2 is equal to N, compute N.
Let 7=TNYWR. Compute the slope of the line passing through (7, 1) and (1, r? ).

Let7=TNYWR. If y = Tx? + T%x + C and the x-coordinate of the vertex equals C,

compute the value of C.

Let T=TNYWR. If (2 + Ti)2 = a + bi, compute the value of a + b.

Let T=TNYWR. Pass back the digit in the units place of the product 1997 2797 1,

Let T=TNYWR. If T° =372 +37—1= K3, compute the value of K.

Let 7=TNYWR. If T is the number of sides of a regular polygon, compute in degrees the positive difference

between the sum of the interior angles and the sum of the exterior angles.

T
Let T=TNYWR. LetK = 0 If K is the height of an equilateral triangle, let the area

A

of the triangle be 4. Compute

Let 7=TNYWR. If sin7° cos 286° — cos T° sin(—106°) = sin6 for 0° < 6 < 180°, then

ifi= J—_l-, compute cos 0 + isinf.
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ARML Super Relay — 1996

2
7]
10.  Let7=TNYWR. Compute I

s 3x-T T+ x
11.  Let7T=TNYWR. Compute the value of x satisfying: 2x — > = 7 - s

12.  LetT=TNYWR. Iftan 97 = cot8 for —90° < 6 < 90°, compute 6.

13.  Let 7=TNYWR. A line passes through the point (— 2, 9) with slope 7. Compute the x-intercept

of the line.

14. LetT=TNYWR. If the ordered pair (x, y) is the solution to the system below, compute (x — y).

x +y = T+7

Tx — 4y

I
T
o

15.  LetT=TNYWR. A square floor is covered with square tiles. If the number of tiles in the two diagonals is

27% + 5, compute the number of tiles on the floor.
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ANSWERS ARML SUPER RELAY — 1996

10.

11.

12.

13.

14.

15.

720°

16

11

—0Q°

361
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Solutions to the ARML Super Relay — 1996

I, N:%(zzv)(zv-z)e/v2 ~3N=0->N = [3]

72 ~1

1-T7

2. m= = {T+1). Since T = 3,m = [-4l

2
-T -T —(—4
3, The x-coordinate of the vertex = 7: 7 SoC = (T) = 2]

2
4. (2+7) = (4— sz + 4Ti. Hence a+ b = 4 + 4T — T? which for T = 2 equals[8]

T-1 _

5. Modulo 10, 1997 - 2997 =1 = 2T =1 _ g2T+1 _

817 .9=9. Hence the last digit is [9] and the

value of T is irrelevant.
3
6. (T1-1) =k’ sok=T-1=9-1=]

7. The sum of the exterior angles is 360°, the sum of the interior angles is (7 — 2)180°, so

(T—2)180°-360° = 180°(T—4). For T = 8, the difference equals [720°].

9. sin T cos 286° — cos 7 sin (— 106°) = —sin T cos 106° + cos T'sin 106° = sin (106° — T).
Since T = 16, 6 = 90°. We have cos 90° + isin 90° = .
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Solutions to the ARML Super Relay — 1996

2
i 1
10. [UJ = 3 ° =11, Note: For real numbers other than 0 the answer is |, for pure imaginary numbers the
1 .
i
answer is — 1. Unfortunately, for the clever ARML participant, both answers lead to nice results down the

line, and so a guess of |1 would not have led to the kind of rotten answers down the line that wrong answers

usually result in.

1. 102x)—50@x~-T7) = 710-2(T+x) > 5x+5T =T70-2T-2x - 7x = 70-7T > x = 10-T.
Since T=-1,x = [11].

in97T 0 . .
12. S = C(.)S — sin®sin97 = cos0cos 9T — cos Bcos 9T —sinOsin97 =0 — cos(8+97) =0
cos 9T sin®

— 0+9T=90°+180K —» 0=910°-T7)+180K — 06=9%10-17). Since T = 11, 8 = [-99.

9
13. Ify-9 = T(x+2),thenfory=0, x = —?—2. Since T=—9,x=1-2 = [-1].

14.  Multiplying the top equation by T and subtracting the bottom equation yields

(T+4y = T2+6T+8 =(T+4)(T+2). Thusy = T+2. So,x+T+2 = T+7,givingx = 5.
Thenx—y = 3—T. Since T=-1,x- y = [4],

15.  Letn be the number of rows in the square. If n is even, the number of tiles in the diagonals
is 2n; if n is odd, the number is 2n — 1. Since 272 +5isodd, wehave2n -1 = 27‘2 +5 >

n= T2 + 3. Since T=4, n =19, and the number of tiles is [361].
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ARML Tiebreakers — 1996

1. For integers x and y with 1 < x, ¥ < 100, compute the number of ordered pairs (x, 3} such

that logx v+ logv x2 =3.

2. Compute the number of distinct paths not passing through point (2, 2, 2) which travel from point (0, 0, 0) to

point (4, 4, 4) in 12 steps, changing a coordinate by | at each step.

3. Compute the value of:

1 1(2 2] 1(2 2 2) 1(2 2,2 2] 1 (2 2 2]
=+ =17+ 27 |+ =17 +27 +37 |+ |1 +27+ 37+ 47+ | ]
2 ( 2 20 660\ T2 F e+ 60

N
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ARML Tiebreaker Solutions — 1996

2
=3 (log, ») —3log y+2=0 -

1. logx v+ 210gy x=3-> logx v+ Tog_ v
]

(logx y— l)(logx y— 2) = 0. Thus, logx yv=1or logx yv=2 —> y=xory= x2. The solutions to the

first equation are the 99 ordered pairs from (2, 2) to (100, 100); the solutions to the second are the 9 ordered

pairs (2, 4),(3,9), (4, 16), ... ,(10,100). Thus, there are 99 +9 = ordered pairs of solutions.

12! 6! 6!
- _ B
STy [zz.zg.zg] [2,.2,.2,] 265501

+1D2n+1
3. Since l2 + 22 +...+ n2 = -’M#,then each term of the sum can be written as

I nn+D@n+l)  2n+1
n+1) 6 a

1 1((3+121)- 60
I - - = [620.
=(B+s5+7+.+121) 6[ ; J

forn = 1ton = 60. Thus, the sum can be written as
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THE 22" ANNUAL MEET

ARML celebrated its twenty-second year of competition with new teams from AAST,
i.e., the Academy for the Advancement of Science and Technology, and Southwestern
Pennsylvania. Including eight alternate teams, a total of eighty-nine teams and over 1335
students took part in this year's competition. This year's contest was a very difficult one
and included problem #2 on the Individual Round, a question that surprisingly only 8
students nationwide were able to solve, and the equally infamous problem #8 on the
Individual Round, a question that only 6 students solved correctly, making it perhaps the
most difficult ARML problem ever. It was reported that #8 spawned an hour-long lecture
at MSOP that summer.

André Samson of Thomas Jefferson High School in Virginia received the Samuel
Greitzer Distinguished Coach Award. André was coach of the Fairfax County ARML
team from 1976 to 1992 and then coach of the TJ] ARML team starting in 1993. His
teams have finished in the top 4 in each of the last ten years. TJ is the only school ever to
win ARML.

Sam Baethge of Texas received the Alfred Kalfus Founder's Award in recognition of his
years of service to ARML in Texas. He has been the leader of the Texas teams since
1983, the sole organizer much of the time, the Southwest regional director of ARML, and
a problem poser for AHSME and AIME.

David Cooper of Suffolk County and Richard Haynes of Maine received the Zachary
Sobol Award in honor of their outstanding contribution to their ARML teams.
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ARML Team Questions — 1997

T-1.

T-2.

T-3.

T4.

T-6.

T-7.

T-9.

T-10.

A pan of length 25 cm, width 20 cm, and height 15 cm is filled with water to a depth of 3 cm. Lead cubes of
edge 4 cm are placed flat on the bottom. When the nth cube is placed in the pan, all cubes are completely
covered by water for the first time. Compute .

Equilateral triangle ABC is inscribed in circle O. Let D and F be midpoints of

— — DE +
AC and AB. If 7 can be written as l , for integers a, b, and ¢ in

¢

simplest form, compute the ordered triple (a, b, ¢).

Let P be the parabola with vertex at the origin and directrix y = —1. Compute the number of lattice points
on P whose distance from (0, 1) is less than or equal to 197.

In an ARML relay, the first person in group 4 passed back the correct answer while the first person in
group B passed back an answer that was 5 more than it should have been. Problem #2 read:

"Let K = TNYWR. If the sum of the roots of Kx2 + 4x+ ¢ = 0 is S, compute K + S."

Both second persons in groups 4 and B correctly found an answer using the value of K each had received, but
surprisingly, they both found the same value for K + §. Compute all values of K + S.

Note that 10 is 9 more than the sum of the squares of its digits. Compute the sum of all other positive
two-digit base 10 integers which are 9 more than the sum of the squares of their digits. .

— 2
In AABC, D lies on AC sothat mZABD = m/DBC = 6. If AB=4,BC=16,and BD = -—e then
cos
a

BD = J— for relatively prime integers a and b. Compute the ordered pair (a, b).
b

In AABC, mZC =90°, AC = 343 and BC = 6¥3. Line segments /

MN and OP arc parallel to BC. If the arcas of AANM , MNPO, and M N

OPCB form an increasing arithmetic progression, then the length of NP 2 P
B ye

has a greatest lower bound K. Compute the value of K.

Let distinct x and y be drawn from { 1,2,3,...,99 } such that each ordered pair (x, y) is equally likely.

Determine the probability that the sum of the units digits of x and y is less than 10. If the answer is % for

relatively prime a and b, compute the sum a+ b.

1

Let P(x) be a polynomial whose degree is 1996. If P(n) = — forn = 1,2,3, ...,1997, compute the value
n

of P(1998).

Let ABCD be a regular pyramid whose edges have length 5. Consider the set of pyramids of the form 4AMNP
where Mlies on AB, Nlieson AC, and P lies on AD such that AM, AN, and AP € {l, 2,3, 4}. Compute

the sum of the volumes of all such pyramids.
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ANSWERS ARML TEAM ROUND — 1997

10.

8
(1,5,2)
29

+3

300
(8,5)
W2 -3

7477

999

25072
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Solutions to the ARML Team Questions — 1997

T-1.

T-3.

T-4.

T-5.

3-20-25+64n>4-20-25— 64n > 500 - n > 7.8125 = n = [8].

Extend 51-5 until it meets the circle at G. Let AB = 2x making A

AE = EB = DE = x. LetGD = EF = y. DF
G

Thus, DE : EF = x :y. By the Power of a Point Theorem, V
C B

AE-EB = GE-EF - x* = (y+x)y > —w -7 =0

2
) 1+ 45
[—”] —= —1=0. Solving for =, we obtain 2‘/_ .50 (a, b, 0) = (5,2

y ¥
x2 2
The equation of the parabolaisy = T and x must be even, so let x = 2k. The distance from Q(2k Lk j to

2
2
©0,1) = J(Zk -0)" + (kz - 1) = W e 22 11 = k2415197 Thus, &2 < 196 making

k € {~14,-13,.., 13, 14}, giving [29] lattice points.

4 4
Since S= ——,then K +S =K - ; If K is the correct answer, then K + 5 is the incorrect answer and we

4
have: K —-—= (K +5) - —— > K2 + 5K+ 4 = 0. Thus, K = -1, or— 4. If the second person in 4

4
K K+5
receives — 1 or — 4, then the second person in B receives 4 or | respectively, and § for 4 equals 4 or 1 while S

for B equals —1 or — 4 respectively, yielding K + S = [£3].

Let 10a + b represent the number. We seek solutions to 10a +b = a>+b%+9. Complete the square and

multiply by 4 to climinate fractions. Thus, 2a— 10)2 +(2b— 1)> = 65. Since 8% +1% = 7% + 4% =65,
we pair 2g — 10 with + 8 and 25— | with + | to obtaina = 9 or 1 while b = 1 or 0 giving 91, 90, 11, and
10. Similarly, pair 2a — 10 with + 4 and 26 — 1 with = 7 to obtain @ = 7 or 3 while b = 4,

giving 74 and 37. Hence, 11 +34 +74+90+91 = |300|

Alternate solution: From 10a+b = a> + b> + 9 we obtain (a— 1)(9—a) = b(b— 1). To obtain the solutions

check which of the following products can also be written as b(b—1): 0-8,1-7,2-6,3-5,0r 4-4.

Clearly, 0 - 8 and 2 - 6 work. Now choose all combinations of ¢ and 5.
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Solutions to the ARML Team Questions — 1997

T-6. By the Angle Bisector Theorem, if AD = x, then DC = 4x. By the B

+256-2-16-
2(—) cos 6

Law of Cosines, 16x2 = -cos 0.

Ccos

4
Thus, 16)(2 = > + 192 . Likewise,
cos” O

=16+ -2-4. 5’ cos® = . Substituting into the first equation we obtain
cos” O cos cos” 0

8
16x% = X2 +192 , giving x = T — the answer is the ordered pair |(8,5)|.
5

T-7. LetAN=xand NP =y — MN =2x and OP = 2(x+ y). Then 4
s X
AANM) = X%, a MNPO) = (x + )? — x>, and M~ N
0 : P
2 2 o 2(x +y)
A OPCB) = (35 ) - (x + y) . The condition that these areas form an B Oe

increasing arithmetic progression yields a(MNPO) — a(AANM) = a(OPCB)— a(MNPO). Thus,

2

0<(x+ 222 =27 —2x+ »° +x*. Solving, we obtain (x + 3)> — x> =9 —

y=v9+ x — x which can be rewritten as y = ===, signifying that y is a decreasing function
J9 +x% +x

of x. Now we seek bounds on x. Since (x + y)2 > 2x2 and (x + y)2 = x2 + 9, then

2

9+x" > 2x> = x < 3. Since v is a decreasing function of x on the interval (0, 3), the greatest lower bound

isatx = 3,ie.,at W18 =3 = 3J2_—3.

T-8. There are 9 ways for x to have 0 as a units digit and then all 98 choices for y work. For units digits » between 1 and
4, there are 10 choices for x and 98 — 10n choices for y. For example, if x = 12, we delete 12 and all 20 numbers
ending in 8 or 9. For units digits » from 5 to 9, there are again 10 choices for x but 99 — 10x choices for y since in
this case we don't delete the number itself. Adding these yields 9 - 98 + 10(88 + 78 + 68 + 58) +
10(49 +39+29+ 19 +9) = 5252. This double counts (x, y), so there are 2626 distinct pairings which work. There

. ., . 2626 )
are a total of g9Cy = 4851 pairings. The probability is 2851 The sum of 2626 and 4851 is 7477 .
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Solutions to the ARML Team Questions — 1997

T-9.

T-10.

1
If P(ny =— forn = 1,2,...,1997, then xP(x) — 1 hasrootsx = 1,2,...,1997. Thus,
n
1
XP(x) —1=cx —1)Nx=2)-...-(x—=1997). Ifx = 0,then — 1 = ¢(-1997!) soc = -1-9—5;7—'
Therefore, 1998 -P(1998) — 1 1 (1997!) — P(1998) 2 1
erefor . -1l = — ! = — = |—
© 19971 ¢ 1998 |999

Consider the analogous case in 2-space: A4BN lies within cquilateral

triangle ABC of side 4. 1f NV is moved to N, then the height of

1
AABN' = N times the height of AABN. If B is moved to B’, the

1
height of AMB'N' = i times the height of AABN'.

| 1
AAB'N'is a unit triangle whose area is [m] . [7]7] times the area of AdBN. Alternately, the area of

AABN = (AM)(AN) times the area of unit AAB'N".

In the three-dimensional case, let the volume of AMNP be Vl If M, N,
and P are moved so that AM = AN = AP = 1, then AMNP is reduced

to a unit pyramid of edge-length 1, and its volume is reduced by

1 1 1
[WJ : (W] : [F] . Let the volume of the unit pyramid be Vb

V.
Then V, = ——L——— — V. = (AMX ANYXAPY,,.

Vo = Tmoan ap Vi T AMXANXARY,
The sum of the volumes of all the pyramids is the sum of all possible products (AM X ANX AP)VO for

3
AM, AN, AP € {l, 2,3, 4}. This sum can be conveniently expressed as V0 (1 +2+3+ 4) = IOOOVO.

. . 3 . .
It remains to calculate the volume of a regular tetrahedron of side 1. Its base has area oy and its height can

2 1 2 25042
be found to be £, so its volume = —Bh = ‘—/_—,making 1000V, = .
- 3 12 0 3
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ARML Power Question — 1997

Definition #1: if AABC is equilateral and ADAB, ADBC, and ADAC are all isosceles right triangles with
the right angle at D, then DABC is a corner pyramid with apex D.

Definition #2: a cornered polygon is one of the following:

a) An equilateral triangle with a corner pyramid completely covering it.
b) A regular hexagon divided into 6 equilateral triangles with corner pyramids completely covering each triangle.
¢) A square to which is first attached a pyramid whose base is congruent to the square and whose faces

are equilateral triangles. Each triangular face of the pyramid is then cornered. See def. 2a and problem 2.

d) A regular pentagon to which is first attached a pyramid whose base is congruent to the pentagon

and whose faces are equilateral triangles. Each triangular face of the pyramid is then cornered.

Definition #3: a cornered polyhedron is a polyhedron whose faces have been replaced by the corresponding

cornered polygons.

L. Let DABC be a corner pyramid with apex D. 1f M is the midpoint of Z?, P is the foot of the altitude from D
to AABC,and AB = 1, compute:

a) DM b) MP c) DP d) cos LDMP

2. On the left is square ABCD of side 1. P is the center of the square and M is the midpoint of AB. On the right

is the cornered square ABCD. Points F, G, H, I are the apexes of the corner pyramids. Compute:

a) cos LZFMP. b) cosine of the angle formed by planes FEB and GEB.
c) perimeter of FGHI. d) volume of the cornered square ABCD.
E
D C
e
A M B
3. Let P be a right pentagonal prism whose S lateral faces are congruent squares. Prove that it is possible to

corner P; i.e., show that the cornered faces do not overlap. The proof may use calculator approximations.

62



ARMIL Power Question — 1997

4.

Shown below is a squat but instructive polyhedron. Prove that it is impossible to corner this polyhedron; that

is, show that the cornered faces do overlap. The proof may use calculator approximations.

The pattern at the right can be folded into
a soccer ball-like polyhedron called a
buckyball. Compute the number of its

edges and vertices.

Compute the number of faces, edges, and vertices of a cornered buckyball.

A regular tetrahedron is a pyramid all of whose faces are equilateral triangles. Prove that a cornered regular

tetrahedron is a cube.

A regular octahedron has 8 faces which are equilateral triangles with 4 faces meeting at each of its 6 vertices.

Prove that a cornered octahedron has double the volume of the original octahedron.

Cover each face of an octahedron with a regular tetrahedron and then corner the resulting figure. Prove that

the cornered figure is a cube.

Let P1 ,Pz, P3,. .. be a sequence of polyhedra where P1 is a regular tetrahedron of side 1. Create
polyhedron Pn+ | from Pn as follows: To each equilateral triangle face of Pn, attach a regular tetrahedron
with vertices at the midpoints of the sides of the faces of Pn.

a) Compute the number of faces of Pn.

b) Compute the surface area of Pn.

c¢) Find the limit, as » goes to infinity, of the volume of Pn.

1
d) Prove that every P _fits inside a cube of side —.
" V2
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Solutions to the ARML Power Question — 1997

— 1
l. a) DM is an altitude of isosceles right triangle DAB, so DM = >
3 cp 2 1
b) MC=£and—=—,soMP:—. B
2 MP "1 3

c
11 !

¢) MP? +DP? =DM?, 50 DP:J—_— - o
4 12

MP 1
d) cos LDMP = —— = —. A
DM

"

2. a) Pyramid EABCD is the union of the four corner pyramids PABE, PBCE, PCDE, and PDAE. Define 6 to

1
be the base angle of a corner pyramid so that m£ZFME = mZEMP = 0. By (1d), cos 6 = T , but then
3

2
cos LFMP :cos(26) = 2c0826— 1= 2[%] -1= —l.

3
E
N
F - G
F
N A i C
/ [ P

M P

b) Let M be the midpoint of EB. Because triangles FNA, PNA, PNC, and GNC are corresponding cross-
sections of congruent corner pyramids, mZFNA = mZPNA = mZPNC = mZGNC = 0, so

2
cos ZFNG = cos(2m - 48) = cos(2(20)) = 2cos*(28) -1 = = 2(-1] 1 =-

2 2
1 1 1 | 1 -7 2J3
ing the di i = = - FG =Jdl=| +|=| =2.|=|.|=|.|—| = ==
¢) Using the diagram in 2b, FN = GN 2,50 J(zj [2] [2] [2J (9] 3 by

842
the Law of Cosines. By symmetry, the perimeter of square FGHI is —-3—
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Solutions to the ARML Power Question — 1997

Alternately, let J be the projection of point F onto the plane ABCD. The distance JM equals

-1

1 | . . .
MF -cos LFMP = 5 . ? =— g; the negative sign means that J is outside square ABCD. Thus,

842

4
FH =2(JM + MP) = 3 and the perimeter of FGHI is —3-

d) The volume of the cornered square is 8 times the volume of a corner pyramid with base side 1 giving

1 W2

s

8.

N

1 8
= (bh) = =
30N =3

Alternately, the volume of the cornered square is twice the volume of pyramid EABCD giving

11
2= 1 ===
3 6 3
3. The question of whether one can corner a given polyhedron arose in modular origami. It is relatively easy to

fold corner pyramids from 3 small squares of paper, but which polyhedra can then be built from corner
pyramids? For more information, see Multidimensional Transformations: Unit Origami by Tomoko Fuse,

Japan Publications, 1990.

The pentagonal prism at the right has two types of edges, those that

join two squares such as AB and those that join a square and a
pentagon such as 1_4—C-' First, we consider edges like Z? The solid

angle at AB is 108° and we hope to add two cornered squares at Z&’ 3

1 1
By (2a), the base angle of a cornered square is arccos [—5] =90° + arcsin[ g] . With a calculator we can
. .1 |1 1 .
approximate arcsin 3]s 19.471°. Or we could note that arcsin 3 < arcsin 7= 30°. Either way, we

1
can conclude that 108°+ 2[90° + arcsin[;]] < 360°, so there is no overlap.
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Solutions to the ARML Power Question — 1997

Alternately, note that we can fit in the belt of cornered squares only if the sum of all their base angles is less

than the sum of the exterior angles of the pentagon which is 5(360° — 108°) = 1260°. The sum of the 10

1 1
base angles of the cornered squares is 10arccos [_EJ =900° + 10 arcsin[-g] . Because

1 1
arcsin[g] =~ 19.471° < 30°, it is true that 10arccos [—EJ < 1260°.

We still need to show that there is no overlap at edges like AC. The
solid angle at A_C is 90°. We hope to add a cornered square and a

cornered pentagon at AC. The pyramid attached to the pentagon
during the first stage of cornering has a shorter altitude than the

pyramid attached to a square during the first stage of cornering since

, 3 tan2(54°)
the two altitudes have lengths 1" 1 = 5257 and
A . . . .
- = 7071 respectively. During the second stage, corner pyramids are attached in both cases. Thus, the

base angle of a cornered pentagon is smaller than the base angle of a cornered square (the angles are

approximately 91.113° and 109.471°, respectively). The total of the angles at Z’ is bounded by

90° + 2(120°) = 330°, so there is no overlap. Thus, it is possible to corner a pentagonal prism.

4. Let P be the given polyhedron. Notice that the band of squares
around the "equator" of P forms a right decagonal prism. Let AB be

an edge joining 2 of these squares. The solid angle at AB is 144°, If

it were possible to corner P, then the cornered squares attached to the

squares adjacent to AB would be able to fit around Z?

1 1
By (2a), the base angle of a cornered square is arccos [_E] . With a calculator we compute arccos [_EJ to

5 -1

1
be approximately 109.471° or we could note that since 5 >

1 1-
arccos [—EJ > arccos[

strictly greater than 144° + 2(108°) = 360° which is impossible. Thus, P cannot be cornered.

, then

] = 108°. Either way, we can conclude that the total solid angle would be
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Alternately, note that all 10 cornered squares fit in only if the sum of all their base angles is less than the sum

of the exterior angles of the decagon which is 12-180° = 2160°. The sum of the 20 base angles of the

1 1 1 1
cornered squares is 20 arccos[—g) = 20[90O + arcsin[g]] = 1800°+ 20 arcsin[g]. Let o0 = arcsin[—].

3
242 8 7
We know from (3) that oo < 30°. Because cos ol = i;-, cos(201) = 2[3] -1= 3 and
49 17 17 1
cos(4a) = Z[EJ -1= a Because a < 3 = cos(90° - (x) , we must have o + 4o = 5o > 90°, so

1
200 > 360°. But then 20 arccos [— 5] = 20(90° + (x) > 2160°. Thus, the cornered squares must overlap.

5. A buckyball has 12 pentagonal faces and 20 hexagonal faces. Three faces / T
meet at each vertex and 2 faces meet at each edge, so a buckyball has \
5-12+6-20 5-12+6-20
— - 90 edges and — - 60 vertices. We can \\ )

check with Euler's Formula: V- E+ F = 60 —-90+ 32 = 2, as it should.

Note that buckyballs are named after R. Buckminster Fuller,

famous for his geodesic domes, and that carbon compounds with this geometry were discovered by the 1996

Nobel Prize winners in chemistry, Robert F. Curl, Harold W. Kroto, and Richard E. Smalley.

6. A cornered pentagon has 15 faces and a cornered hexagon has 18 faces, so
a cornered buckyball has 15 - 12+ 18 - 20 = 540 faces. A cornered
pentagon has 20 additional edges and a cornered hexagon has 24
additional edges, so a cornered buckyball has 90 + 20-12 + 24 - 20 = 810
edges. A cornered pentagon has 6 additional vertices and a cornered

hexagon has 7 additional vertices, so a cornered buckyball has

60+6-12+7-20 = 272 vertices. If we plug these numbers into
Euler's Formula, weobtain V—E+ F = 272 - 810+ 540 = 2 as
hoped. The solid pictured, while somewhat more pointed than a cornered buckyball, has the same

arrangement of vertices, edges, and faces.
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7. Let ABCDEFGH be a cube. Then ACFH is aregular D C

tetrahedron and BACF, DACH, EAFH, and GCFH are corner Lo w-"" o

pyramids, so ABCDEFGH is a cornered tetrahedron. . B .

Alternately, start with tetrahedron ACFH and add corner N AN ;
pyramids BACF, DACH, EAFH, and GCFH. Let M be the NN ;

midpoint of AC. Then ZDMH and ZBMF are both base Ho
angles of corner pyramids, so mZDMH = mZBMF = 0. E F

Thus, mZDMB = 20 + m£ZFMH where ZFMH , the base angle of a tetrahedron, satisfies

242
cos ZFMH = — = —cos20 and sinZFMH = TJ_ =sin20. We conclude that mZFMH = 180° — 20, so

1
3
m£DMB = 180°, making ABCD a square. Arguing similarly for the other edges of ACFH completes the

proof.

8. Let ABCDEF be a regular octahedron with center G. Then
GABE, GBCE, GCDE, GDAE, GABF, GBCF, GCDF, and

GDAF are 8 congruent corner pyramids. When we corner

ABCDEF we attach 8§ more congruent corner pyramids to the

faces of the octahedron, so the total volume is doubled.

9. The centers of the faces of a cube form a regular octahedron.
LetA; B, C, and D be vertices of a cube, and let X, Y, and Z be
the centers of the neighboring faces as shown. Let M, N, and
P be the midpoints of /_4-1-5’ Z’, and AD respectively. Then
AXYZ is a regular tetrahedron (attached to face XYZ of the
inscribed octahedron), and MAXY, NAXZ, and PAYZ are

corner pyramids attached to the outer faces of tetrahedron

AXYZ. Together they completely fill the 4-octant of the

cube. Reasoning similarly for each corner of the cube gives the full dissection desired.
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10. a) Pl has 4 faces. As we go from Pn to

P .,
n+ 1

b) A face of P1 is an equilateral triangle of side

cach face is replaced by 6 faces. Thus, Pn has 4- 6" faces

2n—l

) 1 A )
which has an area of —_— = —
4)7— 1 4 n
n—1
_ 3
Pn has a total surface area of 4(6” l)- [ii] = Jg . [—J .
4

2

¢) The volume of Pl , a tetrahedron of side 1, is

£ 2
4

W —

'
6 0 6

— 1
weadd 4- 6" ! tetrahedra of side length — S0 vol (P +1) = vol

E. Going from Pn to P,7+
2

—_—

P

_ 1 1

Jes ()
1 I - (3)
P,,+)=6—2+;‘5'2[—
vol(Pn+1)—-> 1

k
4J . Thus, as n — oo, we have
k
k
1

1 b
Summing from 1 to » we have vol (

< (3 1 1
— +—F- = = +
o2 92 ’Z‘][“] ov2

d) In fact, a cornered P’7 is a cube of side

V2

version of the corresponding configuration in Pn+

. Questions (7) and (9) show this for P1 and P,, providing
base cases for our induction. We complete the proof by showing that a cornered face of Pn and the cornered

| are the same; thus, the cornered versions of the Pn and
) 1
P . are the same polyhedron, namely a cube of side —=.
n+1 JE
D D
C
P N
A

M

Let ABC be a face of Pn. Let M, N, and P be the midpoints of A_B, B_C-’, and C_A Let D be the apex of the

tetrahedron with base MNP, so that ABCDMNP is the corresponding region of Pn+ E Notice that D is also
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the apex of corner pyramid DABC. Let X be the midpoint of E Then X is the apex of the corner pyramids

XAMP and XDMP. Arguing symmetrically for BD and CD , we see that the cornering of the configuration
ABCDMNP is the same as the cornering of ABC.

1
Alternatively, if we let P1 be situated inside a cube of side T as
2

in (7), then P2 will have as new vertices the rest of the vertices of

the cube together with the centers of the faces of the cube. Let

ABC be a face of Pl . Let D be the vertex of the cube surrounded

by 4, B, and C. Let M. N, and P be the midpoints of A_-B, %

and CT4 Then DMNP is one of the tetrahedra A
added at stage 1. It is situated within the D-octant of the cube in exactly the same was as P1 is situated inside

the original cube. The three pyramids that will be attached to DMNP at stage 2 will lie inside the D-octant,
just as the pyramids attached at stage 1 lie inside the original cube. This is true for each octant of the original
cube and so we can apply the same analysis to each of them at the next state, and so on all the way down.

Since no added tetrahedron leaves its cubelet, no Pn leaves the original cube.

Shown below are P1 , P2, P3, P4, and P5 For n > 3, some of the edges of the added tetrahedra coincide.

However, they never overlap along faces or have common volume. If we let P = Un_ an ,then P_ is not

the entire cube. There will be uncountably many points of the cube that are outside all the Pn 's. Collectively,

they have volume 0.
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I-1.  Leta, b, ¢, and n be positive integers. Ifa+b+¢ = (19)X97)anda + n = b — n =

¢
n 9
compute the value of a.

I-2.  AABC is inscribed in circle O, the radius of O is 12 and mZABC = 30°. A circle with center B is drawn
tangent to the line containing AC. LetR be the region which is within AABC, but outside circle B.

Compute the maximum area of R.

1-3. A team wins 3 games, then loses 1, then wins 3 and loses 2, then wins 3 and loses 3, and so on,
each time winning 3 games before losing one more than before. If N is the number of games played,

find the least value of N such that the percentage of wins is below 25%.

1I-4. Let f(x)=4x- x?. Consider the sequence x .. where X, = f(xi—l) for i > 1. Compute the

1,x2,x3, .

number of values of x| such that x,, x, andx3 are all distinct, but X, = Xy foralli > 3.

1’72’

1-5.  The sum of 1999 positive numbers in an increasing arithmetic progression is 1. Compute the width of the

smallest interval containing all possible values of the common difference. Do not leave your answer in

factored form.

T T
I-6. Compute the remainder when cot! 997[-13] + tan1 997[51 is divided by 9.

1-7. The diagonals of a convex polygon connect non-adjacent vertices. The diagonals of a regular 10-sided

polygon are drawn. Compute the number of parallel pairs of diagonals.

3

-8. If % —1 is written as 3a + % + % where a, b, and ¢ are rational numbers,

compute the suma + b + c.

71



ANSWERS ARML INDIVIDUAL ROUND — 1997

1 80
108
2. —
T
3. 217
4. 3
1
3.
1997001
6. 4
7. 45
1
8. =
3
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Since b=a+2n,c=an+172,thcn2a+2n+an+n2:2(a+n)+n(a+n)=(n+2)(a+n)=l9-97.
Thusn+2 = 1,19,97,0or 1843, butifn+2=1thenn < Oandifn +2 =97 or 1843, then a <0.
Thus,n+2 =19 = n=17 = a + 17 =97 - a = [80]

Since m£ZABC = 30°, m£AOC = 60°, making AC = 12. The T < T

\\
: ! 1 -
arca of the shaded region = 3 12-BD — T n- BD?. Thisis Y
‘\/
. . -6 36 )
quadratic in BD and takes its maximum at BD = ——— = —, /
-2n /12 s //
, 36 m 36° 108 b
Maximum area = 6| — | — == - —=— = |—|. Note: The
T 12 .2 T

maximum occurs when BD lies outside the triangle.

Figures 1, 2, and 3 below show various positions for B. When B is very close to 4 or C, the shaded area is

relatively small. When B is on the perpendicular bisector of AC, the shaded area is quite small. So clearly
the shaded area increases until it reaches approximately the position in Figure 2 and then the area decreases

until Figure 3. The maximum area is reached when mZBCA = 32.6°.

Figure | Figure 2 Figure 3
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1-3.

1-4.

1-5.

After the nth block of 3 wins, the lowest percentage occurs at the end of the next losing streak, i.e., after

+ 1 ins 3 1
1 +2+...+n= rn + 1) losses. Thus, &equals — - - — n=17. After
n total games nin+1) 4
3n 4+ ——
2
) 17-18 . .
51 wins and 51 + = 204 games, the winning percentage is 25%. Let x be the number of losses after
) 51+3 1 )
the next block of 3 wins; we want the least x such that ————— < — . Solving,x > 9 —» x =10 -
204+3+x 4
games.
If x, = x,. then f(x,) = 4 2 =0 or 3. 1f f(x) = ;. th
Xy = Xy enf(x3)—x3—> Xy =Xy =x3 > x3 =0 or3. fx2 = x5, then
4x2 - xz2 =0or3 — Xy = 0 and 4 or X, = 1 and 3. Reject 0 and 3 since in those cases Xy = Xy

2
Ifx2 = 4, then f(xl) =x, > 4)cI -x

5 | =4—>x1=2. Ifx2=1,then

4)(1 —x12 =1- X =2+£v3. Insum, x| = 2 generates 2,4, 0,0, . . . and X, ZZiJ?-;

generates 2 * J?: 1,3,3,..Thus, X, = 2 or 2 + ¥3 and the answer is [3].

If x is the first term and y is the common difference, thenx + (x + y) + . . . + (x + 1998y) = | implies
1999 1 . .
(Zx + 1998 y) =1—- x+999y = 1999 ° If graphed, the interval from the origin to the
int t contains all diff Its width i 1 ! 1
-inter n n differences. lts width is = = .
yrifercept conftains aft common diferences 999-1999 (1000 — )2000— 1)  |1997001

= 2 —+v3, then

4 T
tan — — tan —

T T n J3
—] + cotl997[—l ] 3 4

Let N = tan1997[ Since tan— = = —1
12 2) 12 A T
1+[tan§~tanz] 1+J§

1997 1997
cot-l% =243, Thus, N = (2—1/5) + (2+J§) . Looking at (2—J§)n +(2 +J§)n(mod9)

forn = 1,2, 3, .. we obtain a repeating sequence of remainders of period 6: 4,5,7,5,4,2,4,5,7,5,4,2, ..
Since 1997 = 5 (mod 6), the answer should be the Sth remainder, namely 4. To prove this use the Binomial

Theorem:
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1997
1997 1996 1995 1994 1993
— - —_ 2 . el . — . . . . —
(2 J;) 2 1997Cl - J; + 1997C2 - 3 1997C 2 393+ I997C4 2 ?
(2+\/3—)1997 =21 2P .23 2™ w0 2 ey
- 1997 71 1997 "2 - 19973 1997 4
Note that in N all terms with W3 will cancel and all terms with coefficients 19 97C n forn > 2 are divisible

I-7.

1997 - 1996
51995 4

by 9. Thus N = 2(21997+ ;

}mod 9) which is congruent to

332
[2‘998+ 1997 - 998 . 21996. 3)(mod 9). Since 2% = 1 (mod 9), then 2'%98 = (26) = 1 (mod 9)

331
Also, 1997 = 8 (mod 9), 998 = 8 (mod 9), and 2'°%¢ = (2"] 2% = 2% (mod 9)

= 7 (mod 9).
Thus N =1+8-8-7-3(mod 9) = 4 (mod?9). The answer is [4].
There are two types of parallels, those parallel to an edge and the dashed
ones parallel to a segment connecting Ai and Ai+ 5 In the A; 5
diagram there are 3 solid parallels making 3C , = 3 pairs of
parallels and 4 dashed parallels making 4C2 = 6 pairs. There are A;

5 distinct cases making the number of pairs of parallels equal to

5(6 +3) = [45]
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8. Letr=%2 sothat (1 +1)° = > +3¢% +3r+1= 2+312+3t+1=3[12+t+lj. Multiply by 7 1:

3 2 3 3
(r+1) (t—l):3(t +t+lj(t——1):3[t —1):3(2—1)=3. Thus 1~ 1= P

3 2
3 3 2 Jg(t —t+ lj
J 3 3 ot —1t+1
making J3t -1= a1 Rationalize the denominator: ‘/- :

1 t+1 2 3 -

tT—t+1 T +1
%(t2—1+1) 2

32 _3
3 = % .Replacmgtbyﬁglves %_). =y~ 9+ 3"

Hence,a+ b +c¢ =

=3 N

2 1
—=+= =z
9 9
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R1-1. The complete graph of |x | + |2y | =1 is shown on the viewing window of a graphing calculator. When the

region enclosed by the equation is measured by a ruler, its arca is 120 square units. 1f the Xmin and Xmax
of the viewing window are tripled, the Ymin and Ymax are doubled, and the new graph of the equation is

measured by the same ruler, the area of the region is K square units. Compute K.

T
RI-2. LetT = TNYWR. If K = R compute the number of real values of x for which the following equation is
K+log:
true: (log x)( OgY) =

RI-3. Let T= TNYWR. Point Nlieson y = x — 1

y=x-1 y =21-x
and P lieson y = 21 — x as shown. If the
N P
coordinates of M are (7, 0 ) and MNPQ is a
rectangle, compute the area of MNPQ.
\ M 0]

ARML Relay #2 — 1997

R2-1. Compute the number of integer values of » such that w40+ i+ 6 is divisible by n + 1.

R2-2. Let T = TNYWR. In parallelogram ABCD, EC is the 4 B
extension of BC. If the area of AADF is 81 and the
area of AFCE = T, compute the area of ABCD.

R2-3. Let T = TNYWRandset K = —. If y = x istangentto y = 2 + Kx + N, then compute N.
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Relay 1:
RI-1. 20
RI-2. 3
RI-3. 32
Relay 2:
R2-1. 4
R2-2. 198

R2-3. 2401
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RI-I.

RI-2.

From the diagram, 120 = 2ab. Multiplying Xmin and Xmax by & /‘
o 1 a b b
multiplies the measured length by e Thus,a — 3 b — 7 and the ‘ a
al b 1 1
d =2l=|=|=|=l2ab) = =-120 = |20|
measured area [3][2] [6]( a ) 5 0 =20

Wehave T = 20s0o K = 5. Regardless of K, x = 10 is a solution. If log x = — K, then

1

K+1 0 -
(log x)( i ng) = (logx) =1,s0 x=10 K is a solution. 1f K'is odd and log x = —1,i.e., x = 0’

2
then we have (—l) "o Thus, there are 2 or 3 solutions depending on whether K is even or odd.

Since K is odd, pass back 3l

Wehave T = 3. Since NM = PQ = T—1,then2l —x = T—-1 — x =22 — T, giving
Q(22-T,0). Thus MQ = (22-T)—T = 22-2T. Area NPOM = 2(T—1)(11 -T) = 2(2)@8) = [32]

Solutions to ARML Relay #2 — 1997

R2-1.

R2-3.

2

3 2
+ +n+6 + 1)+ +1DD+5
n n n I’l(l’l ) (n ) 2 |

. Hence, n + 1 divides 5, so
n+1 n+1 n+1

n+l =+lor+5 = n =-6,—-2,0,and 4, yielding [4] solutions.

Let DF = a, FC = b, and the heights of AADF and AECF be ha A B

and hb. Since o A4DF) =-;-ha2 = 81 and o AECF) = -;-hb2 =T,

then (hazj(hbz) = (2-81)(27) giving hab = 18T . Since c

a(ABCD) equals (ha)(a + b) = ha® + hab = 162+ 18yT , then E

a(ABCD) = 162+ 18v4 = [198]

Wehave 7 = 198,50 K = 99. Set x> + Kx + N = x = x> +(K —)x+ N = 0.

For the line to be tangent, this equation must have one solution, so (K — 1)2 —4N =0 >

2
K-1
N:[T] = 497 = [2401)
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ARMIL Super Relay — 1997

Note: Pass answers from position 1 to position 15.

1. . IfAB=DC =24 and BC = AD = 32, compute the
area of AAEC.

2

T
2. Let7 = TNYWR andset K = —. If log2 b— lo,g2 a = K, then b —a® = Md. Compute M.

100

T 1
3. Let7 = TNYWR and set K = TR Compute the largest angle 0 in [0°, 360°) such that cos(Ke) =5

4. Let7T = TNYWR. Let f(g(x)) =Tx+T and f(x) = x+2T. If g(x) = ax+ b, compute a + b.

5. Let 7 = TNYWR. If the side of square ABCD = T+ 9 and A B
the areas of regions 1, 11, and III are in increasing arithmetic
progression, compute the area of region 1I. [ I Im
D C

1+7i
4+ Ki

T
6. Let7 = TNYWR and set K = rE If = a + bi, compute a + b.

1
7. LetT = TNYWR. Ifab=T, bc = ;,andac = T2,compute |a+c|.

8. LetT = TNYWR. If 4B= 3T,BC = 4T, AC = 5T, and' y
AD = 3T, compute the area of AADB. D
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ARML Super Relay — 1997

10.

1.

12.

13.

14.

15.

T
Let7T = TNYWR and set K = 30" If 9-K + AB = BA for two-digit base ten numbers 48 and BA,

compute the largest possible value for the two-digit number B4.

5 -
Let7 = TNYWR. If f(x) = ?l is defined only on 0 < x < T2, compute the number of lattice points on f.

T —
Let7 = TNYWR and set K = T6 Given isosceles AABC with mZB = 90° and AB = K, circle O is

tangent to AC at D, the midpoint of AC , and passes through B. If the diameter of O is % , compute a + b.
b

Let7T = TNYWR. If x - , compute x.

Let7T = TNYWR and set K = 407 - 5. Each figure is a

square with a side half as long as the square to its right. If the

perimeter of the whole figure is K, compute the area of the —,7
-

smallest square.

Let7 = TNYWR. A retail store pays a wholesale price of $7 per toy. It prices the toy at $K so that at a 25%
off sale, the store still makes a profit of 20%. Compute K.

LetT = TNYWR. A linear function f is such that f(0) = 7 and f(2x) = 2f(x — 1) for all x. Compute

the area of the triangle formed by the intercepts of f and the origin.
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ANSWERS ARML SUPER RELAY — 1997

10.

11.

12.

13.

14.

15.

300

63

340°

27

90

96

97

15

10

10
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Solutions to the ARML Super Relay — 1997

l. AABC and ACDA are 3-4-5 right triangles, so AC = 40,

h 3 1
making — =— —> h =15 — area = —-40-15 = 300|
20 4 2

b b
2. log,==K—»-=25p2=4
a a

: 64a% > b* —a® = 63> — M =[63]

22K Since kK = 3, b2

1
3. Cos Kb = 5 — KB = 60°+ 360# or 300° +360n. Since K = 3, 0 = 20° +120# or 100°+ 120n.

Thus, the largest occurs when # = 2, and that makes 6 = [340°].

4. f(g(x)) =g(x) +2T = Tx +T — g(x) = Tx — T. Thus, regardless of 7, a + b = [0l

(T +9)2

5. l-d+1+1+d= (T+97% > 1l = _Since T = 0,11 = [27]

1+7i 4-Ki (4+7K)+ (28— K)i 32+ 6K 50
l.. ’.:( ) (2 K)l—>a+b:—2.SinceK=3,a+b=—=-
4+ Ki 4-Ki 16 + K 16 +K 25

1
7. ab-ac-bc = (abc)2 = T~?~T2 = T2 — abc = xT. Sinceab=T,thenc = £1. If¢c = 1, then

2

a= T2. If¢ = -1, then a=—T2. Since |- T

—1’:|T2+1

, |a + c| is fixed. Since T = 2,

|a+c|=22+1 = [3].
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Solutions to the ARML Super Relay — 1997

2 2
4 1 9T+ 4 18T
8. sin@ =— —area AADB = = -37T -3T -sin@ = - = . 3T 0 A
5 2 5 5 - D 3T
Since T = 5, the area AADB = [90]. c S B
4T

9.  Before receiving 7, try values forK: K =1 — 89+9 =98, K =2 — 79+18 =97, K =3 >
69 +27 = 96, ... Since K = 3, the largest value for B4 is [96].

10. If 5 and T are relatively prime, then y is integral when x is a multiple of 7. On [0, Tz] ,x =0,T,2T,..,T-T,

making T + 1 values for x. 1f T and 5 are not relatively prime, be patient. Since T = 96, the answer is [97].

ABY2 AB? 4
2

11. Since AE-AB = AD2 and 4D = ,then AE-AB = T -

D E
AB —_
AE = 7 so the diameter EF of the circle is also the midline of "
C []

~—B
K2 13 F
AABC — EF = - Since K = 13, EF =T. The sum = [15].
2

T
12 120 = 3(r=7) = 4T + AT~3x) > 9x + 3T = 6T —6x — x= 7. Since T = 15,x = 3l

2
K 25
13. 4x + 3(2x+4x+8x) = 46x = K — area= [E] . Since T = 3, K = 115, and the area = .

K 6T 8T
14, —-2 g -2 - [f0l
4 5 5 10

w | oo

24
5

15. Ifx =1, f(2) =2f(0) =2-T. Thus, points (0, 7) and (2, 27) lie on the line. The equation of the line is

T 1
y= —;— + T and its intercepts are (0, 7) and (-2, 0). Area = 5 -2-T =T =10l
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ARML Tiebreaker — 1997

l. Let Sn = [1/1_] + [J?T] + [Jg] +...+ [J;] where [x] is the greatest integer function.

Compute the largest value of k& < 1997 such that S S, is a perfect square.

1997 "k
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ARML Tiebreaker Solution — 1997

1. For 1936 < n £1997, [J;] = 44, So, for 1936 < k <1997, S Sk = 44(1997 - k) =

1997

4-11-(1997 — k). For the difference to be a perfect square, (1997 — k) must equal 11,

giving 1997 —k = 11 — k = [1986]
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THE 23" ANNUAL MEET

ARML continued to grow, continuing to establish itself as an intellectually challenging and
thoroughly enjoyable mathematics competition. This year there were 27 teams in Division A,
75 teams in Division B and 9 alternate teams for a total of 111 teams fielding upwards of 1680
students. Competition was very spirited with only 4 points separating the top two teams in
Division A. This year a team from Taiwan took part in the competition for the first time and this
led to an invitation for Mark Saul, president of ARML, to travel to Taiwan to meet with
educators to explore further ways in which Taiwan could participate in ARML.

Ted Alper and Bill Kling received the Samuel Greitzer Distinguished Coach Award.

Ted was a member of the Montgomery County ARML team in 1979 and 1980. In 1994 while
working for the Education Program for Gifted Youth at Stanford, he began recruiting students in
the San Francisco Bay area to form ARML teams. His teams quickly became very successful
and in 1996, the San Francisco Bay Area team won the A Division.

Bill has started math teams throughout his career. In 1982 he organized the first Upstate New
York ARML team and shepherded it through the next decade, eventually creating three different
ARML teams. This year was the last year that he planned on being involved with the team.

Matteo Paris received the Alfred Kalfus Founder's Award. While a junior in high school in
California in 1989, Matteo first heard about ARML and was determined to create a team. Then
the only site was at Penn State, but Matteo and Jeff Wall, another high school senior, organized,
recruited, and trained a team that eventually got to Penn State and finished in the top ten. Since
then Matteo has organized teams, become an Executive Board member as well as a coordinator
for the UNLYV site. While a student he also won the Zachary Sobol Award.

Chris Clark of Western Massachusetts and Greg Tseng of Thomas Jefferson HS received the
Zachary Sobol Awards.

88



ARML Team Questions — 1998

T-1.

T4.

T-5.

T-6.

T-7.

T-8.

T-9.

In acute-angled triangle ABC, m4£A4 = (x+ 15)°, m£B = (2x — 6)°, and the exterior angle at C has measure
(Bx +9)°. Compute the number of possible integral values of x.

Two of the vertices of a square arc 4 (logl 55’ O) and B(O,logl 5 x) for x > 1. The other two vertices lie in

the first quadrant. Add the coordinates of all four vertices. The result is 8. Compute x.

a + 1
==+l for > 1, compute a, where 1 = 1998°.
a

n

Ifa =a =land a  ,

Ve

. . . B C B C
Point P lies in a square ABCD of side 2 so
that P4 = PD. If the two shaded regions A u b 4
have equal areas, compute cos ZPAD .
A D 4 D

Line ¢ is tangent to the circle X+ y2 = 1998 at T(a,b) in the first quadrant. If the intercepts of ¢ and the
origin form the vertices of a triangle whose area is 1998, compute the product a - 5.

) vy + 9 = y2
Compute all ordered pairs (x, y) such that: 5
v + 7 = x
Four congruent circles are tangent to each other and tangent to
the edges of a sector as shown. If the straight edges are joined L

to form a right circular cone with vertex at P, the radius of the
base would be 2/3 the slant height of the cone. Compute the
ratio of the radius of the sector to the radius of each circle.

Let S be the set of lattice points in the region defined by 0 < x < 3 and0 < y < 3. Triangles are formed
by choosing three non-collinear members of S as vertices. Two triangles are distinct if they share no more
than two vertices. Compute the number of distinct triangles with an area of 3/2.

Squares are erected on the sides of right triangle \C
D
ABC as shown. If BC =68 and AC =204, EL]F
4
compute the absolute value of the difference B H

between the areas of ABDE and ACEF .

. Let f be a function whose domain is S = {1,2,3,4,5, 6} and whose range is contained in S. Compute the

number of different functions f which have the following property: no range value y comes from more than

three arguments x in the domain. For example, f = {(1,1), 2,1, 3, 1),(4,4),(5,4,(6,6) } has the property,

but g = { (1,1).(2,.(3,1),(4 1), (5.3). (6,6) } does not.
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ANSWERS ARML TEAM ROUND — 1998

1. 20

2 45

3 2

.

5 999
B
7 3

8 92

9. 272

10. 44,220



Solutions to the ARML Team Questions — 1998

T-1.

T-2.

T-3.

T—4.

T-5.

Since an exterior angle of a triangle is equal to the sum of the two remote interior angles, we set

3x+9 = (x +15) +(2x — 6), but that is an identity and is of no help. Since the triangle is acute-angled, we
have several conditions to consider. First, mZ4 < 90° — x+15° <90° — x < 75°. Second,

msB <90° — 2x—6< 90° — x < 48°. Third, since ZC is acute, then 3x + 9° is obtuse, giving
90° < 3x +9° < 180° — 27° < x < 57°. Considering all the conditions, we have 27° < x < 48°, giving

X € {28°,29°,... , 46°, 47°} . Thus, the number of integral values of x is [20].

The sum of the coordinates of the vertices is clearly b Clb,a+b)
4a+ 4b = 4log, ;5 +log s x) = 8. Thus, B0, b)

1 = =157 -

og, {5x) =25 5x=15" - x =43 b Da+ b, a)

va
A(a, 0)

. 1+1 2+1 3+1 2+1
Smcea1 =1,a2 =l,a3=—i-—=2,a4 =T=3, 05=T=2,a6 =T=land

1+1
a, = T = 1,thesequenceis 1,1,2,3,2,1,1,2,3,2,...and is clearly cyclic with a period of 5.

Since 1998 = 3 (mod 5), 19985 = 35 (mod 5) = 3 (mod 5) and for ¢ = 19985, a, is the third element in

the sequence, namely [2].

Clearly, ABEA = ACFD and APMA = APND . Since the BT TRy ¢ TG ¢

shaded regions have equal areas, all four triangles are S R M ' 5

congruent, making 4B = PA, so APAD is equilateral

1
giving cos ZPAD = cos 60° = .

— b —
Since the slope of OT = —, then the slope of PQ = — % , making the il T(a, b)
a

ion of PO _-a _ _ a? /

equation of PQ equal y—b——b—(x—a). If x = 0, then y—b--;- vj 0
2 2
a’ +b 1998 —a
- y=————=——_1Ify = 0,then —b = —|(x —a) giving
b b b ( ) x2 4+ y? = 1998
b2 @ +b% 1998

x=—+a = =
a a a

11998 Y 1998
The area of APOQ = 1998 = 5[ IT] — the producta + b = [999].
a
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Solutions to the ARML Team Questions — 1998

T—-6. Subtracting the bottom equation from the top yields y2 =25 (x — yXx+ y) = -2. Adding the

two equations yields 2xy + 16 = x2 + y2 - x2 —2xy+ y2 =16 - (x- y)2 =16 - x—y=14.

1 1
If x—y=4,then x+y)=-2 - x+y =-3 Adding x— y=4and x+ y ==

we obtain x = % and —%. If x— y =—4,weobtain x = —%,y = % in similar fashion.

7 9 79
Thus, (x, y) = Z’_Z ) —Z,Z .

. r 4ntr
The perimeter of the cone's base = 21 353

The circumference of the circle containing the

sector is 21, so mATB = 240°. Thus tangents to
each circle form a 60° angle, making PO =2(0Q).

Since PT = r = 0Q +2-0Q = 3-0Q,then0r—Q =

From each vertical or horizontal strip of three squares,

8 triangles with area 3/2 can be formed, giving

8 x 3 x2 = 48 triangles.

From each vertical or horizontal strip of 6 squares, _— D c
4 triangles can be formed. There are 2 such vertical and g . v Q:
horizontal strips for a total of 4 x 2 x 2 = 16 triangles. 3 > B l E

: A

On each diagonal of the 3 x 3 square 6 triangles can be

formed, 3 above and 3 below. For example, AABC,
AAEC, and AADC. I g

Four triangles can be put in each 2 x 2 square. Since there are 4 such 2 x 2 squares, there are4 x4 = 16

triangles. Total: 48 + 16+ 12+ 16 = [92].
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Solutions to the ARML Team Questions — 1998

T-9.

From DB || AC we obtain ZBDE = ZEAC and since ZDBE = ZACE , then

A
ADBE ~ AACE . Thus, % = —C Since AC = 204,
BE CE
DB = BC = 68,and CE = BC—- BE = 68 — BE, we have
ﬁ: 204 — BE =17 and CE = 51. Then
BE 68 — BE
DE=J(4~17)2+172 = 17417 . ADBA = ACBG by SAS so Gl
. DE CE

LEDB = /ECF and since £ZBED = ZFEC ,then ADBE ~ ACFE by AA. Thus, EE =-FE -
17417 51 51 451

J— = —— — EF =—=— making CF = —=. The difference in areas equals

17 EF J17 D7

51 4-51

1
=168 17 - == - —=
S T

to the square of the distance from B to DE.

] = 1617 = [272] It can be shown in all cases that the difference in areas is equal

. The sizes of the preimages under f of {1,... , 6} must partition 6. The excluded partitions are those

containing a 4 or greater, that is 4-1-1,4-2, 5-1, and 6. Thereare 6-5-4- (6C4) = 1800 functions of the
4-1-1 type since there are 6 ways to pick a range element that four domain elements map to, 5 + 4 ways to

pick a range element that one domain element maps to, and 6C 4 ways to pick four elements in the domain to

map to the single range value. Similarly, there are 6- 5 - ( 6 C 4) = 450 ways to get preimages

of size4-2, 6-5- (6 CS) = 180 ways to get 51, and 6(6C6) = 6 ways to get 6. Thus, there are
1800 + 450+ 180 + 6 = 2436 excluded functions. The total number of mappings from S'to S is

6

6~ = 46656, so the number of functions with the desired property are 46656 — 2436 = [44220|
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ARML Power Question — 1998: Meditations on Partitions

For each of the following problems write complete solutions. Justify each answer. Angles are in degrees.

l. Let positive integers 4, B, and C be the angles of a triangle such that 4 < B < C.

a) Determine all the values that each of 4, B, and C can take on.

b) Compute the number of ordered triples (4, B, C) in which B = 70°.

2. In convex pentagon ABCDE, mZ4A < mZB < mZC < m4LD < mZE. Let T = mZC +m4ZD.

If mdA : m4LB . mZLC :m4D : m£LE = 1:2:x: y:5, determine the range of values of 7.

3. Leta, b, and ¢ be positive integers such thata < 3b,b > 4¢, anda+ b+ ¢ = 200.

a) Determine the largest value that ¢ can take on.
b) Determine the smallest value that b can take on.

¢) Determine the number of ordered triples (a, b, ¢) in which ¢ = 11.

4. Leta, b, and ¢ be positive integers. Ifa+b+c¢ = 85,¢ > 3a,2b > ¢, and Sa > 35,

prove algebraically that there is a unique solution (a, b, ¢) to this system.

5. A unit square is divided into 4 rectangles of positive area by two cuts parallel to the sides of the square.
Let a < a, < ay <a 4 be the areas of the four parts in non-decreasing order. For each
i =1, .. .,4,determine with proof the range of values for a..
6. A unit cube is divided into 8 parallelepipeds of positive volume by three cuts parallel to the faces of the cube.

Let Sy, S Ve be the volumes of the eight parts in non-decreasing order. Determine with proof the

range of values for vy and Vs -
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ARML Power Question — 1998: Meditations on Partitions

7. Let n be a positive integer. Allie and Bob play a game constructing a partition » = ajta, +.+a with

a, 2a, 2 2a

|24y 2.2 a, > 1. Allie wins if there is an odd number of terms in the partition, i.e., if & is odd; Bob

wins otherwise. Allie begins by choosing a number a, between | and » — | inclusive. Bob then chooses a
number a, between a and | inclusive such that a, +a, < n. Allie then chooses an a between a, and |

inclusive such that a +a, +a, < n, and so on, with the game ending when the partition is complete.

Determine with proofall #» > 1 for which Bob has a winning strategy.

8. Allie and Bob play a game similar to the one in #7 except that the inequality a 2a, is replaced by

2al. 2 a. Prove that Bob has a winning strategy if and only if # is a Fibonacci number. (You may assume

the following: each positive integer » can be uniquely represented as a decreasing sum of non-adjacent

Fibonacci numbers, i.e., 32 = 21 + 8+ 3))
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Solutions to the ARML Power Question — 1998

la.

1b.

3a.

3b.

3c.

The maximum of C occurs when4 = B = 1° — C = 178°. The minimum of C occurs when

A = B = C = 60°. The maximum of B occurs if 4 = 1° and B is as close to C as possible.
Since B+ C = 179°, B = 89°and C = 90°. The maximum of 4 occurs when4 = B = C —
A = 60°. Thus, 1°< 4 <£60° 1°< B <89° 60°<(C <178°.

IfB = 70°%then4+C = 110°and C > 70° - A4 < 40°. For4 = 1°t040° B = 70°, and

C = 109° to 70° respectively. The number of ordered triples is 40.

For an upper bound of 7 consider an extreme case: letx = y = 5, giving lk : 2k : 5k : 5k : Sk for the angles.
If 18 = 540°,thenk = 30° - mZC + mZD < 150°+ 150° = 300°. For a lower bound of 7, note that
S5msA = mLE <180° so mZ4 < 36°, making mZC + mZD = 540° — mLA — m£LB— mZE =

540° — 8mZLA4 > 540° — 8- 36° = 252°. This bound is the best possible. Let € be very small and let

(msA, msB,m2C,msD,m2E) = (36°~ €,72° — 2€,100°,152° + 8¢, 180° — 5. These values satisty the

inequalities and mZC + mZD is as close to 252° as we like. Thus, 252° < T < 300°.

Ifa > 1,thenb+c < 199 andsince b > 4c, thendc+c < 199 — ¢ < 39.8 — the maximum

of ¢ is 39, achieved when (a, b, ¢) = (1, 160, 39).

b b
Since 36 > a,then3b+b+c > 200 — 4b+ ¢ > 200. Since b > 4c, z> c— 4b+z>200 -

b > 47.06 — the minimum value of & = 48, achieved when (a, b, ¢) = (141,48, 11).

Ifc = Il,thena+5b = 189 andsince b > 48, thena < 141. All such (a, b, c) satisfy the two inequalities,
so the ordered triples range from (141, 48, 11) to (1, 188, 11), a total of 141.

9%

Given thata+ b+ ¢ = 85and ¢ > 3a, then 35 > a giving §+ b+c>85. Since Sa > 3b, then 3a > =
o 5 5

giving ¢ > - ?C > b. Thus, §+ g‘j +c¢ >85> ¢ > 45. Similarly, 2b > ¢ implies

: 10 3¢
b> § giving a+%+c< 85. Also, 5a > 3b —> Ta > 2b > ¢, making a > E Thus,

%+%+c<85 — <4722 - ¢ =460r47. Ifc = 46,thena+b = 39and 2bh > ¢ —

2b > 46 — b > 24. Also,c > 3a — 46 > 3a — a

IA

15. Clearly, (15, 24, 46) works, but if
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Solutions to the ARML Power Question — 1998

N
IN

14 making b > 25, 5a is not greater than 3. 1f ¢ = 47,2b > 47 and 47 > 3a gives b > 24 and

IN

15, butsincea+b = 38,a # 15 soa < 14, but then 5¢ is not greater than 3b. Hence, no solutions if

47. The only solution is (15,24,46).

a

a
Il

1 o .
5. Let0 <x< y< 3 This is equivalenttox < | —x,y < |l —y,x < y,and

therefore | —y < | —x. Then a < a, < a, < a, can be written as

< x(l-p)<y(l-x) < (11— x)(1- y). Asx, yapproach 0, the greatest lower

bound of a, a,, and a is clearly 0, and the least upper bound of a = 1.

|
| < 7 with equality when

+a, +a +a) (a +a2+a +a4)=lz,thena

. 1
Since a :Z( : | |

|

1 1 1
E(a + a4) < =. If y ==, and x approaches 0, then a approaches,

<L
4
<

2 2

1
. Now a3=5(a +a )
1 2 | 1
but does not equal l Since a, =x(I —y)<x(l —x) = Z_ (— - x) < Z,then a, < Z with equality

1 1
when x = y = 7 Finally, a, is minimized when x and y are as large as possible, i.e., x = y = 7 making

| 1 11
a =Z. Thus,0<al,a2Sz,0<a3<5,ZSa4< 1.
6. Method 1: Without loss of generality, take x < 1—x,y < 1-y,z < 1 —z,andx < y < z which implies

that 1 -z < 1 -y < 1-x. Clearly vy > 0. To find the upper bound, divide the volumes

into 4 pairs:

fov= 1 -1 =)0 - 2) f1= dhesli— -
[t = )= (1= sfi - ] foft= (1= 1 )}

Consider the lesser of each pair. Since vy is the fourth smallest volume it must be less than or equal to one

such lesser pair member. But the product of the numbers in each pair is x(l - x) y( 1- y)z(l - z). Since

1 . 1 . .
Al - 4) < 7 for positive 4, the product of each pair is at most a which means that the lesser of each pair

1 1 1
is at most re Since,if x =y =z = > then all eight volumes equal 3 and the upper bound is attainable.
Thus, 0 ! F that 4v_ < 1 0 1
us, <v4_8 orv5,n0te at v v5+v6+v7+v8< , SO <v5<4.

This solution cleverly avoids a thorny problem, addressed in method #2, that volumes (1 - x) yz and
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Solutions to the ARMI, Power Question — 1998

1 1
x(l - y)(l — z) which correspond to vy and Vs respectively, can switch order, i.c., if x = 3 andy =z = >
btai 1 d 1 but if ! d l btai l d >
weobtain v, = —and v, = —,butif x = z = — and y = —,weobtain v, = — and v, = —.
4 5 520 2 10 440 S 40

Method #2: The volumes can be written as v =0z, v, = xy(l - z), vy = x(l —y)z,
vy = min of (l - x)yz or x(] - y)(l - z), Vs = max of (1 - x)yz or x(] - y)(l - z),

Ve = (l - x)y(l - z), v, = (l - x)(l - y)z, and vg = (l - x)(l - y)(l - L). Consider the product

VyVs = x(l - x)y(l - y)z(l - z). Since A(l - A) < %, V4Vs < 4—13 so the smaller, v, , can be no larger

. Since in either (1 - x)yz or x(l - y)(l - z) , one of the variables

N —

1
than 3 with equalityat x = y = z =

1
cangotoO,then 0 < v, < g For Vs s if x, y, and z are very small, both (1 — x)yz and x(l - y)(l — z) are

4

very small, making O the lower bound. For the upper bound, note that

3
x(l - y)(l - z) < x(l - x)(l - x) = %(Zx(l - x)(l - x)) < %[Zx i (l — :) i (1 — X)J by the Arithmetic-
Geometric Mean Inequality. The last expression equals % Since (1 - x)yz <l1- %— . % = %, then by

V. = max of (1 - x)yz or x(l - y)(l - z) we choose Vs < 7 This is the best possible bound since if

1
5 4

1
and x approaches 0, then Vs approaches, but does not equal 2

N | =

y=z=

7. Claim: Bob has a winning strategy if and only if n = 2k

Proof: Consider this as a game of removing matches from a pile of » matches.

Observe what happens in simple cases:

1. If nis odd > 1, Allie has a perfect winning strategy. She takes | match, i.e., a = 1, leaving an even

number. Bob is forced to take 1 match, leaving an odd number, and this continues until Allie takes the last

match.

2. If n =2, Bob has a winning strategy. Allie must take 1 match and then Bob takes the other.

3. If n is even, greater than 2 and not a multiple of 4, Allie has a perfect winning strategy. She takes 2
matches, leaving a multiple of 4. Bob can take 1 or 2. If he takes 1, he loses by (1). If he takes 2, then

n— 4 matches are left. If, initially, n = 6, then there are two matches left and Allie can take them both.
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Solutions to the ARML Power Question — 1998

Otherwise, n— 4 matches represent an even number, greater than 2, and not a multiple of 4, so Allie can

repeat the process, eventually reaching 6.

4. If n = 4, Bob has a winning strategy. Allie will not take | or 3, she'll take 2, but then

Bob takes 2 and wins.

Now let p(q) represent the highest power of 2 dividing ¢. Thus, p(17) = 20 = 1, p(24) = 8. Consider the

following lemma: if at a certain stage there are ¢ matches left, and if the next person to play is allowed to

take p(g) matches, then that player can guarantee a win by removing p(g) matches.

Proof by induction: The result holds forg = 1 since p(l) = 20 =1, Assume it holds true for all positive

integers less than ¢. Suppose it is X's turn. There are g = 2™ - s matches left for s an odd number, m an
integer > 0. X removes p(g) = 2" matches leaving 2" s = 2" If q = p(q),ie.,ifs = 1, then X has
won. Otherwise, although Y is looking at a number of the form 2”'(s — 1) which is divisible by a higher
power of 2 than was 2™, Now Y isn't allowed to remove more than 2" Suppose Y removes 2" - ¢ matches

for 1 odd. Then there remain 2™(s — 1) = 2" -+ = 2% . b matches for b odd. Clearly, w = a, and so X is

allowed to remove p[Za- b) = 2 matches, and thus, by the inductive hypothesis, X wins.

Applying this lemma to our problem: if » is not a power of 2, Allie can win if she plays perfectly by
removing the highest power of 2 dividing »n. If » is a power of 2, and Allie removes a certain number of

matches, leaving ¢, then Bob is allowed to remove p(g) matches, so Bob can force a win.

8. The following example may help: Let » = 13. Suppose Allie takes 2 leaving 11 = 8 + 3. Bob takes away 3,
leaving 8. If Allie takes away more than 2, she loses immediately since Bob will take the rest. If she takes away
1, leaving 7 = 5+ 2, then Bob takes away 2. If she takes away 2, leaving 6 = 5 + |, then Bob takes away 1.
Allie loses if she takes 2, so she takes 1, leaving 4 = 3 + 1. Bob takes away 1| and Allie will now lose if she
removes either 2 or 1. Each time Bob partitions the remainder into non-adjacent Fibonacci numbers and takes
the least of those. If » had been 15, Allie could take away 2, leaving 13 and the tables are reversed, and so she
can now win by following his strategy. If » had been 32 =21 + 8 + 3, Allie can take away 3 and by taking away
the smallest Fibonacci number in each partition, she will eventually become the second player in a game starting

with a Fibonacci number and will win.
To establish Bob's winning strategy, we must establish 2 things: 1) that it is always possible to remove the

smallest Fibonacci number in a partition of a remaining amount, and 2) if a player is able to remove the

smallest Fibonacci number in a partition of a remaining amount, then that player has a winning strategy.

99



Solutions to the ARML Power Question — 1998

Lemma |: If 5 < FI then the smallest Fibonacci number in the partition of Fl — s 1s less than 2s.
(This means that the smallest FA can be chosen.)

Lemma 2: If a player is faced with ¢ matches and is allowed to remove the smallest Fibonacci number

in the partition of ¢, then that player has a winning strategy.

These two lemmas solve the problem in this way: if  is not a Fibonacci number, then Allie can remove the

smallest Fibonacci number in the partition of » and force a win by Lemma 2. If » is a Fibonacci number Fn R
then Allie must remove a number s which is less than Fn. By Lemma 1, Bob is able to remove the smallest

Fibonacci number in the partition of Fn — 5 and then he can force a win by Lemma 2.

Proof Lemma 1: Let F’ 8= Fa + ...+ Fa for non-adjacent decreasing Fa . We must show that

| k i

| 1 ) 1
s>—F ©F —s+—F < F whichwould follow from F +...+F +—-F <F .

2 a; n 27 a, n q q 2 a a +1

1
But by a short induction and the fact (*) that Fn > 5 . FH1 we have:
Fa1+1 = Fa] +Fal—2+Fal—4+"'+Iizl—2(k—l)+Fal—2k+l
1
> Fa] +Fu1_2+Fal_4+...+1~;l_2(k_l) +5Fal—2(k—l) by (*)

vV

1
F +F +...+F +—F
4 G G 2 9

Proof Lemma 2: We prove this by induction on g. If ¢ = 1 the result is clearly true. Assume the result for

all positive integers less than g. Let g = Fa + ... +Fa where Fa are non-adjacent. Then the first player
1 k i

removes F matches leaving g —F =F +...+F . If k = 1, the first player has won. Otherwise,
ak ak al ak_l

since

the next player can remove up to 2 - Fa matches, a number that is less than Fa .
k

k

> = >
Fak a2 Fak +2 Fak gt Fak > Fak + Fak for q 2 2. So, the second player must move to

q- Fa -5 = 1‘; +...+ 1*; + T where T is a sum of non-adjacent Fibonacci numbers smaller than
k 1 k-2

Fa . By Lemma 1, the first player can remove the smallest Fibonacci number in the partition of 7 which is
k-1

the smallest Fibonacci number in the partition of Fal +...+ Fa +T =q- Fa — s matches and so by the
k-2 k

inductive hypothesis that player can force a win.
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ARML Individual Questions — 1998

1-2.

1-3.

1-4.

I-8.

. Numbers are to be placed in the nine squares so that the sum of the elements

of each row and of each column are equal. 1f 1,9, 9, and 8 are placed as Oo(Xx|Z

shown, compute X +Y — Z.

Coefficients a, b, and ¢ of ax2 + bx + ¢ = 0 are selected without replacement from

N = {—4, -3,-2,-1,1,2,3, 4}. Compute the probability that x = 1 is a solution of the equation.

1f the sum of the positive three-digit base ten numbers ABC, CAB, and BCA can be factored into four distinct

primes, compute the largest possible value of the product 4 < B - C.

The sides of a non-right isosceles AABC are sinx, cos x, and tanx. Compute sinx.

. Compute: 1999199819972 —2 - 1999199819947 + 1999199819917

. Let x, be the remainder when x is divided by n. For positive integral x, compute the sum of all elements in the

solution set of: xs(xs)5 - x6 - (x5)6 + x(xs) =0

. Compute the smallest number d such that fewer than half of the positive integers with d-digits have all distinct

digits.

In concave hexagon ABCDEF, mZA4A = m4B = mZC =90°, m«D = 100°, and m£F = 80°.

Also,CD = FA,AB=17,BC =10, and EF + DE = 12. Compute the area of the hexagon.
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2. —
14

3. 648

5, V5

2

5. 18

6. 1300

7. 5

. 3 _ 3605
4
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Solutions to the ARML Individual Questions — 1998

I-1.  The top row and the right hand column give | + Y+9 = 9+Z+8 — 1 lylo
Y—-Z = 7. Using the left hand column and the bottom row, 9|l x|z
149+4=4+B+8 - B =2 Thusl+Y+9 =Y+X+2 > 41 B3

X = §, makingX+Y- Z = [15.

I-2. Ifx = lisasolutionthena +b6+c¢ = 0. There are 8C3 = 56 unordered triples of a, b, and ¢, and of those,

the following unordered triples satisfya + b +¢ = 0: (4,1, 3),(4,-1,-3),(-3, 1,2) and (3, -1,-2). Thus,

4 1
th bability is — = |—|.
e probability is %6 2

I-3. (1004 + 10B + C) + (100C + 104 + B) + (100B+ 10C+4) = 111(A+B+C) = 3-37(A+B+C().
The maximum value of 4 + B+ C = 27, but that is not factorable into the product of two primes.
LetA+B+C = 26 = 213, making the sumequalto2-3-13-37. Let4 = 9,B =9,C = 8§,
making4-B-C = 9-9-8 = |648|

1 |
I-4. If sinx = cos x, thenx = 45°, the third side = tan 45° = 1, but the sides are -J—-, -J——,and 1, making a
2 2

right triangle. 1f sinx = tan x, then sinx = 0 or cos x = 1 which makes sinx = 0 and no triangle can be

2 . .2 . .2 .
formed. Thus, cosx =tanx — cos”" x =s8inx — l—sin” x =sinx — sin"x+sinx—-1=0 —

1+45

2

sinx =

Il

2 2
I-5. Letp = 199919981994. Then the expression can be written as (p + 3) - 2p2 + (p - 3) =

p2+6p+9—2pz+p2 -6p+9 =[18]

1-6. Since x5(x5)5 - x6 - (x5)6 +x- (XS) = [(xs)s — x](xs - xs) = 0, then (x5)5 = xor x5 = x5 where

Xy = 0, 1,2, 3, or4. Hence, from the first equation x = 15, 25 ,35 or 45 and from the second

equation x = 1. The sum of the elements in the solution set is 1 + 32 +243 + 1024 = [1300].
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1-7.

I-8.

The table shows the fraction of d-digit numbers with distinct digits:

d=1 9/9 = |

d=2 (9/9) - (9/10) = 0.9

d=73 (9/9) - (9/10) - (8/10) = 0.72

d=4 (9/9) - (9/10) - (8/10) - (7/10) = 0.504

d=5 (9/9) - (9/10) - (8/10) - (7/10) - (6/10) = 0.3024  — The answer is 3.

Method #1: Since the sum of the interior angles of a hexagon is 720°, then

360° — m£LFED = 720° - 3-90° — 100° — 80° = 270°, so mZFED = 90°. Duplicate the hexagon, rotate

each copy through a multiple of 90° and obtain the figure shown below. a square of side 12 oriented inside a

1 145
square of side 17. The area of the hexagon is 2(172 - 122) =17 = 36.25|
10 7
H |
;
12 10
B 12
12
—F
10 12
2
L f
7 10

Method #2: Complete rectangle ABCG as shown. Then
d ABCG) = a( ABCDEF) + a( ADEF) + a( AFGD) giving

1 1
70 = a(ABCDEF) + = x - (12 = x)+ 5 (7 = y)X(10 - »)

140 = 2(a( ABCDEF)) + 12x - x* + 70 17y +

70 = 2(a(ABCDEF)) + 12x - X217y + 2

Also, since FD is the hypotenuse of both AFED and AFGD we have

X2+ (12- 9% = (10 - y)% + (7 = »)? which yields 2x% — 24x + 144 = 149 — 34y + 2y° which simplifies

5 . 5 .
tox? — 12x = 37 17x + yz. Replacing 12x — x2 in the first equation by _[E - 17x+ y2] gives
5 2 2 2 e
70 = 2(a(AB CDEF)) - [5 —17x+y ] —17x+ y~. The x-terms and the y“-terms cancel yielding
5 145
70 + > = Aa( ABCDEF)) — the area of ABCDEF equals —=.
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ARMI Relay #1 — 1998

R1-1. In rectangle ABCD, the areas of AADE , ACBE , and AAEB B
form an arithmetic sequence. If the ratio of the area of the
largest region to the smallest can be expressed in simplest
terms as % compute m + n. C

R1-2. LetT = TNYWR. Thedigits 7, T+ 1, T+ 2, and T + 3 are placed at random in the indicated spaces:

l 9 9 8 . Eachdigitis used, one per space. Compute the probability that the resulting

number is divisible by 3 or 5.

X 1
R1-3. Let7T = TNYWR. Compute — in simplest terms if x + —
y y

ARML Relay #2 — 1998

R2-1. Abox 4 by 6 by 8 isresting on the floor. Abox 2 by 3 by 5 is placed on top of the first box forming

a two-box tower. If 4 is the exposed surface of the tower, compute the least possible value of the area of 4.

T —
R2-2. LetT = TNYWR and let K =

2
. In the regular n-gon A1A2 An, the measure o,fAAZAl A4 =K.

Compute the value of n.

R2-3. LetT = TNYWR and let / be a linear function with positive slope passing through the origin. Compute

the least value of f(ST) + f_l (ST).
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Relay #1:
R1-1. 4

1
R1-2. —

4
R1-3. 16
Relay #2:
R2-1. 192
R2-2. 8

R2-3. 80
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Solutions to ARML Relay #1 — 1998
RI-1. Let the area of AADE = a, the area of ACBE = a+ d, and the area of AAEB = a+ 2d. Since the area of

AAEB is half the rectangle, the sum of the areas of the smaller two triangles equals the area of A4AEB.

Thus, a+ (a+d)=a+2d — a =d — theareasare a, 2a, and 3a. So,3a/a — 3+ 1 = [4]

RI-2. T = 4. Sincel +9+9+8 = 27, the number is divisible by 3 if
T+ (T+ 1)+ (T+2) +(T +3) = 4T +6 is divisible by 3. The number is divisible by 5 if the last digit is

0 or 5. Without knowing T, the following probabilities can be calculated:

T T+1 T+2 T+3 T T+l T+2 7143
0 | 2 3 P =1 | 2 3 4 P=0
2 3 4 5 P=1/4 3 4 5 6 P=1
4 5 6 7 P =1/4 5 6 7 8 P =1/4
6 7 8 9 P=1
. . 1
Since T = 4, the probability equals 2t
1 : Yy . Y LLX 1
R1-3. T = —. Subtracting x + 1 = xT from xy + 1 = — yields — = xT giving — = — = [16]

Solutions to ARML Relay #2 — 1998

R2-1. The minimum exposed area occurs if both boxes are placed with the side of largest area face down. Note
that the 3 by 5 side of the small box is hidden and also hides an area of 3 by 5 on the top face of the larger

box. The minimum area is:
2046 +4-8 + 6-8) — 68 + 223 +2-5+3-5) —23-5) =[192].

R2-2. T =192 — K = 45° Since AIA | A2A3, the measure

4 A,
. 360
of the exterior angle at A2 equals méAl. Thus, K = —
n
360 360
king n= 20 = 22~ [§
making » X T 8]
. -1 X -1 5T
R2-3. T =8. Given fiy =mx, f :x =my > y=—. Hence, f(ST) +f (ST) =5Tm+— =
m m

1 1 -
ST[m + —] . Since the minimum of m + — = 2, the minimum of f(ST) +f 1(ST) =107 = (80l
m m
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ARML Super Relay — 1998

Note: Pass answers from position 1 to position 15.

L.

2.

3.

4.

5.

6.

7.

8.

At which value of x does y = (x — I} x — 19) + 7 take on its minimum value?

a + 3T

LetT = TNYWR. If g = 2=l -,

5 2 and all a; are equal, compute a

1998"

Let 7 = TNYWR. An auditorium has 7 rows of T seats and each row is numbered from I to 7 by I's.

Compute the number of even-numbered seats.

Let 7 = TNYWR. In rectangle ACDF, AC = 4Tand CD = T. 4 B C

Right triangle FBD is congruent to AAEC . Compute the ratio of /
the area of the shaded region to the area of ACDF.

1 K
Let7 = TNYWR and set K = —. If the equation x = X

has a unique solution, compute x.

~
[

Let T = TNYWR. The first term of an infinite geometric series is 7 and the limit of the sum is 10.

Compute the common ratio.

Let T = TNYWR. Compute the number of factors of (104)- T.

T
Let 7 = TNYWR and set K = . In square 4BCD, DP = BP = 2K, 4 B
2
mZl = m/2 = 30°. The area of the square can be written in simplest form P
as a+ by3. Compute a+ b. D 1 C
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9. Let7 = TNYWR, T# 1. If the ordered pair (x, y) is the solution to the system, compute x + y.

X + 2y = 3
Ix+(T+)y = T+2
10.  LetT = TNYWR. Shown are two equilateral B D

triangles ABC and CDE of side 7.

If AD = ¥ N , compute N.

1 .
I11. Let7T = TNYWR. If sin® + cos8 = T compute sin20.

12.  LetT = TNYWR. Let T be the slope of a line passing through (—14, 16). Compute the x-intercept.

13.  LetT = TNYWR. Compute the number of integers from | to 107 inclusive that are divisible by 4 or 5.

4T -—
14. Let7T = TNYWRandset 4B =———1. PC is tangent to B
1000 A

the circle, PA = %, and PC = x. Compute x.

15.  LetT = TNYWR. Compute the largest value of x satisfying - Tx+ y2 -8y =28.
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10.

11.

12.

13.

14.

15.

10

10

50

N

IS

28

96

4000

10

12
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Solutions to the ARML Super Relay — 1998

. b . .
. Minimum occurs at x = —2—. Since y = xz —20x + 26, the minimum occurs at x = [10].
a
a +3T
2. g ==b——_gq 52a =a +3T-2a —>3a =3T—>a =T. .. a = [10]
n 2 n n n n n n 1998

T T-1
3. If Tiseven there are [E] - T even-numbered seats and if 7 is odd there are [ ] - T even-numbered seats.

T = 10gives5-10 = even-numbered secats.

1
4. Tisirrelevant. Connect B and E. The area of the shaded region lying in ABEF is e a( ABEF). The area of

1 1
the shaded region in BEDC is e a(BEDC) so the ratio of the shaded region to ACDF is .

5. Simplifying, we obtain Kx — x? =K — x> —~Kx+K = 0. The discriminant is K% -4k which gives a

1
unique value for x if K = Oor4. If K = 0,x = 0. If K = 4,x = 2. Since T = Z’K = 4,
making x = [2]
T 10-T 4
6. Set 10= ,then r = 0 . Since T = 2,r = .
l-r 10 5
4 4 6 .3
7. T = ; and10,000'§ = 8000 = 81000 = 2°+5°. There are 7-4 = [28]factors.
8. K = 4. Since DP = BP = 2K, then PE = K, DE = Kv¥3 and 4 B
2 2 2 2
side DC = K3 + K . Then DC =(1< 3+1<) - a2k B i
F
2 2
So, a+b=6K" = 6-4° = [96].
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Solutions to the ARML Super Relay — 1998

9. Multiply the top equation by T and subtract giving 27y —(7y + y) = 2T — 2 which gives W(T—1) = 2(T - 1)

soy = 2. Substitution yields x = —I, so the value of Tis irrelevant and x + y = [1].
743
—-—J—-‘ Thus,

10. Drop an altitude from D to point F on CE. Then AF = > and BF =

2 J_ 2
ar V3
2 :[—2—] +[T] = 3T2. SinceT = land N = ADz,thenN =[3]

. 2 1 . . . 1 . 1
11. (sm9+cos(:)) =— - sm26+2sm9cos(-)+00529:l+sm29=——>sm29=——l.
72 72 72

1 8
Si T=3,sin20=—-1 = |—-=|
ince 3, sin20 5 5

9
,x = —16[—§]—14 = [4].

O | oo

16
12. y—16 =T(x+14). Lety = 0. Thenx = -——T-—14, Since T = —

13. If T = 1, then there are 4 divisors. If T = 2, then 14ﬂ + -!252— 121(;) = 40 divisors. If T = 3, then

1 | 1
1000 , 1000 - 000 = 400 divisors, if T = 4, then 0200 + 10(;00 - 020(?0 = 4000 divisors, and so on.

+
4 5 20
Here T = 4 so the answer is [4000|.

14. AB = 15. Since PA - PB = PA(PA + AB) = PC?,then [%][%* 15] = x> % +15 = 2x. Thus,

3
15:7’6 - x = [10]

2 2 2 2
T T T 2 T +96
15. x2—Tx+T+y2—8y+16=24+T—>[x—5J +(y—4) :T‘ The largest value for x
o TV +96
occurs when the expression involving y is 0, so let y = 4, then x = —2— Nice values result
if T =2,5,10,23,.... Since T = 10, then x = [12].
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ARML Tiebreaker — 1998

1. Let circles O and Q have a common chord PS.If OQ = 324and MN : NT = 2:1,

compute OP — PQ.
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ARML Tiebreaker Solution — 1998

1. Let the radius of circle O be R and the radius of circle Q
ber. Let MN =2x and NT = x. Then ON =R - x
and QN =r - 2x. Using AONP we obtain

(R- x)2 + h2 = R? and using AQNP we obtain

r - 2x)2 +h% =2 The two equations simplify to

X% — 2Ry + h?

I

0 (1)and 4x> — 4 +h% = 0 (2)
Subtracting (1) from (2) and dividing by x yields the condition: 3x = 4 —2R.
Since OQ = 324,then OQ = R + r — 3x = 324 — 3x = R + r — 324

Thus,R+ r — 324 = 4r — 2R — 3R ~ 3r = 324 - R — r = |108|
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THE 24" ANNUAL MEET

One of the most exciting developments this year was the establishment of a contest modeled on
ARML Taiwan. In cooperation with the Nine Nine Cultural and Educational Foundation,
ARML helped establish the Taiwan Regional Mathematics League called TRML. The first
contest was held in August, 1999. This year there were 24 teams in Division A and 81 teams in
Division B. From these 105 teams some 1575 students participated. For the national title, San
Francisco Bay A narrowly edged out Massachusetts A. The difference was the score on the
individual round. We had three teams from Taiwan competing this year and the C team earned
the top score in Division B.

John Goebel of North Carolina received the Samuel Greitzer Distinguished Coach Award. John
has played an active role in support North Carolina's ARML team and also has been crucial to
the development and success of the North Carolina Mathematics League.

Tom Kilkelly of Minnesota and Richard Kalman of New York City received the Alfred Kalfus
Founder's Award.

Tom has helped immeasurably with the Minnesota ARML team and has helped create and
sustain the ARML Power Contest. He has written most of the contests, he has done much of the
grading, and, of course, he has been responsible for organizing the contest.

Richard published the ARMLog for 10 years and since the mid 1980's he has chaired the Power
Question grading at Penn State. ARMLog provided information about the contest and its results
and also introduced readers to the coaches and organizers of the meet as well as providing
articles on mathematics and mathematics education. Richard did a wonderful job of pulling this
all together.

Kurt Lazaro of Maine received the Zachary Sobol award for his contributions to his team.
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ARML Team Questions — 1999

T-1. IfdB = 2,BC = 6,AE = 6,BF = 8,CE = 7,and CF = 7,
compute the ratio of the area of quadrilateral ABDE to the

area of ACDF .

T-2. Compute the number of ordered triples of integers (x, v, z), 1 729 < x,y,z < 1999 which satisfy:
x2+ Xy +y2 = y3 —X3 and vz +1 :yz + 7.

T-3. Two identical sheets of paper with 8 equally spaced lines are attached at
corner 4. Initially, corners B and C coincide. The top piece is then
rotated until corner C lies on the next—to—last line of the bottom sheet.

If BC = ¥28, compute AB.

T—4. Define |n| to be the greatest integer less than or equal to n. Compute the area of the solution set of |x| - | y| = 2000.
g 2 q

T-5. A digital watch displays the digits from O to 9 as shown below by displaying some subset
of the seven segments which make up an 8 as shown at the right. 1f a randomly chosen
segment fails to light up, compute the expected value of the number of digits that can still

be displayed.
JdddH 58 HHH
A(0,1)
T-6. Let the area of AAED = R and the area of
B(0, n)
OCEB = S. For0 < m,n < 1,
express |R -8 I in terms of m and n. ol C(m.0) D(1,0)

T-7. Define a sequence of integers as follows: a, = La, = 2,a3 = 4,a4 =5, a5 = 7,a6 = 9, the next four terms

1
are the next four even integers after 9, the next five terms are the next five odd integers after 16, and so on.

Compute 999"

T-8. There was a chess tournament involving two eighth graders and at least ten ninth graders. Each contestant
played once against each other contestant. Each contestant received two points for a win, one point for a tie,
and zero points for a loss. The two eighth graders amassed a total of 20 points and each ninth grader
earned N points. Compute N.

T-9. Compute the number of distinct ways one can arrange the numbers 21, 31, 41, 51, 61, 71, and 81 from left to
right so that the sum of every four consecutive numbers is divisible by 3.

T-10. Let Nb = lb + 2b +...+ 100b where b is an integer greater than 2. Compute the number of values of 4 for

which the sum of the squares of the digits of N b is at most 512.
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10.

lorl:l

267

W2

40

144

30
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T-1. Since AC = BF = 8,EC = CF = 7,and AE = BC = 6, then AAEC = ABCF by SSS. Subtracting the
area of ABDC from each of AEC and BCF gives area of ABDE = area of ACDF . Thus the ratio is

lorl:l|

2 2 2

T-2. Since (y— x)(x + X+ yz) =x"+ 3+ y2, then either y —x = lor x“ + xp + yz = 0, but the latter is

an impossibility for positive x and y. Thus, y = x + 1. From the second equation, yz — z = y2 —1 gives
zZ(y-1)=(y-1)y+1) - y=1 (animpossibility),or z = y + 1. Thus, y=x+1 and z = x+ 2, and
weobtain 1729 < x < x+ 1 < x+2 <1999, making 1729 <x <1997 — 1730 < x < 1996. Thus, there
are 1996 — 1730 + 1 = 267 triples of the form (x, y,z). Answer: [267].

T-3. Method I: Let AB = 7x — AD = 6x. Then by the Law of Cosines,

B D 4
6
BC? = 28 = 49x% + 49x% — A7x)(7x)cos ZBAC. Since cos ZBAC = = x {
Ra
wehave28=14x2——)x=ﬁ —>AB:7J2—. c |
Method 2: If AB = 7x,then AD = 6x and AC = 7x. By the
Pythagorean Theorem on A4ADC, we obtain DC = x¥13. By the
Pythagorean Theorem on ABDC, we obtain x = J-Z- — AB = 7J2—.
T-4. Clearly [x] and [y] will be integer factors of 2000. The graph of \
[+] ill be an infinitely long horizontal stri it wid ) \
x| = a will be an infinitely long horizontal strip one¢ unit wide, i ///// ,,;c;‘,j%
7 ‘21 /
edgeless above. The graph of [y] = b will be an infinitely long b
vertical strip one unit wide, edgeless to the right. The graph of the \
intersection of each pair of strips will be a unit square of area 1 with apR \x a+1

two edges missing. Thus, each factor pair generates a region of

area 1. Since 2000 = 24 . 53, there are 5 - 4 = 20 positive factor
pairs. Combined with 20 negative factor pairs, the area of the

solution set equals [40].
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T-5.

T-7.

For a displayed digit d, let u(d) represent the number of segments that can fail without impairing the display
of the digit. Then u(0) =1, u(1) =5, u(2) =2, u(3) =2, u(4) =3, u(5) =2, w(6) =1, u(7) =4,
u(8) = 0,and u(9) = 2. The sum of the number of pairs (scgment, digit) such that the segment can be

removed from the digit without impairing the display equals the sum of the above values, namely 1 +5 +2 +

22
24+43+2+1+4+0+2 = 22. There are 7 segments so the average number of displayable digits is .

Label the regions as shown. Then: A(0,1)
1
1. R+T = areaAABDzz-l-(l—n).
T
1 B(0,
2.R+U:areaAACD:5~l~(l—m). ©,n)
S E

+S +U = AAOD = 1 u
3. R + T+ U = area =3 0 C(m, 0) D(1, 0)
Since(R+T+(R+U) - (R+S§+T+U) = R-§ =
1 1
5(1 —n+l—m—1),then |R—S| = Ell—m—-n .
Method 1: By listing the terms out in staircase fashion, it is clear that the 1 = a,

.2 . . +1) 2 4=
nth row ends in »n~ and that this entry is the term of the )
rd . . : S 7 9 =a
sequence. For example, the 3" row ends in 9 and this entry is the 6
34 : . 10 12 14 16 = a
=5 = 6th term in the sequence. We'll call it a. If n = 62, then 10
1719 21 23 25 = a4
2 6

6(2—63) = 1953 while if n = 63, then —3@ = 2016 . Thus the 62nd
row ends in a1 953= 622 = 3844. As aresult, the 63rd row starts with a1 954 = 3845 and this gives
999 = 3845 + 2(1999 — 1954) = [3935]

Method 2: The sequence could be defined recursively: a = l and forn > 1, a.|= 1+ a if a isa

triangular number or 2 + a, otherwise. This simply says that the terms increase by 2 within a row and

increase by 1 between rows. To get from a; 1o a,49 requires 1998 additions of either 1 or 2. Since a

lies in the 63rd row, it was obtained by 62 additions of 1 and 1998 — 62 = 1936 additions of 2. Thus,
= 1+62+1936-2 = 3935.

1999

9999
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T-8.

T-9.

T-10.

Let x be the number of 9th graders and let NV be the number of points each 9th grader scored. Then there
are x + 2 competitors and the total number of points is Nx + 20. Since each person plays each other person

(x+2)(x+1)

once, there are >

games played and at two points per game therc are (x + 2)(x + 1) total points

possible. Thus, we wish to find solutions to Nx +20 = (x + 2)(x +1) forx > 10. Write the equation as

18 = x2 +3x— Nx = x(x+3 — N). Since x and (x + 3 — N) must be factors of 18 and x > 10,

then x = 18, making 1 =18 +3- N - N = [20]

We need only consider the problem under (mod 3): we rewrite 21,31,41,51,61,71, and 81 as

0,1,2,0,1,2,0. Suppose that a5 0y, A3, Ay, 05, A, A 13 a required arrangement. Then,
a +a2 +c13+a4 = a, +a3+a4+a5 = a3+a4+as+a6 = a4+a5+a6+a7 = 0(mod 3). Hence,
a =4y, a, = qg, and a = a, (mod 3). Since there are only two numbers equal to [(mod 3) or 2(mod 3),

then a, must equal O(mod 3). Thus, there are 3 choices for a,. There are 3 - 2 choices for a 2 choices from
each of O(mod 3), 1(mod 3), or 2(mod 3). There are 2 - 2 choices for a, , 1 - 2 choices for as., and the rest are

determined. Answer: (6)(4)(2)(3) = [144]

Since 100b =1- b2 +0-6+0 = bz,thesum of lb +2b + ...+ IOOb can be expressed in base 10

bz(b2 +1 B 2
asl+2+ ...+ b2 = > - ? + — . Now the trick is to rewrite in terms of base 4. If b is even,

b b b b
we have [Ejb3 + [E]b which gives a number whose digits in order are @ [0l Thus, we want

2 2
b b
[3] + [5] <512 = b <1024 — 4 < b <32 forb even, giving 15 values for b. If b is odd, rewrite

b-1 b+1 b-1{b+1
the expression as [ 2 ]b3 + [—_2—][)2 giving a number whose digits are - | [0][0. Thus, we

2
b-1 b+1
want[ > ] +[ > J <512 —> b2 + 1 < 1024, making b an odd number such that 3 < b < 31,

yielding 15 values for 5. Answer: [30]

121



ARML Power Question — 1999: Judement Day

Suppose you are watching a figure skating contest in which the judges rank the contestants in order. On the left is
your own ranking of the contestants and on the right is the judges’ ranking:

Skater: 1 2 3 4 Skater: 1 2 3 4
You: 1 2 3 4 Judge I: 1 2 4 3
Judge 2: 3 4 1 2
Judge 3: 2 1 3 4

For each pair of contestants, your relative ranking agrees with that of exactly two of the three judges. For example,
you rate skater 3 better than 4, which agrees with judge 2 and judge 3, but not judge 1. To make the final rating, the
sum of the three judges' rankings are used:

Skater: 1 2 3 4
Sum: 6 7 8 9

This ranking agrees with yours! This Power Question is devoted to determining why this is the case.

1) Turnabout:

LetS = {1,2,3,...,n}. A permutation of Sisal to | function mapping the elements of S onto the elements of S.
For example, if S = {1, 2, 3, 4}, then there is a permutation p of S such that p(1) = 2, p(2) =4, p(3) =1, and
p(4) = 3. For the purposes of this Power Question we will write permutations by an ordered list of their values.

Thus, for p above, we write p=24 1 3, or simply, 24 1 3.

We define pair to mean two-element ordered tuples (j, k) so thatj < k. Note that every instance of the word pair
below refers to this definition and to no other definition. So for the purposes of this Power Question (3, 5) is a pair

but (5, 3) is not a pair.

Given a permutation p of S, we define the turnabout set 7( p) of S to be the set of pairs (j, k) of elements of S so that

p(j) > p(k). We define the turnabout number N( p) to be the number of pairs in 7( p).

Supposep = 3254 1. The turnabout set 7( p) = {(1, 2),(1,5),(2,5), (3, 4),3, 5),(4,5)}, and the turnabout number

of pis N(p) = 6. The turnabout set of a permutation represents those pairs of elements that are out of order and

the turnabout number represents the "out-of-orderness" of a permutation.

1. Find the turnabout set 7 and the turnabout number N of the following permutations:
a) 123456 b) 314592687 c) 12345...n2n)2n—-1)2n-2)...(n+1)
2. Find an example of:

a) A permutation of 1 through 5 whose turnabout number is 1.
b) A permutation of 1 through 6 whose turnabout number is 14.
¢) A permutation of | through 8 whose turnabout number is 14.

d) A permutation of 1 through 10 whose turnabout number is 35.
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3. For each of (a) through (c), give an example or prove that no example is possible.

a) Find a permutation of | through 6 such that the turnabout set 7 consists of all pairs of the form (o, ¢)
where o represents an odd number and ¢ an even number.

b) Find a permutation of 1 through 99 so that the turnabout set 7 consists of every pair of integers of the
form (10a + b, 10a + ¢), for 0 < a, b, ¢ < 9 with not both ¢ and b equal to 0 and b < c.

¢) Find a permutation of 1 through 2000 so that the turnabout set 7 consists of all pairs with the same parity,
i.e., both numbers are odd or both are even.

4. If T'is a turnabout set of a permutation of {1,... S n}, let ; be the set of pairs that can be formed from

Jil,Z,... R n} which are notin 7. Is 7 a turnabout set of some permutation? Prove your answer.
5. Show that two different permutations of {1,... s n} cannot have the same turnabout set 7.

n(n-1)

6. Show that for any integer 7 such that 0 < ¢ < —2— , there exists a permutation of {1,... , n} whose

turnabout number is /.

7. If T'is the turnabout set of a permutation p, then it can be shown that p(k) equals k plus the number of pairs
(k,j) in T minus the number of pairs (j, k) in 7.

a) Verify this fact directly for the permutation 3 1 4 59 2 6 8 7 by finding T explicitly and calculating the
right-hand side of the above equality for every & between | and 9.

b) Prove this fact.

1) Fair Play:

Given a set of permutations P, through p, define the functional sum of permutations P = p +...+tp, to be the
function P(x) = pl(x) +... +pn(x). So if p = 54312, py = 42315, and Py = 23145,
then P = P, + P,y + Py = 1197612. LetS = {1,2,..., n} be the domain of a functional sum P of » entries. In

the example above, P(1) = 11,P(2) =9,P(3) =7,P(4) = 6,and P(5) = 12. We define the turnabout set of P,
denoted T(P), to be the set of pairs (j, k) of the elements of S so that P(j) > P(k). We define the
turnabout number of P, denoted N(P), to be the number of pairs in 7(P).

8. a) Find three permutations of {l,... , 5} whose functional sumis 999 99.

b) Find three permutations Py Py Py of {1,... s 4} so that no pair appears in more than one turnabout set
of P, but so that the sum P = Pyt Pyt Py has a turnabout number N greater than 0. This shows that the
condition that you disagree with exactly one of the judges is necessary.

9. Prove that if Py through pyare permutations of {1,... , 4}, so that every pair appears exactly once in a
turnabout set of r,, for some m, then the turnabout set of P = Pt Pyt is empty. (Hint: use #7.) This
corresponds to the original skater question.

10.  Generalize problem 9 with proof. Maximum points for the best accurate generalization.
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la. Since p(l) =1, p2) = 2, p(3) =3, p(4 =4, p(5) =5,and p(6) = 6, there are no ordered pairs (j, k) for
which p(j) > pk),so T = and N = 0.

1b.  Given: | 2 3 4 5 6 7 8 9

T = {(1,2),(1,6),(3,6), (4, 6),(5,6),(57),(58),(59).(8,9}and N = 9.

lc. T = {(n+1, n+2), (n+l,n+3), (n+l, ntd), . . (n+1, 2n),
(n+2, nt+3), (nt2, nt4), . . (n+2, 2n),
(n+3, nt4), . . (n+3, 2n),

(2n-1,2n)}

There are n — 1 elements in the first row, n — 2 in the second, and so on down to 1 in the final row.

—p - -1 -1
Thus, N = 142+, . +n—1 = 41 21)(n ):n(nz )

2a. Reverse any two consecutive elementsasin 123 54,0or21345,0or13245. Allhave N = 1.

2b. 65431 2yields {(1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3.,5), (3,6), (4.5), (4,6) } .

2c.  There is more than one correct answer. Here aretwo: 6 5431278 or 128765 34.

2d.  There is more than one correct answer. Here aretwo: 98765431210 or 10987612345.

3a. 415263 yields T = {(1,2),(1,4),(1,6),(3,4),(3,6). (5, 6)}.

3b. 987654321191817...11102928...21203938...3130...999897...91090.

3c.  No such permutation exists. Letp = abcd... To have the pair (1, 3) we must have a > ¢. But we can't

have either (1, 2) or (2,3)soa < band b < ¢, making a < c, a contradiction.

124



Solutions to the ARML Power Question — 1999

4. 1" solution: Considerp=25134. T = {(1,3),(2,3).(2,4),(2,5)}, making T - {(1,2), (1, 4),
(1,5),(3,4),(3,5),(4,5)}. Wediscover thatqg = 4 1 53 2 generates ; suggesting that interchanging each
pair of numbers whose sum is 6 generates 7" Thus, if p is a permutation defined on {1, 2, ..., n} with
turnabout set 7, define permutation g by p(x) + g(x) = n+1 > ¢g(x) = n+1 — p(x). We'll show that the
turnabout set R of ¢ is the complement of p, namely ; If (j, k) € T, then;j < kand
p() > plk) giving —p(j) < =pk) = n+1=p(j) <n+l=plk) = q()) < q(k) > (j,k) & R.

If (j,k) ¢ T,thenj < kand p(j) < ptk) > —=p(j)> —plk) > n+1—- pj)>n+1- plk) -
q(j) > q(k), putting (j, k£ ) in the turnabout set R of g. Thus, R = T. For completeness, one could verify that
qgis1to1andonto. ltis 1 to | since if g(j) = g(k),then n+1— p(j) = n+1 — p(k), giving

p(j) = p(k),andsincepis 1 to 1,/ = k, making g a |1 to | mapping. It is onto because for any m in

{1,2,..,n}, pick a value of k sothat p(k) = n+1—m. Then, (k) = n+1- plk) = m.

2™ solution: We can reverse the relative order of pairs of numbers by taking their reciprocals. Consider

1 1 1 1
p = 214 3. Write the reciprocals > 1 73 and pair | with the smallest, i.e., R 2 with next smallest and

so on, obtaining ¢ = 34 1 2. Since T(p) = {(1,2),(3,4)} and T(q) = {(1,3).(1,4),(2,3),(2,4)}, T(q) is
clearly the complement of 7(p). Letp = p(1) p(2) . . . p(n). If T is the turnabout set of p, then (j, k) e T
if forj < k, p(j) > p(k). Consider the sequence of the reciprocals of

1 1
e p@2 T p(n

)4 . Pair | with the smallest, 2 with the next and so on, generating a permutation g

1 1
— > —— making q(j) > q(k). Thus, (j, k) lies in the
p()  plk)

turnabout set of ¢ but not in the turnabout set of p, and we have constructed a permutation of {1,2,...,n}

of {1,2,...n}. Ifforj < k, p(j) < p(k), then

whose turnabout set is the complement of 7(p).

5. Suppose 7( p) = T(q) for permutations p and g. We will show thatp = g. Let m = p(k). Then there m — 1
numbers ¢ so that p(£) < p(k) which means m — | numbers / so that either (k, £) is in T(p) or (¢, k) is not in
T(p). This defines a relative order for pairs of p. Since 7( p) = T(q), the same statement holds for ¢ and that

means m = q(k). Thus, for each element k of ¢ there is the same relative ordering of pairs as p. Thus,q = p.
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6. By induction:

1-(1-1
1) For {1},p = 1 is the only permutation, making 7 = &, N = 0, and clearly, -(,)—) =0.

2) Assume that for {1, 2,...,n— 1} there are permutations whose turnabout sets contain pairs

(n—1Xn-2)

yielding turnabout numbers lying between 0 and ——2— inclusively. Given any of those

permutations, say p = a, a

- a”_l,placento the far right, producing p = a a ... a

| n—1
Since # is the largest element, the turnabout number of this permutation is unchanged, making it a number

(n—1n-2)

between 0 and inclusively. The permutation with the largest turnabout set is

p= n—-1 n-2 . . .2 1. Place non the far right of the permutation givingn—1 n-2 ... 2 1 n. This
doesn't introduce any new pairs into the turnabout set. Now move » back, one place at time, producing

permutations whose turnabout numbers increase by 1 each time:

—)n -2
Nin-1 n-2..2 1 n) - Mz(”_)

—1)n =2
Nin=1 n=2..2 n 1 - (—"——5"—)“

) —=2
Nin=1 n=2..n 2 1 = (");—")Jrz

—)n -2 -1
Non n-1 n-2..2 1 -~ azesd, o gy recD

2 2

-1

Thus, for {1, 2, ..., n} we have shown that the turnabout number ¢ satisfies 0 < ¢ S_n(n ).

7a.  Given: 1 2 3 4 5 6 7 8 9

we have T = {(1, 2),(1, 6), (3, 6), (4, 6), (5,6),(5,7), (5, 8),(5,9), (8,9)}. Thus, p(1) = 3
which equals 1 + 2 — 0 since there are two pairs starting with 1 and none ending with 1. Similarly:
p2)=2+40-1=1,pB)=3+1-0=4,p4) =4+1-0=5p(5) =5+4-0=9,

p6) =6+0-6 =2,p(7) =7+0-1=6,p(8) =8+1—-1=8,andp(9) =9+0-2 = 7.
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7b.

8a.

8b.

If p(k) = m, that means there are m — | values ¢ so that p(k) > p((¢). Of these, suppose ¢ of these values

are less than k and m — | — ¢ are greater than k. Then there are k — | — ¢ pairs of ( £, k) in the turnabout set

since there are k£ — 1 pairs (k, () and ¢ of them arc not in the turnabout set. There are m — 1 — ¢ pairs (k, () in

the turnabout set corresponding to those ¢ greater than £ so that p(k) > p((). The desired sum is then

k+t+(m-1-0 —(k—1-1) = m.

One answer among many: 12345 + 34512+ 53142=99999.

Shown is one answer:

By problem 7, P(k)

Il

I

+

+

I
(98]
>~

|

+

T=0
T=y

T = {(1,2),(1,3).(1,4)}

= {(1,2)}and N = 1.

P (k) + py(K) + py(k)
k + # pairs (k, /) in T( pl) — # pairs (j, k) in T( pl)
k + # pairs (4, j) in T(pz) — # pairs (j, k) in T(pz)

k + # pairs (k, j) in T(p3) — # pairs (J, k) in T(p3)

# pairs (j, k) in T( P

# pairs {j, k) in T( P,

# pairs (k, j) in T( p,

# pairs (k,j) in T| p.

)

)

# pairs (. &) in 7] p,)
)

))

)

(
# pairs (&, j) in T( Py

But every pair (£, m) is in exactly one of the turnabout sets T( pl), T( P, ), or T( p3). Setn = 4. Then this sum

yields P(k) =3k -tk - D)+ (n—k)y=n+k+1. Thus,P=n+2 n+3 n+4 n+5 =67 8 9andsince

P’s terms are increasing, its turnabout set is empty and its turnabout number is 0.

127



Solutions to the ARML Power Question — 1999

10.

2" solution: Since all pairs appear exactly once in a turnabout set of Py all pairs will contribute to the
computation of P(k) = pl(k) + pz(k) + p3(k) as described in #7. The set of all pairs is

{(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}. Thus,

sumof3 k's + #oftimeskisfirst — #oftimeskislast = Total
P(l) = pl(l) + pz(l) + p3(1) 1+1+1 + 3 - 0 = 6
P(2) = p Q) + py(2) + p3(2) = 24242+ 2 - 1 = 7
P(3) = P 3+ p2(3) + p3(3) 3+3+3 + 1 - 2 = 8
P(4) = P “4) + p2(4) + p3(4) = 4+4+4 + 0 - 3 = 9
Thus, P = 6789, P's elements are increasing and the turnabout set of P = .
#1: Suppose P|> Pys---s P, ar€m permutations of {1, 2, ... ., n} so that every pair (i, j) appears the same

number of times / in the set of turnabout sets T( pl), T( pz),. . T( pm). Then P = pytotp,. Then

the permutation P = pt.tp, is given by P(k) = mk + {(n -2k + 1).

#2: 1If P through p,_, are permutations of {1,2,...,n} forn > 4 so that every pair appears exactly once
in a turnabout set of p for some m, then P(k) = (k + )n — (3k — 1) where P = pt--tp, and the

turnabout set of P is empty.

Proof: The set of all pairs is {(1,2),...,(1,n),(2,3),...,(2,n),...,(n—1,n)}. Proceeding as in #9 we

have:
P(1) = In-1)+ (n-1) -0 = 2n-2
P(2) = 2(n-1) + (n-2) - 1 = 3n-5
P(k) = kn-1) + (n—k) — (k=1) = (k+Dn—-GBk-1)
P(n) = nn+1) — 3n-1) = (n=-1?
ThenP = 2n-2 3n-5 . . . (ktDn-QCk-1) . . (n- 1)2. We can show that P is increasing and

thus has no pairs in its turnabout set by considering the difference of successive terms:
P(k) = P(k =1) = (k + )n— (3k — 1) — (kn — (3k — 4)) which equals n — 3. This is greater than 0 for

n>4. Thus,forn > 4, T = Qand N = 0.
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I-1.

4.

A pro athlete played for 17 years and carned 72 million dollars. She was paid & million a year where £ is an
integer and received an extra one million each year that her team made the playoffs. Compute the number of

years her team made the playoffs.

In circle O, P_OJ_ 55 , and PO equals the length of the

PA
diameter of circle O. Compute TE

If a and b are the roots of 1 lx2 — 4x — 2 = 0, then compute the product:

(l +a+a2+a3+...j(l +b+[72+b3 +)

— —_
The measure of ZPAQ is 60°, AB bisects ZPAQ and circles P and Q are tangent to AB. If the radii of

circles P and Q are 1 and 2 respectively, compute the distance from P to Q.

log,a 19 b
lf—L = —, then — = ck. Compute k.
logca 99 c

Let AOAI A1 I be a regular 12—sided polygon whose area is 24. Form convex polygons by first connecting
consecutive vertices, then joining the first and the last vertices. For example, polygons A3A 4A5 A() or
Al OAI 1A0A1A2A3 A4, as well as the entire 12-gon can be formed. Compute the sum of the areas of all the

distinct polygons that can be formed.

Arrange the following products in increasing order from left to right:

1000! (4001)(4001)(2001)  (5001)(500!)  (6001)(3001)(100!1)  (7001)(300!)

Two congruent rectangles are positioned in a right triangle of legs a and b
as shown. Both rectangles have a vertex on the hypotenuse and a long side
onaleg. If a and b can vary and the short side of each rectangle is kb for b

real numbers &, compute the largest possible value for .
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ANSWERS ARML INDIVIDUAL ROUND — 1999

. 4

), 2
2

;0 Uy,
5

4. 1B

5. 3
19

6. 1320

7. 400!400!200! < 600!300!100! < 500!500! < 700!300! < 1000!

1
5
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Solutions to the ARML Individual Questions — 1999

I-1.

1-2.

1-3.

14.

I-5.

1-6.

72 —n

17k + n=72 > k = for 0 < n < 17. The only solution is n = [4].

Let PO = 2r, OB = r, making PB = r-v¥5. Since

PC-PD = PA - PB, then 1'(31‘) = PA- (rJg) Then PA = 37'
5

3r 2 PA 3
making 4B = rJg——'— = —=. Thus, — = [—|
A T RE
41 4104 2 3
The roots are T and both are between —1 and 1. Thenboth |+ a+a~ +a” + ... and
1+ b+ b2 + b3 + ...are converging geometric series equaling 1 and - respectively. Their product
—a —
|
equals ———————— where (a + b) and ab are the sum and product respectively of the roots of
l-(a+ b)+ab
2 4 2 . 1 1 11
- —x—-—=0,mak = = |—=2.2|
Tt T T M T TG )+ ab 4 2 5

1-
11 11

Using the diagram at the right, AASP and A4 TQ are 30-60-90
triangles, making AP = 2 and AQ = 4. APAQ has sides 2,
4, and an included angle of 60°. Thus, by the Law of Cosines

PO? =22 4 4 2.2 - 4c0s60° = 12, making

PO = 23] = ar

19¢ 99¢

Set logb a =19t and logca =99¢,giving a=b " and a= ¢ - b7 =c -

19
b 8
b19= 099. Thus, — = c80 - é = 08(¥19_ Thus, & = .
Cl9 c 19

Shown is convex polygon A]A2A3A4 AS' It can be paired with the unshaded

polygon. So every polygon is in a l-to-1 correspondence with the complement
of that polygon's interior in the 12-gon and the sum of the areas of each pair is

the area of the 12-gon, namely 24. A pair of polygons is determined by the

border between them. For example, border AIAS
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Solutions to the ARML Individual Questions — 1999

1-7.

I-8.

determines the two polygons in the figure at the right. There are | 2C2 = 66 such pairs, but of the 12 pairs of

consecutive vertices AiAi+l which generate the entire 12-gon, we can use only 1, so the sum of all the arcas

is (66— 11)-24 = [1320].

1000

i _ ! 1.300!
Since 1000C300 > 1, 70013001 > 1 — 1000! > 700!-300!.

1000! 1000!
>

Since IOOOCSOO > 1000C300' then 5001- 5001 20013001 — 700!-300! > 500!-500!.

i 500!-500! 500!-(500 - 499 -...-301) - 300! (500 -...- 401)(400-...- 301) .
Since = = and since

600!-300!-100! (600 - 599 - ...- 501) - 500!-300!-100! (600 -...- 501100 -...- )
100 100 100
(500 - ...- 401)(400-...-301) 4 3 12
> | —- - = | — > 1, we have

(600 - ...-501)(100 - ...- 1) 5 1 5
500!-500! > 600!-300!-100!.
To compare 400! - 400! - 200! and 600! - 300! - 100!, divide both by 400! - 300! - 100!,
obtaining (400 - ... -301)(200-...-101)and 600 - 599 - ... - 402 - 401 respectively. Both contain 200
terms, but clearly the expression on the right is greater on a term by term basis. Thus,
[4001-400!-200! < 600!-300!-100! < 500!-500! < 700!-300! < 1000!|

Wi b
Since AWQR ~ AMPR, then Q_Ig = —,making QR = ka. Thus, M
a
. MN b .
PQ =a—ka= NV. Since AMNS ~ AMPR, W—_—;,makmg N S
kb
kb2
MN = —. Since PV +VN + NM = b, we have b
a
2 . ab — a* .
kb + (a — ak) + — = b, making k = — S Consider
a ab—a +b V w
T

| ab—d*+b? b? L kb
— = T L |+—2— Lett=b-a. Then PO R
T ab-a 0

5 a

Lo et 80 Since 24152, then
k at t a t a

x|

1 1 1
>21+2+2 — > 5,making k < —. Ans:|—|
— k making 5 HS!
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ARML Relay #1 — 1999

RI-1. The sum of the digits of the year 1999 is 28. Let Y be the next following year in which the sum of the digits
is 28. Compute ¥ — 1999.

T
R1-2. Let T = TNYWR and set & = 725 Trapezoid ABCD is 4 8B
divided into four congruent trapezoids as shown.
If AB = kand DC = 2k, compute the sum of the lengths of
D AC

all line segments in the figure.

RI-3. LetT = TNYWR. In A4BC, sinZA = cos ZB. If, for x in degrees, mZ4 = x° +5x,

mZB = xz—x—36,and miA — mLB|=T—-12, compute mZA .

ARML Relay #2 — 1999

R2-1. Let & be the smallest of six consecutive positive integers. If the sum of the six integers is divisible by

three distinct primes, compute the smallest possible value for 4.

R2-2. LetT = TNYWR. R‘ is a diameter of circle O and B
AP is tangent to circle O at P. If AP = 2T
— A . ‘
and AB = T, compute the length of 40. B U C

2T
R2-3. Let T = TNYWR. For x randomly chosen from the interval {O,E} , compute the probability that

1552 + 3 < 14x.
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ANSWERS ARML RELAY RACES — 1999

Relay #1:
R1-1. 900
R1-2. 30
R1-3. 36
Relay #2:
R2-1. 15
R2-2 Zé
2
R2-3. &
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Solutions to ARML Relav #1 — 1999

RI-1.

R1-2.

For the year 24ABC, 4 + B+ C = 26. This can only be done using one eight and two nines. To
minimize, choose the eight for the hundred's place giving 2899. Then 2899 — 1999 = [900].

Since AB = k, then AD = BC = EF = k,butif EF = &,

k
then DE = FC = 7 Thus, the legs of the four congruent

. k .
trapezoids are all EX and since legs are also bases,

k2 E k F k2

FH = HG = GF = AH = GB = % The sum of the
k 15k 900
segments is 2k + 3k + S[—z-j = —2— Since k = E = 4, the sum is [30].

If sin A = cos B, then either 4 = 90° -~ Bord = 90°+ B. Using A = 90° — B, then
(x2+5x)+(x2 —x—36) = 90° = x> +2x—63=0— x=Tor —=9. Ifx = 7,4 = 84°
and B = 6°. Ifx = —9,then4 = 36°and B = 54°. Using A = 90° + B, then
(x2+5x) =90°+(x2 —x—36] 5 6x=54 > x =9 - A= 126°and B = 36°.

Since T = 30, then |méA - mLB|= 18° and only 4 = 36°, B = 54° works. Ans: 36].

Solutions to ARML Relav #2 — 1999

R2-1.

R2-2.

k+k+1)+...+(k +35) =6k +15=3(2k +5). Since 2k + 5 is odd, 2 is not one of the primes. The

next smallest primes are 5 and 7,s0set2k+5 = 57 = k = 15,

T =15 LetOB = r — (D)2 +r% =(T +n?> P

3T
implies 37 = 2r — r = R Thus, AO =T +r =

75 2T 1 3
> S0 E= 3. Thus, 15x2——14x+3<0 - Gx-3)Bx-DH< 0 — §<x <-§. Since

3 1 4 15 4
373" -I—S,the probability is 4/3 = .
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ARML Super Relay — 1999

Note: Pass answers from position 1 to position 15.

l. Let N = 344454 where A4 is a digit chosen at random from {0,1 2y 9}. Compute the probability

that NV is divisible by 9.
2K
2. LetT = TNYWRandsetK = 207. Compute (1+ i)

2K

T
3. Let7 = TNYWR andset K = Té If the area of the

2K 2K

trapezoid at the right equals A4, pass back AJ?: . AK

4. Let T = TNYWR. If sinx = T cos x, compute the value of (sec X — T)(sec x + T).

5. Let T = TNYWR and set K = 14T. A convex polygon has K sides. Compute the number of
diagonals of the polygon.

6. Let 7T = TNYWR. Letp be a prime number and b be a positive integer. If logh = T'log p,

then b has X more factors than p does. Compute X.

T
7. Let7T = TNYWR and set K = e If x2 +2x+4 = > compute x.

8. Let T = TNYWR. The vertex of a concave up parabola is V{7, — 16). Compute the sum of

the zeros of the parabola.
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ARML Super Relay — 1999

9.

10.

1.

12.

13.

14.

15.

Let7T = TNYWR and set K = 1007. Let a . = the sum of the cubes of the digits of a forn > 1.

1

If a = 22, compute A -

Let T = TNYWR. Given the points 4 (log 2, log 3) and B[log(log 72 j Iog(log T3)) .

—
compute the slope of AB.

Let T = TNYWR. The intercepts of the lines x+ y = T and x+ y = T + 1 form a trapezoid.

Compute the area of the trapezoid.

Let7T = TNYWR and set K = 2T +4. Compute the value of x which solves VK —2x = 2x — 1.

Let T = TNYWR. The two circles are concentric. If the ratio of the radius of
the large circle to the radius of the small circle equals 7, compute the ratio of

the area of partial ring ABCD to the area of sector BOC. ‘

o

LetT = TNYWR and set K = 4T. AABC is aright triangle and the radius of its inscribed circle equals K.

If the perimeter of AABC exceeds twice its hypotenuse by N, compute N.

Let 7 = TNYWR. Children are equally spaced about a circle. Ifa child in position T is directly opposite a

child in position 58, compute the number of children who are equally spaced about the circle.
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ANSWERS ARMI SUPER RELAY — 1999

10.

11.

12.

13.

14.

15.

77

76

217

W W

Alw

10

96
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Solutions to the ARML Super Relay — 1999

l.

34+ 12 = 3(4 + 4) must be divisibleby 9 — 4 + 4 must be a multiple of 3. Thus, 4 = 2,5,0r 8§

3
and the probability is .

K
((1+ 1)2] - (2" sinceT = 2.k = 6and (2" = =64

10

Since AF = 2FE, AAFE and ABCD are 30-60-90 triangles,

making AE = KJ;. The area of the trapezoid =

(%IKJE)(ZK +4K) = 3K2 3. SinceT = —-64,K = 4, s0

the area = 48y3. Pass back 48J§J— = [144].

. 7
sinx =Tcosx > tanx=7T — 1 +tan2x = 1+T2 =sec ~ x. Thus, seczx—T2 = [1]. Note that the

value of 7 was irrelevant in this problem.

For each vertex in a polygon of K sides there are K — 3 diagonals. Hence, the total number of diagonals

K(K -3
equals % Since K = 14, the result is [77],

Since b= pT and p has two factors, 1 and p, then b has the following 7+ | factors: 1, p, p2, R pT.

Thus, X = (T+1)-2 = T—1. Since T = 77, pass back [76].

(x2+2x+4j(x—2):1<—>x3—8:K—>x3=K+8. Since T = 76,K = 19 — x> =27 -
x =3l

4
Equation of the parabola: y = a(x - T)2 —16. Ify = 0,then x =T = T The sum of the two zeros
a

3, pass back [6].

equals 27. Since T

Since a = 22, a, = 16, a = 217, a = 352, as = 160, and ac = 217, the sequence is cyclic with

n= 217, Qo = 352, and Qoo = 160. Since T = 6,K = 600 and a

600" 217]

a4
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Solutions to the ARML Super Relay — 1999

10.

11.

12.

13.

14.

15.

Note that the domain of log(log T3) consists of all T for which log7 >0 — T > 1. All these values work

; o log 7> 3logT

y — lo

) — log,(]ogT ] log3 3 3 _log(logT)

for log| log 7~ |. Slope of AB = N = = Too(loaT) (1.
1og[logT2]—1og2 log[logT ] log[ﬂogT ] og(logT)

5 2

Note that as long as T > 1, then the value of T is irrelevant

Area of trapezoid ABCD = o AAOD) — a(ABOC) = A(0,T+1)
1 2 1 2 2T+1 . _
5(T+1) —-2--T = 5 Since T = 1, B(0.T) .
3
the area of ABCD = . 0 D(T+1, 0)
(T, 0) 1

2+ Ja— 4. 41- 1+ 44K - 3
K-2x=4x>—4x+1>4x> -2x+(1-K)=0— x= a-5 _ . Try

8 4

1 3 3
'nice' values for K: if K = 1, x = E’ifK =3,x = l,etc. SinceT = E’K = 7, making x = .

m dsector AOD)  m? , o _m?—n?
If T = —, then ———————— = —— . The ratio of the partial ring ABCD to the sector BOC is ———.
n a(sector BOC) " n?
3 . |5
Since T = E,m = 3,n = 2, giving z

Let a and b be the lengths of the legs and ¢ be the length of the

hypotenuse. Since ¢ = a—K +b—K ,then 2K = a+b-c¢ &
a-kK
.. . 5 K 6
giving 2K +2c = a+b+ c. Thus, N = 2K. Since T = 7 W
K _
K = 5, making N = [10]. b-K

Two cases: if T < 58, then there are 58 — T — 1 children on each side of the circle between T and 58.
The total is 2(58 = 7— 1)+ 2 = 116 -2Tfor T < 29. If T > 58, then there are
2AT-58-1)+2 = 2T-116for T > 116. Since T = 10, the number of childrenis 116 —2 - 10 = [96].
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ARML Tiebreaker — 1999

2.9
1. Let f(x) =(x+3) +— forx > -3. Compute the shortest possible distance between a pointon f
. 2 P p .

and a point on f_l.
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ARML Tiebreaker Solution — 1999

1. The shortest distance will connect the points (x, f(x)) and (f(x),x) since cach is the reflection of the other

across y = x. Let d = J(r - f(x))2 + (f(x) — x))2 = |f(x) - X | JE To minimize d we must minimize

. For the general quadratic function y = ax® + bx + ¢ the minimum occurs

| ro) - x| =

45
X245y +—
4

-b . .. -5 o . ..
atx = — . In this case the minimum occurs at x = 7, and substituting, we obtain a minimum of 5.
a

Thus, d = .
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25" ANNUAL MEET

ARML celebrated its 25™ annual competition in grand style with a real nail-biter of a contest.
There were 104 teams with 1560 students taking part at Penn State, the University of lowa, and
UNLYV. For the first time ever there was a tie for first place as Chicago A and San Francisco Bay
A each scored 172 points, just one more than third place New York City A. But there was also a
tie in Division B, the first since 1983. Both Connecticut A and Peninsula South Bay scored 127
points, just two ahead of lowa A and Northern California. Three teams from Taiwan took part in
this year's contest and did quite well. Taiwan's parallel contest, TRML, involved 80 teams last
year and this year they are expecting some 280. Talk about explosive growth. Mark Saul,
president of ARML, was feted at a banquet and given a Lifetime Achievement Award in honor
of his long and effective service. Chris Clark, formerly of the Western Massachusetts team, was
in charge of organizing special events in honor of ARML's 25™ year and he came up will all sorts
of good ideas, including a lovely folder with the ARML logo on the front, and a collection of the
best of the ARML problems over the years. The following problem was written in honor of
ARML's 25" anniversary and students enjoyed solving it:

The decimal .ARMLb equals .2_51 o If b is a positive integer that is as small as

possible, find the sumof A+ R+ M + L.

Debbie Clyde of Idaho received the Samuel Greitzer Distinguished Coach Award.

Richard Rukin who was instrumental in getting a second ARML site started at the University of
Iowa received the Alfred Kalfus Founder's Award.

Andy Yang of Howard County won the Zachary Sobol Award for outstanding contributions to
his ARML team.
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ARML Team Questions — 2000

T-1.

T-4.

T-9.

In the diagram, the circle and square have the same center. If the arca of

shaded region ABC equals the arca of the region bounded by CD and minor

—
arc CD , compute the ratio of the side of the square to the radius of the circle.

Compute the smallest prime number p such that p3 + 2p2 + p has exactly 42 positive factors.

Square ABCD is divided into two regions of equal area by OE. 1f OD and

CE
AD are integers and BE = 2000, compute the smallest value of 4AD.

In base 10, in the equation TWO + TWO = FOUR, distinct letters represent different digits and F # 0.
Compute the smallest possible value for FOUR.

Equilateral triangle ABC has sides of length 6 and its medians, A4’, BB’, and CC’, intersect at D. If three
segments are chosen from among 4D, A'D, BD, B'D, CD and C'D to form a non-equilateral triangle of
positive area, compute the area of that triangle.

Let x be a randomly selected integer from the set {100, 101, ...,999}. What is the probability that

x2 and (x + l()O)2 have the same number of digits?

Let f(x) = (x — D)(x-— 2)2(x — 3)3 ---(x —1999) 1999 (x— 2000)2000. Compute the number of values of x
for which |f(x) | =1.

In rectangle ABCD, G and H are trisection points of 4D ,and £ and F are ¢
trisection points of BC. IfAB =360 and BC = 450, compute the
area of PQRS.

D

For an integer & in base 10, let z(k) be the number of zeros that appear in the binary representation of k.
n

Let Sn = Z z(k) . Compute 8256'
k=1

. The unit hypercube in 8 dimensions can be defined as the set of points (x1 s Xy ...,x8) such that 0 < X; <

1

ie{l,2,...,8}. Suppose the hypercube is cut into smaller hyper-rectangular boxes with side lengths of 3

1 for

2
0r3by

hyperplanes whose equations are X = 1 for i € {1,2,...,8}. Color the hyper-rectangular box with vertex on the

3

origin red, color those adjacent to red hyper-rectangular boxes blue, and those adjacent to blue hyper-rectangular

boxes red where "adjacent" means bordering along one of the hyperplanes x;= % If R equals the total vol

ume of

the red hyper-rectangular boxes and B equals the total volume of the blue hyper-rectangular boxes, compute R — B.
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ANSWERS ARMI TEAM ROUND — 2000

10.

\/; or \/Ezl
23
1999

1468

315

O~

4000

4500

777
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Solutions to ARML Team Questions — 2000

T-1. Since the sum of the areas of the dark-shaded regions equals the sum of the

areas of the light-shaded regions, the area of the square equals the area of the

circle. Thus, s2 = nr2—>s r= or.

T-2. If p3 + 2p2 +p=p(p+ 1)2 has 42 factors when p is prime, then (p + 1)2 must have 21 factors. Let

a, b, c, .. .be the exponents of primes in the prime factorization of p + 1. Then (p + 1)2 =

\2
[pla . pzb . pBC j . Thus, 2a + 1)2b+ 1)2¢+ 1) ... = 21. This is only possible when

p+ 1 has precisely two prime factors making 2a+1 =3and2b+1 =7 — a = land b = 3.

So p + 1 has the form (p1 . p23). Numbers through 22 fail, but 24 = 23.3 works, making p = .

T-3. OE passes through P, the center of the square. Let OD = nand AD = m.
A B
— PF /2 . -
Slope of OF = — = z = — The equation of OF is E
FO n+m/2 2n+m P
G
+ mi/?2
y= =" SinceGD = —M_ pc - MAt™) dGD - BE, 0 mi2
2n+m 2n+m 2n+m n p F C
EC +
then == = MUt M) 5000, Thus,n+m = 20000 — m = 1999n. 1fn = 1, thenm = [1999).
mn

T-4. F=1. Clearly, O # 0 since that would make R =0. Since F =1 then O # 1; try O = 2. This makes T =6, but
no value works for W. Try O = 3. This again makes T = 6 which can't be because R=6if O =3. Try O =4,
making R=8 and T=7. W =3 works > TWO + TWO = FOUR = 734 + 734 = [1468 |.

T-5. The medians have length 3J5 and are divided into a ratio of 2 : 1, so we choosing from lengths of 2J§ and

J?:. We can't pick two of Jg and one of 243, so our triangle has sides ZJE, 2¥3,and ¥3. The triangle

, 2 2 345 315
is isosceles and the altitude to the base equals (25) - (Jg / 2) = TJ— The area is TJ— .

T—6. The squares of three-digit numbers have either 5 or 6 digits. If 10,000 < x2 < 100,000, then 100 < x < 316

and x and x + 100 both lie in this range if x € {100, 101, ...,216}. If 100,000 < x2

< 1,000,000, then
317 £ x £ 999 and x and x + 100 both lie in this range if x € {317,318, ...,899}. Out of 900 three-digit
numbers, there are (216 - 100+ 1) + (899-317+ 1) = 117+ 583 = 700 values of x satisfying the

. . 700 7
condition stated in the problem. Probability = ﬁ)_ =19l
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Solutions to ARML Team Questions — 2000

T-7.

T-8.

A portion of an approximation to the graph is shown

at the right. From 1 to 2000, between every pair of

consecutive integers, there are two solutions. There
are 2000 — 1 = 1999 pairs. There is | solution

between 0 and | and one solution after 2000, giving

atotal 0of 1999 -2 +2 = [4000 |solutions.

Note: We should verify an assumption of our solution, namely that |f(x) I > | between every pair of

consecutive integers. Note that if » is an integer drawn from {1, 2, ..., 1999}, then _/[n + E] is a product

of factors that are greater than 1, namely 3/2, 5/2, etc., and factors of 1/2 that arise from the terms

+1 1
(x - n)n and (x —(n+ 1))n . We obtain the most factors of 5 when n = 1999. Since f{1999.5) =

1997 1998 . 1999 2000

(19985)! (1997.52(1996.5)° ---(2.5)

1998 - 1999 3 1
1+2+...+1998 = —s factors greater than or equal to > and 3999 factors of > Thus,

(1.5 777(3) 777 (=3)

, we have a product consisting of

8000, 3999 4000, 3999 4000, 3999

5 (15) (.5 = (2.25) (.5) > 2

(15)9991999( 5

| 7(19995)| > )7 >

Although we didn't expect ARML participants to consider the question of whether | f(x) | takes on a value of

1 more than twice in a given interval [ #, n+1 ], we'll present an answer for completeness. By Rolle's

Theorem, f(x) has at least one relative extrema in each interval (n, n+1). Thus, f(x) has at least 1999

i 2 2000 . .
relative extrema. Write ' (x) = f(x), + + ] Add the fractions to obtain a
x

-1 x-2 x— 2000

polynomial in the numerator of degree 1999. Thus, /' (x) has at most 1999 zeros. Therefore, f(x) has
exactly 1999 relative extrema, one per interval, and consequently, there are no more than two solutions to

| /()| =1n cach [ n, m+1 1.

Since BF = AH, BFHA is a rectangle and therefore R is collinear B 150 E 150 F 150 C
with E and G. Draw PR forming congruent trapezoids PREB and 0/ 1180 E
I E :
PRGA. Since BEGA is a rectangle, PR = 7 BE =75, making the 360 P '7'5"| R !
. CANENE
scale factor of similar triangles POR and EQB equal to —. The ' !
2 A G H D

- — 360 —
distance from PR to BEis - = 180. Set it equal to 3x, making the distance from Q to BE equal to 2x and

—_ 1
the distance from Q to PR equal to x. If 3x = 180, thenx = 60. The area of POR = —-60-75 = 2250.

2
Thus, the area of PORS =| 4500 |.
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Solutions to ARML Team Questions — 2000

T-9.

T-10.

Consider this array of 256 eight-digit base 2 numbers written with leading zeros:

0IO = 00000000,
110 = 000000012
10 = 000000102
10 = 000000112
255lO = 111111112

Of the 8 - 256 = 2048 digits in the array, exactly half, 1024, are zeros. Now we exclude all leading zeros.
One number has 8 leading zeros, one has 7, 2 have 6, 4 have 5, 8 have 4, 16 have 3, 32 have 2, 64 have 1, and
128 have none, giving8+7+2-6+4-5+8-4+16-3+32-2+64-1 = 255. Upto 25510 there are

1024 — 255 = 769 zeros. Add the 8 zeros from 25610 = 1000000002 , making [777].

Alternate solution: consider, for example, all numbers with a zero in the third position: __ 0

Using 0's or 1's there are 2 numbers that can be formed using the places to the right of 0, and since the
number cannot begin with 0, there are 22 -1 numbers that can be formed using the places to the left of

the 0. Thus, there are (25 122 - 1) numbers with a 0 in the third position. Therefore, for a zero in the ith

position there are (28 - )(2i_l - l) numbers. We can determine the total number of zeros by summing up

8 8
the number of numbers with a zero in each position. Thus, z (28_11(2"1 - 1) = 2 27 8- =
i=1 i=1

8-27—(27+26+---+2] +2°j: 8-27—[28—1] = 3.2 41 = 769. Now add 8 zeros.

1
Let k£ = the number of edges at each vertex of a given hyper—rectangular box H that have length 3 Then H

is red if k is even and blue if £ is odd, and the number of given hyper-rectangular boxes with a given value of

k 8-k 8
.8 B 8 1 2 _ (2 1y 1 1
kis [k] Therefore, R— B = Z[k](—l)k[3] [3] = [3 —3] = 38 - _6561 .
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ARML Power Question — 2000

Shown at the right is an m by n array of lattice points. Define an (1, n) (m, n)
ARML (m, n) polygon to be a simple closed polygon with the following ottt y
properties: e o o - « - .. .
e o o . . . .. o

1. It is constructed by joining all the points in the m by n array with unit line : :

segments that are horizontal or vertical. This can be done without lifting

your pencil off the paper. (1,. 1 *otr s (.m? 1)
2. Each point is joined by a unit line segment to exactly two other points.
Two ARML (m, n) polygons are distinct if one joins two points that the other -1 -
does not. Two distinct ARML (m, n) polygons may be congruent. Define *
F(m, n) to be the number of distinct ARML (m, n) polygons for a given .
ordered pair (m, n). For example, the diagram at the right shows all of the > .

distinct ARML (3, 4) polygons, making F(3,4) = 2.

1. a) On the 6 by 8 grids provided, sketch four non-congruent ARML (6, 8) polygons.

b) Find the area and perimeter of each polygon.

2. For each of the following values of m and n, compute F(m, n). (You may do so by sketching all of the

distinct ARML (m, r) polygons on the grids provided, but do not turn in the grids).

a) m=3,n=6 b) m=4,n=4 c)m=4,n=5 d) m=4,n=6

3. a) Compute F(2, n) for all values of » > 2 and justify your answer.

b) Letn be an even integer. Find and prove a formula for F(3, n) in terms of n.

4. Using the data from problem #2 and assuming that F(4,0) = F(4, 1) = 0, write a recursive formula

for F(4, n) with linear terms and integer coefficients. No proof is required.

5. a) For m, n > 2 with m and » not both odd, develop a formula for the perimeter of all ARML (m, n) polygons

as a function of m and » and prove it.

b) Prove that if m and » are both odd, m, n > 2, then F(m, n) = 0.
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ARML Power Question — 2000

6.

Prove that for every given m, n > 2 where m and » arc not both odd, the area of any

ARML (m, n) polygon is given by the formula f;—n - 1.

In the following problems let the area of an ARML (m, n) polygon be represented by K(m. n).

For these problems m and » are not both odd and both are greater than or equal to 2.

10.

Let x, y, and z be distinct positive integers whose sum exceeds 100. Find an example of
three ARML (m, n) polygons of the form (3, x), (4, v), and (5, z) such that K(3, x), K(4, v),

and K(5, z) are an increasing arithmetic progression. Show your analysis.

Since ARML (3, 14), (4, 11), and (5, 12) polygons have areas of 20, 21, and 29 respectively, their areas form
a Pythagorean triple. Determine another set of ARML (3, x), (4, »), and (5, z) polygons whose areas are

proportional to a 20-21-29 triple. Show the work that led to the answer.

a) Determine with proof all ARML (m, n) polygons whose area is half that of an

ARML (m + 7, n+ 7) polygon.

|
b) Forn,m > 2, show that there are no values of m and » such that K(m, m) = E- K(n,n).

For a fixed value &, compute the number of ordered pairs (7, n) such that the area of the

ARML (m + k, n + k) polygon is twice that of the ARML (m, n) polygon. Use the

. . . 2 02 03 a5 .
prime factorization of k“ + 1 =2 <3 °5° ... in your answer.

Bonus question: for 4 additional points give a correct proof of the correct formula for problem #4. Do not attempt

this problem until you've completely finished the Power Question.
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Power Question Answer Sheet: Four ARML (6, 8) Polygons

[ ] [ ] L [ ] [ ] L L J [ ] L J L [ ] L]
[ ] ° ° ° [ J L] L] [ ] L] L[] L L]
[ ] L [ L [ ] L L ° L L] L] L
[ L [ [ (] L L [ ] L [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] L] L J [ L L [ ] L
[ ] L ] ® L ] [ 4 [ ] L ] [ ] L] [ ] [ ] L]
[ ] L [ [ [ ] L] L] [ ] L] L L] °
[ ] L ] [ 4 [ 4 [ 4 L ] L ] [ J L J [ ] L] L ]
[ ] L] [ ] L] [ ] L] L] L] LJ [ ] [ ] [ ]
[ L] L] L] [ [ [ ] L L [ ] L] L]
[ [ ] (] (] [ ] [ [ ] L] [ ] ° [ ] [ ]
[ J [ ] L] [ ] L] [ L L ] [ 4 [ ] [ ] e
[ ] o [ [ [ ] [ [ ] L [ ] L] L] L]
[ ] [ ] L] [ L [ [ ] L] L 4 [ ] L [ ]
L] [ ] [ [ ] [ ] L ] L J * [ ] L L] L ]
L] [ ] L] [ ] L [ [ ] L] L] L] [ ] °
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Power Question: ARML (3. 6) Polygons

ARML (4. 4) Polygons
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Power Question: ARML (4, 5) Polygons

. . . . . . . . . . . . .
. . . . . . . . . . (] . .
L] L] L] L] L] L] L] L4 . L] . L] L]
L] L] L] L] L] . L] L] . * . L4 L]
L] L] L] L] L] . L] L] L] L] L] L] L]
' - . * 'Y - ° ') [ ) . * [
L4 Ld L] L[] L] L L] . . L . . L]
L] L] L] * L] . L] L2 L] * . * L]
L] L] L] L] L] L] L] L] L] L] L] L] L]
L] L] L] L] L] L] L] L] L] L] L] L] L ]
L] . L L] L] L] L] L L] * L] L] L]
L] . L] L] L] L] L] L L] o L] L[] L]
. 3 . . . . . . . . . . 3
L] L] L] L[] L] L] L] L] * * L] L] L]
L] L] L] L] . * L] L] L] * L] L] L ]
'3 3 3 ° Y Y Y L3 3 ] 3 3 .
] . . . . . . . . . . . L4
° L] L] . L] * L] L d L] L] * * L]
. . . . . . . . . . . . .
. . . . . . . . . 3 . . .
L] L] L] [ L] L3 * L] ° * L] L o
L] L] L] L] L] L] L] L L] L[ ] L] o [ ]
L] * . * L] L] L] L] L] L] L] L d °
. . . . . . . ] . . . . .
. . . . ] . . . . . . . .
L] L] L] o *° * L) L] L L] L] L] L]
. . . . . . . . 3 . . . .
L] L] * L] L] L] L] L] L] L] ° L] L]
. . . . . . . . . . . . .
L] . L] L] L] L] L] L] L] L] L] L] L]

154



Power Question: ARML (4, 6) Polygons

. . 3 . . 3 . . . . . . . .
. . 3 3 3 3 . 3 . . . . ) 3
. . 3 . . . . . . . . 3 . .
. . 3 . 3 3 3 . . . . . 3 .
. . . . . 3 . . . . . . . .
. . . 3 3 . . 3 . . . . . .
] . 3 . . . . 3 . . . . 3 .
. . . . . . . . . . . . 3 .
. . 3 3 3 3 . . . . . 3 . .
3 3 . 3 . . 3 3 . . . 3 3 .
. . . 3 . 3 . . . . . . . .
. 3 3 3 3 . 3 3 3 . . . . .
. 3 3 . 3 . 3 . . . . 3 . .
. 3 . . 3 . . . . ] . . . .
3 3 . . . 3 . . . . . . 3 3
. . . . . . . 3 . . . . . .
] 3 . . . 3 . 3 . 3 . . . 3
3 . . . 3 . . 3 . . . . . .
. . . . . . 3 3 . . . . 3 .
. . . . L] . . . . . ] ] . .
3 . 3 . 3 3 3 3 3 3 . . . 3
3 . . . . . . . . . . . 3 3
. . . . . . ] ] . . . . . .
3 . . . . . . ] . 3 . . . .
. . . . . . . . 3 . . . . .
. . . . . . . . 3 . . . . .
. . . . 3 . . . 3 3 . . . 3
. . . . . . . . . . . . . .
. . . . . 3 . . . . 3 3 . .
3 . . . o ] . . 3 . . . . .
. . . 3 . 3 . 3 3 . 3 3 . .
. . . . . . . . . . . . . .
. . . . 3 3 . . . . 3 . . 3
. . 3 3 3 3 3 3 3 . . 3 3 3
. . . 3 . 3 . 3 . . 3 . . .
. . 3 . 3 . 3 . ] . . . 3 .
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Power Question: ARML. (4, 6) Polygons--Continued

. 3 . . . . . . . 3 . . . . . 3
. . . 3 . . . ] . . . . . . . .
. . 3 . ] . . . . . . . . 3 . ]
. 3 . 3 3 . 3 . . 3 . 3 . . 3 .
. . 3 . . . . . . . 3 . . . . .
. . 3 3 . . . 3 . ] . 3 . 3 . .
. . . . . . . . . 3 . . . . . .
. . 3 3 . . . . . . . . . 3 . 3
. . 3 . . . . . . . . . . . . .
. 3 . 3 3 . 3 3 . 3 . 3 . . . .
. . . . ] . . . 3 . 3 . . . 3 .
. . . . ] . . . ] . 3 . . 3 . ]
. . . . . . . . . . . . . . . .
] . 3 3 . . . . 3 . 3 . 3 3 3 3
. . 3 [ . . . . ] . . . . . . .
. . . 3 . . 3 3 3 3 . 3 3 3 . 3
3 . 3 . . 3 . . . . 3 . . 3 . .
. . . 3 . . . . . . 3 . . . . .
. . . . . ) . 3 . . . 3 3 . . 3
. . . . . 3 . . . . . . . . . .
. . ° . . . . 3 . . 3 3 3 . . .
. . . . . . . . . . . . . . . .
3 3 . . 3 . 3 . . 3 . . . . . .
. 3 . . 3 . . . . . . . . . . .
. 3 . . . . . . . . . . . . 3 ]
3 3 3 . . . 3 . . . . . . . 3 .
. 3 3 . . ° 3 . 3 . 3 . . . . .
] 3 3 . . . . . . . . . . 3 . .
. . 3 . . . . . . . . . ] . 3 3
3 . 3 . . . . 3 3 . . 3 . . . 3
3 . 3 3 . 3 3 3 . . . . 3 . . 3
3 . . . . 3 ] . . . 3 . . 3 . 3
3 3 3 . . . . . . . 3 . . . 3 3
. . . . . . . . . . . . . . . .
. 3 . . . . 3 . . . 3 . . . 3 3
3 3 . . . 3 3 3 . . 3 . . 3 . 3
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Solutions to the ARML Power Question — 2000

1. a) Shown below are 4 distinct ARML (6, 8) polygons. There are other possibilities.

L= SRR SRR ol
sefss ISkl Slsss jil=d
e T . ‘ . . s 1
ha Rl oF Shpss: 10
I oo s Satee [I.H
I S SN H B S G e
| LoD S G 101
b) The area of cach polygon is 23 and the perimeter of each is 48.
2. a) The number of ARML (3, 6) polygons is 4 . L_: ﬁl Iﬂ l I ]
| [ | 7
S S F &
L L] L] L

b) The number of ARML (4, 4) { ’
polygons is 6. [:[ ‘
¢) The number of ARML (4, 5) 1
polygons is 14: 3 pairs and 2 quads f
depending on symmetry.

- B

@ (B ] U’J xg |
Sl il
d) The number of ARML (4, 6) 1 o
polygons is 37. These are grouped: Lj
3 singles, 7 pairs, 5 quads, depending LT
on symmetry. '
.
a ala

il
5

==t

1

ﬂ 1
L

e

IS

ags

oin s ane
Lol Bed] =] (57

IS EEEEN
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Solutions to the ARML Power Question — 2000

3.

b)

a) Rotate the array 90°. Starting from the corers, the path must look E * e ¢ I

like the diagram at the right. The only choice is to continue to move
horizontally, otherwise, some point will have 3 segments joining it to

other points. Thus, F(2, n) = 1.

Given the left-hand array, point B on the central axis cannot connect 4 B C 4 B C
with £ since 4 and C would then lie off the polygon. Thus, the E E
Fe . L)) Fe--- D
polygon must look like the right-hand diagram. Since # is even, Geo o o G .I o
there are #» — 2 points in the central axis other than B and T which . 11 . . H___.
could be connected by a segment, giving - segments. A ¢ ¢ I’
—_— [ ] L d L L L]
segment Ef can either be paired with an indent from D, namely o o o I
DEHI, or an indent from F, namely FEHG. Thus, for each of the c o o [ . [
T T
n—2 . .
segments there are two choices. The total number of choices and hence, the total number of polygonal
paths is 2= 212 ,making F(3,n) = 2(n=2)2

We have F(4,0) = 0,F(4,1) = 0, F(4,2) = |,F(4,3) = 2,F(4,4) = 6,F(4,5) = 14, and
F(4,6) = 37. Thus, forn > 5 we have the following formula which is consistent with these results:

F(4,n) = 2F(4,n— 1) +2F(4,n—2) — 2F(4, n—3) + F(4,n — 4).

a) There are m- n lattice points. Since the segments can be put into a 1-1 correspondence with the lattice

points by associating each segment with its starting point, the perimeter is mn.

b) As the polygonal path is traversed, every segment on which one moves to the right must be matched by a
segment on which one moves to the left since the path finishes at the starting point. Similarly for up and
down movements. Thus, the perimeter is even. But the perimeter equals m - n, and if m - n is even, then at

least one of m and » is even. Thus, if both are odd, there is no polygon.

Note: Since #6 is independent of #5b we could also prove #5b using #6. Since the ARML polygon consists
of joined unit squares, its area is an integer. Thus, for the area, % -1, to be an integer, mn must be

divisible by 2, making m, n, or both even, but not both odd.
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Solutions to the ARML Power Question — 2000

6.

Pick's Theorem states that the area of a simple closed polygon whose vertices are lattice points equals
q+ g — 1 where ¢ is the number of lattice points in the interior of the polygon and p is the number of lattice

points on the boundary. In the case of ARML polygons, there are no interior points since every point lies on

the path. Thusg = O and p = mn. The area is, therefore, ’;ﬁ -1

Induction proof: it is easier to prove the result in the more general case rather than specifically for
ARML (m, n) polygons. Consider any finite simple closed polygon of squares whose boundary consists of

unit line segments that are horizontal or vertical, containing no vertices in its interior. Let its area be K, its

perimeter be p and the number of vertices on the boundary be v. We will prove that K = ——1=

P
2
4

induction on K. Let K=1. The polygon is a square of side 1; clearly p = v=4and K = = — 1. Assume the

result is true for K = tand prove it for K = 7+ 1. Consider any such polygon with area ¢ + 1. Then this
polygon contains a square with three edges in common with the boundary (see justification below). Remove
this square by erasing three edges and adding the fourth. Then, the area has been decreased by 1, the

perimeter by 2 and the number of vertices by 2 and by induction, the result holds.

Justification: pick any square contained in the polygon. If it has 3 edges in common with the boundary, then
we are done. Otherwise, move to one of the adjacent squares. If the new square has 3 edges on the boundary
then we're done. Otherwise move to one of the adjacent squares, but not the one you just arrived from, and
continue the process. Note that you can never return to a square you have previously visited (or else you will
have traveled around a loop in your polygon which must contain a vertex, contradicting the fact that the
polygon is simple). Then the process must end at some point and the only way it can end is by finding a

square contained by the polygon with 3 edges in common with the boundary.

Let the area of an ARML (m, n) polygon be defined as K(m, n). Then K(4, y) - K(3,x) = dand

4 3 5 4
K(5,2) - K(4,y) = d. From #6 we obtain [Ty— 1] -[7" - 1] = d and [—25— 1}— [TV - 1] = d giving

4y -3x = 2dand 5z -4y = 2d. Thus,4y—3x = 5z—4y, giving 3x— 8y + 5z = 0. We need to choose
distinct x, y, and z such that the areas are in an increasing arithmetic progression. Not all solutions will work.
For example, from #5b neither x nor z can be odd. Additionally, while x = 60,y = 30, and

z = 12 solves the Diophantine equation and has a sum greater than 100, that solution produces areas in a
decreasing arithmetic sequence: 89, 59, and 29. Butx = 30,y = 40, and z = 46 works, giving areas of 44,

79, and 114. There are infinitely many solutions.
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Solutions to the ARML Power Question — 2000

8.

10.

Consider K(3, 2r) = 20w, K(4, y) = 21w, and K(5, 25) =29w. Then 3r—1 = 20w,2y~1 = 21w, and
5s—1 = 29w. Clearly, w must be odd, otherwise y would be fractional. Letw = 2v+ 1
forv=0,1,2,... Then3r—1 = 40v+20,2v—1 = 42v+21,and 5s— 1 = S8v+29, giving

40 58
r = Tv+ 7,y =2lv+ll,ands = Tv + 6. Clearly, v must be a multiple of 15, so letting v=15¢ we

obtain » = 74200,y = 11+ 315¢,ands = 6 + 1741, giving ARML polygons (3, 14 + 4007),
(4, 11 +315¢), and (5, 12 +348/). Letting 7 = |, we obtain the following: (3,414),(4,326),(5,360).

a) Setting > =7+ —7 Thus, m — 7 must divide

+ 7)n+ 1+7
(m+ TXn 7)_1 _ 2[_@_1] yields n = 5 m_ 100
m—="7 m—
100 > m-7¢€ {1,2,4,5,10, 20, 25, 50, 100}. Solving for m and » we obtain the following:
(8,107),(11,32),(12,27),(27, 12), (32, 11), (107, 8). We excluded (9, 57), (17, 17), and (57, 9) since in #5b

we showed that at least one of m or »n had to be even.

1 m? 1] n? 2 2 2.
b) lfK(m,m):EK(n,n),then —2-—1= 5 —2——1 — 2(m~ —1) = n”~. Thus, n” is even so

let n = 2k. Then 2(m2 -1 = 4k > m2 - 2k% + 1, making m an odd number. But by #5b there are no

ARML polygons in which both dimensions are odd, so there are no square arrays in which an ARML

polygon can be half the area of another.

2 .5 2
+kXn+k ke +2+ km 20k-+1
Setting w—-l =2 m—l gives n = ———— = k+¥. Let the prime
2 2 m—k m—
L. 2 a, a, a . . 2 o a+la, a
factorization of k“+ 1 be 2 23 355 ... . Then the prime factorization of 2(k“ +1)is 22 3355 ... . Let

d = m—k be adivisor of ZZ(k2 + 1) and note that any value of d for which either m or » or both are even

results in an ARML polygon. There are several cases:

1) kis even. Then we claim that all factors d will give an ARML polygon. First, if d is even, then since

2
20k- +1
m = k+d, miseven. If dis odd, then % is even, and since » then equals an even plus an even,

n is even. Therefore, the number N of such polygonsis N = (a2 +2) a; + l)(a5 +1)--.

i) kisodd. Ifdisodd, thenm = k+dis even. Thus, any factor d of the form d = 33557 gives an

20k +1
ARML polygon. Ifd is even, then m is odd. In order for n to be even, % must be odd, implying that

a+1 L a,+1 a a .
22 dividesd. Thus, if k is odd, any factor d of the form d =2 2 3 355 .. gives an ARML polygon.
In counting the number of ARML polygons in this case, there are two choices for factors of 2, either no 2's or

all 2's. Therefore, the number N of such polygons is N = 2( a + X ag + D....
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ARML Individual Questions — 2000

I-1. Forl<x<y,let §={Lx,y,x+ ). Computc the absolutc valuc of the difference between the mean and

the median of S.

1-2.  BCDE is a square, AABC = AFCD with m£A4 = 120° A

and AB = AC. If AF = 2000, compute the area of square BCDE. B C

I-3. Forx,y,z,and w > 0, compute the smallest value of x satisfying the following system:

y = x — 2001
z = 2y — 2001
w = 3z — 2001

I-4. Ifb = 2000, compute the numerical value of the infinite sum:

0 | 2 3
0 4 1 4 2 4 3 4
(logb 2) (logb ST+ (logb 2) (logb 57 )+ (logb 2) (logb 57 )+ (logb 2) (logb 5T )+ ...

1-5. If, from left to right, the last seven digits of #! are 8000000, compute the value of n.

1-6. Let S be the sphere whose equation is x2 + y2 + 22 = 25. Points P(3,4,0) and O(3,-4,0) lieon S.

Compute the number of planes containing P and Q that intersect S in a circle whose area is an integer.

1-7. The measure of the vertex angle of isosceles triangle ABC is 6 and the sides of the triangle are sin8, Jsine,

and vsin® . Compute the area of AdBC.

1-8. Square ABCD is surrounded by four congruent rectangles. Let £ J £
§ = perimeter of ABCD + perimeter of EFGH + Al + BJ+ CK + DL. I Ta B
Let T = area of EFGH. Let m be the greatest lower bound and » be the least upper
bound of all values of T for which % = 12. Compute the ordered pair (m, n). b ¢k
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ANSWERS ARML INDIVIDUAL ROUND — 2000

-
4
2. 6,000,000
3. 3335
4 1
3
5. 27
6 56
-
25
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Solutions to the ARML Individual Questions — 2000

S+ x4+ v+ (x+y) 1 2(x + ) Xty ‘T
I-1.  The mean is = =— 4+ ————  the median is and the difference is '—|.
4 4 4 2 4
1-2. Since AB = AC,mZLACB = 30°. Since AABC = AFDC, then A

mZFCD = 30° - mZFCB = 60°. Thus, m£ACF =90° and 300

since AC = FC, AACF is a 45-45-90 right triangle. Let AF = x —

X
AC = T Use the Law of Cosines on A4BC or drop an altitude from 4
2

3
to use 30-60-90 right triangles to obtain BC = % Thus, the area of BCDE =

) -2_ 2
:

I-3. Sincew > 0,3z—-2001 > 0 » z > 667. Sincez = 2y—2001,2y-2001 > 667 — y > 1334.
Sincey = x—2001,x—2001 > 1334 — x > 3335. The smallest value of x is [3335].
Alternate solution: multiply the first equation by 6 and the second by 3: 6y = 6x — 12006

3z = 6y — 6003
w = 3z — 2001

. . w + 20010
Adding yields 6y +3z+w = 6x + 6y +3z—-20010 - w = 6x—-20010 - x = —6—
. .. . 20010
Since w > 0, the minimum value for x is = 3335.
2 3
1-4. 1-long+(logb2)(4)10gb5+(logb2) (16)logb5+(logb2) (64)10gb5+--- =
2 3 _ 1
long(l+(4logb2)+(410gb2) +(410gb2) +j = lOgb5[1—4logb2] =
log, 5 1 g 5. Since b = 2000, we have log, .5
0 = = . Since b = , we have = |-|.
| log, b log, 16 b Eprie - >t 125”7 3
b b 10ng

I-5. Since n! ends in 6 zeros, n! must have exactly 6 fives in its prime factorization, so we know that 25 < n < 29.

1

Consider the units digit of L. Forn = 25, a quick multiplication by all remaining factors yields a units digit
10

of 4. For n = 26, the units digit is also 4, but forn = 27 itis 8. Thus, n = .

Note that for n = 28, the units digit is 4 and for n = 29, it is 6.
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Solutions to the ARML Individual Questions — 2000

1-6.

1-8.

The largest circle through P and Q is the horizontal circle containing the center
of the sphere. It has a radius of 5. The smallest circle is the vertical circle with
radius 4. Let 4 be the area of a circle formed by the intersection of a plane and
sphere S. Then 16m < 4 < 257 giving 50.26 < 4 < 78.54. 1f A is an
integer, then 51 < 4 < 78 — 28 integral values for 4. The plane can tilt

from the horizontal up to the vertical or down to the vertical making a total of

planes intersecting S in a circle of integral area.

By the Law of Cosines, sin” @ = sin® + sin® — 2 sin cos 0. Since sin@ # 0, divide by sin® to obtain

sin@ =2 —-2cos® — sin29=(2—2c059)2—> 1—c0s29 =4cosze——8cose+4 -

3 4
5(:052 60— 8cosO+3=0. Then cos® =1 or g Reject 1 since it makes © = 0. Thus, sin@ = g and the

1 1 4 4 8
area of AABC = EJsinG-JsinB-sinG = 5-—‘-— = |=.

55 25
0 AD AC in 0
Alternate solution: Since sin— = — = —— = ﬂ—, then
2 AB 2AB 21/sin9
0 0 0 0
2sin5 = Jsine - 4sin2 7 = sin B. Sincesin 6 = 2sin5cos5,
0 ) . 0 0 0 1.
divide by 25in5- to obtain ZSmE = cos; - tanE = > Since
2 tan 9 4
sin @ = —L, then sin @ = g Continue as above.
2
1+ tan” =
an >
Let the side of the outer square be x and the length of each rectangle be y. Then
—Y
2 4x + 4y 2
T = x" and S = 4x +4y. Hence, =12 -5 y = 3x" — x. There are
x
two degenerate cases, one where the interior square disappears, suggested by Fig. |
and the other where the interior square fills the outer square, suggested by Fig. 2.
In the former, y = % and in the latter, y = x.
1 2
Thus,§<y<x—> §<3x2—x<x - 5<x<§.
Th 1 T 4 A 1 4 !
s, =< T <—=. Ans: || =,=|.
! 9 4°9 |
Fig. 1 Fig. 2
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ARML Relay #1 — 2000

RI-I.

Let [x] denote the greatest integer less than or equal to x. Compute the largest integer »n

such that [J” 2000 } > 1.

LetT

Il
g
~
Q
o
3

=}
c
—
o
=
-
(¢
3
=
ag
[¢]
=
%)
=B
[=1
=
Q
=
—
o
fgr=—y)
Q
ag
ﬂ
=
N

Il
=)
el
=

LetT

Il

TNYWR. Let n e {1,2,3,. s T2 } Compute the number of values of » for which the product

(n2 —2n+ 2X n2 + 2n +2) is divisible by 5.

ARML Relay #2 — 2000

R2-1.

For 0 < x < 2m, compute the absolute value of the difference between the solutions to the

. 2
equation: seC x = l+cosx+cos™ x+ COS3X+...

1
Let7T = TNYWRandsetK = —. If (a — bz)K(a + bz)K = 512, compute the value of @+ b2,
Let 7T = TNYWR. Arcs are measured in degrees. A
mABC
If === =T +1, compute P B
mADC m£pP
C
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ANSWERS ARML RELAY RACES — 2000

Relay #1:
R1-1. 10
R1-2. 100
R1-3. 8000
Relay #2:
R2-1. 4m
3

R2-2. 8
R2-3 1—

4
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Solutions to ARML Relay # 1 — 2000

RI-1.

R1-2.

Ri1-3.

Since we want 92000 > 2, then 2000 > 2", Since 2'° <2000 < 2!, = [10,.

(logT x)2 - 210gT x=0-> (IogT x)(logT .\'—2) =0 - x= 70 or T2 Since T = 10,

the larger value of x = 107 = .

Since T = 100, then n € {1,2,..., I0,000}. Since (n2 —2n+ 2)(112 +2n+2) = n4 + 4, then

rl4 mustendinl or6 — nmustendinl,2,3,4,6,7,8,9 — ndoesn'tendin 0 or5. There are

10,000

= 2000 numbers for which n4 does not end in 1 or 6, so there are | 8000 | which do.

Or consider:  » (mod 5) n2 —2n +2 (mod 5) n2 + 2n +2 (mod 5)
0 2 2
1 1 0
2 2 0
3 0 2
4 0 1

The product of the two numbers in the first row is not divisible by 5; the products in the other rows are.

Since T2 = 10,000 and that is a multiple of 5, four—fifths of the numbers in the set will give a result
divisible by 5.

Solutions to ARML Relay # 2 — 2000

R2-2.

R2-3.

Snt

— x = —or
3

w|4a

1
I —cosx 2

. . . |4
The desired difference is —3— .

K = 3. Since (a— b (a+ by = ((a- bia+ bi

secx = —— S secx—1 =1 - secx =2 — cosx=

1/K

K
)" = (a® + 6D then a® + b = 512

Thus, a + 6% = 51213 = [8].

Let the measure of arc ADC = x, the measure of arc ABC = 360° —x and m£P = 180° - x. Then,

o o ° 180T
B =x gy B8 Ao 1800 x - 1800 22 - I8 gy,
X T+2 T+2 T+?2

x 2 . .1
—— = —. Since T = 8, the ratio is |—|.
180° — x T 4
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ARML Super Relay — 2000

Note: Pass answers from position 1 to 8 and from position 15 to 8.

1.

The letters A, R, M, and L represent even digits. A, R, M, and L are not necessarily distinct and 4 is not equal

to zero or to L. Compute the positive integral value of 4 such that "ARMLb =2

Let T = TNYWR, but T'is irrelevant here. P(x) = x3 +2x% - (4K + 5)x — 6 has three distinct zeros.

If two of these zeros are the same as those of f(x) = x2 +5x+ K, compute K.

Let T = TNYWR. The centers of three congruent circles lie on the diagonal of 4 e B
square ABCD. The two end circles are tangent to the square and to the middle
circle. If the radius of each circle equals J; — 1, compute the area of ABCD.

D C

Let 7 = TNYWR. Compute the number of integers which lie in both of the intervals [ T— 9,27+ 10 ]
and [ T-4,2T+13].

Let 7 = TNYWR. Suppose T elements (not necessarily distinct) are selected from the set {0, 1, 2, 3, 4, 5}.

Compute the number of distinct sums of these T elements.

I
>

T
Let7T = TNYWR. LetK = = Compute the value of y solving: 6x + 2y

-7x + 3y = 30

Let 7 = TNYWR. Compute the number of distinct 7-letter words that can be formed using the letters from
the word ARRANGE.

You will receive two numbers. Let M be the larger of the two and let m be the smaller. Compute the area of

. o 2 2
the set of points (x, y) satisfying: m < (I xl— 2000) + (| y | - 2000) <M.
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ARMIL Super Relav — 2000

15.

14.

13.

12.

11.

10.

The letters A, R, M, and L represent even digits. A4, R, M, and L are not necessarily distinct and 4 is not equal

to zero or to L. Compute the positive integral valuc of # such that ‘,ARML}) =2°.

Let T = TNYWR, but T'is irrelevant here. P(x) = x3 + 2x2 — (4K + 5)x — 6 has three distinct zeros.

. 2
If two of these zeros are the same as those of f(x) = x~ + 5x + K , compute K.

LetT = TNYWR. In AABC,AB = AC = 10and BC = 2T. Point P is chosen at random on E

Dis chosen on AB and E on AC so that PD and PE are parallel to AC and 4B respectively.
Compute the perimeter of PDAE.

Let T = TNYWR. The number 20007 has x terminal zeros when expanded. Let the rightmost non-zero

digit be y. Compute x + y.

-7
Let7 = TNYWR andset K = E Points A(1, 2), B(5, K), and C(K, 7) are collinear. Compute
) —
the y-intercept of A4B.
127 . K2-1 :
Let7T = TNYWR and setK = ST In parallelogram ABCD, if cos B = > , compute sin 4.
K~ +1

Let7 = TNYWR and set K = 907. ABCD is an isosceles trapezoid with AB parallel to CD.
If BC = 5(4B), CD = 7(A4B), and the perimeter of ABCD = K, compute the height of ABCD.

You will receive two numbers. Let M be the larger of the two and let m be the smaller. Compute the area of

. o 2 2
the set of points (x, y) satisfying: m < (l x| - 2000) + (I yl— 2000) <M.
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ANSWERS ARML SUPER RELAY — 2000

1 8
2. 2
3 4
4. 19
5. 96
6. 3
7 84
15. 8
14. 2
13. 20
12. 66
o 2
4
10. 3
5
9 12
8.  288m
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Solutions to the ARML Super Relay — 2000

. A +R* +Mb+L =2"" =1024. 1fb = 9or 10, then 4 = 1, but 4 is to be even. Try b = 8. Then
5124+ 64R+8M+ L = 1024 and clearly4 = 2,R = M = L = O works. If 5 = 7, then 26627 = 1024,
- _ _ - _ .. A5
but4 = L. Ifb = 6, then 44246 = 1024,but4 = L. Thus, b = , giving 1’20008 = 27, fitting for

ARML's 25" anniversary.

3 +2x2 — (4K + 5)x -6 , _ .
2. = (x— 3) with a remainder of 15x + 3K — (5K + 5)x — 6. The remainder

x2+5x+K

is zero if K = .

3. Let r be the radius of the circles. Using 45-45-90 right triangles, AC = 4r +2rv¥2. Since T = 2,

r = 2 — 1, making AC = 2J§(J2—+ 1)(1/5 - 1) = 22, Thus, 4B = 2 and the area of ABCD = [4]

4. Common integers lie in [T—4,2T+ 10] » (2T +10)—(T-4)+ 1 = T+ 15 integers. Since T = 4, then

there are integers.

5. Using T 0's the sum is 0. By replacing each integer #» by » + 1, we can obtain all sums from 7-0to T - 5.

Thus, there are 57+ 1 sums. Since 77 = 19,57+ 1 = .

6. Multiply the top equation by 7 and the bottom by 6 and add, canceling the x's and obtaining 32y = 180 + 7K.

96 96
S 1 = — = -] 2’ = — = i
ince K P y=3

7. If T = 1, there are 5 distinct words. If 7 = 2, there are two words using RR or AA and 5 - 4 = 20 using
3!
ARNGE. Total: 22. If T = 3, then with two R's and another letter we obtain a1 4 =12 words. Similarly

for two A's and another letter. Using ARNGE there are 5 -4 -3 = 60 words. Since 7 = 3,
there are 60 + 12 + 12 = [84] words.
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Solutions to the ARML Super Relay — 2000

15.  Sece #1 above. Ans:@. 14. See #2 above. Ans:.

13.  Tisirrelevant; the result is invariant. Since APEC is isosceles, PE = ECso AE+ EP = AE+EC = AC.
Similarly, 4D + DP = AD + DB = AB. Perimeter of PDAE = AB+ AC = [20].

T
12. (2»103j = 2T -103T. Thus,x = 3T and for T = 20, x = 60. Since 220 endsin6,x+y = ,

— — K-2 5
1. mABzmAC—)T:ﬁ—)Kz—3K—l8=0—>K=—3or6. IfK = 6, the linc is

. =5 13 . .13
y = x+ | and the interceptis |. If K = -3, thelineis y = Tx + y and the y-intercept is ik You could

13
pass each back in turn. Since K = -3, the answer is .

2 2
K< -1
10.  Since adjacent angles of a parallelogram are supplementary, sin 4 = sin B. Thus, sin>B=1- K -D > )2 =
(K~ +1)
2 2K
aK 12 13 3
——— . Thus,sin B = J_I— . SinceK = —.— =3 sinB = .
2 ) K2 41 13 4 5
(K + IJ
9. From the diagram, we clearly have 3-4-5 right triangles, so the height A x B

is 4x. The perimeter is 18x, so 18x = 90-5 =54-5x=3->

height =[12].

8. By replacing | x| and | y | with x or —x, y or —y, we obtain a graph consisting of

4 rings formed by 4 sets of concentric circles. As long as M is small compared

to the distance to the axes, the rings do not overlap. That is the case here. The

radii of the two circles are Jn—1 and JM , and the area of each ring is
M — 1un. Since M = 84 and m = 12, the total area equals 4n(84 — 12) =

[288x].
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ARML Tiebreakers 2000

L. Points 4, B, C, and D are the midpoints of the edges of the cube as shown. A plane passing through AB and

CD intersects the cube in a region whose area is J(—) . Compute the surface area of the cube.

D
2. Let ¥(2, 3) be the vertex of a parabola whose equation is of the form y = ax2 + bx + c. If the graph of the
. . k
parabola has two positive roots, compute the greatest integral value of k such thatg = ——

2000

3. Perpendicular chords 4B and CD of circle O intersect at P. If the radius of O is 10 and OP = 4,

compute AB® +CD?.
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ARML Tiebreaker Solutions — 2000

L. A plane passing through 4B and DC intersects the cube in regular

hexagon of side D_C Let DC = x. Then the area of the hexagon equals

245 % ¥

= Jg — x = —=. Thus, DC = —. The length of the edge
4 v V3

6 -

DC .
,of the cube equals T -2 =DC J2_ Thus, the surface area of the cube
‘ 2

5 J— D C
equals 6(DC-JE) = % = .

. —b . 2 12, 3)
2. Since —2— = 2,then b= —4a. Since3 = a-2° — (4a)2 + ¢, then
a

¢ = 4a + 3. For there to be two positive roots, ¢ must be negative. Thus,

4+3<0 = a<—>, Hence,L<_— — k < —1500. The
4 2000 4

largest integral value of & is [=1501].

1

3. Let AM = JIOO - y2 making AB = ZJIOO - y2 . Let ND = JIOO - x making CD = 24100 .

Then 4B%> +CD? = 4(100 - yzj + 4(100 - xzj = 800 — 4[)(2 + yzj Since x* + y> = 16, then

AB? +CD?* =800 — 64 = [136]
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THE 26" ANNUAL MEET

For the 26™ competition, ARML opened up a new site. Since the site in Las Vegas was proving
to be too small, the Executive Board spent the year looking for a new site and finally found the
perfect one at San Jose State University in California. Mark Saul retired as president of ARML
to take up his new duties as a director of the NCTM and Tim Sanders, director of the Great
Plains Mathematics League and corresponding secretary for ARML, took over as president.

This year proved to be ARML's largest yet. There were 25 teams in Division A, 76 teams in
Division B and 7 guest teams, 6 from Taiwan and, for the first time, a team from the Philippines.
The total of 108 teams meant that well over 1600 students as well as countless teachers and
coaches participated in the contest. In Division A, San Francisco Bay A edged out
Massachusetts A. They were tied after the team round and the Power Question and the relays
equalized each other, but with a narrow victory in the individual round, SFBA gained a 6 point
victory. In Division B, Ontario B1 won easily after amassing an 18 point advantage in the
individual round. ARML also introduced the ARML song contest in which teams competed to
come up with the best song with mathematical content. It was great fun.

Tim Sanders received the Samuel Greitzer Distinguished Coach Award. Tim is currently the
new president of ARML and has served on the Executive Board as a secretary. He has worked

with the Kansas and Missouri teams.

John Benson of Chicago A received the Alfred Kalfus Founder's Award for his long time service
to ARML. John has been a dedicated organizer of teams and a site coordinator at lowa.

The following students received the Zachary Sobol Award for outstanding service to their team:

Brentan Alexander Colorado

Andrew Dexter Western Massachusetts
Jeff Huang Chicago

Jennifer Philbrick Maine
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ARML Team Questions — 2001

T-1.

T-3.

T4.

T-6.

T-9.

ABLBC, BDLBE, mzABD = 3x, msDBC = x + v, and 4

mZCBE = 2y. Compute the value of y in degrees. \

/
If each distinct letter in JARML —\A.J represents a distinct positive digit in base 10, compute the
sumA+R+ M+ L.

The Luzors played y games, winning some and losing the rest. They then won 3 in a row and improved their
winning percentage by exactly 10%. Compute the least value of y.

Rhombus ABCD is inscribed in y = x and y = x2 with CD lying on y = x and o/

AD parallel to the y-axis. Compute the sum of the coordinates of 4. (Diagram D

not drawn to scale). VB
A

Let T = {1,2,3,4,...,n} and let S(X) denote the sum of the elements in set X. Suppose 7 can be divided
into three disjoint subsets A, B, and C whose union is 7. If S(A4): S(B): S(C) = 3 :4: 6, then compute the
smallest possible value for the largest element in C.

Compute the ratio of the volume of a sphere to the volume of the largest regular octahedron
that will fit inside it.

In a square of side n, counting numbers are arranged in an inward spiral. For \ 1 2T3 415

example, the diagram shows the result when n = 5. If n = 27, compute the 16]17/18|19] 6

sum of the elements in the diagonal from the top left to the bottom right. ‘ 1512412512017
1412322 (218
137121110} 9

Compute the number of sets of three distinct elements that can be chosen from the set

{ 2] ,22,23, e 21999, 22000} such that the three elements form an increasing geometric progression.

Let ABCDEFGH be a rectangular box such that AB = AD = 20 and

mZGAC = 45°. Point P lies on DH such that plane PAC is parallel to

BH . Compute the volume of tetrahedron FPCA.

. A tree is a connected graph with no circuits. A tree contains at least one

node. To the right is a tree with 15 nodes. Define a subtree of a tree to be
a subgraph that is also a tree, i.e., a nonempty subset of the nodes along
with the edges joining them that together form a connected set. Compute

the number of subtrees in the figure.
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ANSWERS ARML TEAM ROUND — 2001

10.

? or 24.;1-

18

12
2-\2
9
morm:l
12767

999,000

200072

750
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Solutions to the ARML Team Questions — 2001

T-1.

T-2.

T-3.

T4.

Bx)+(x+»)=90 and (x+ ) +2y=90 — 4x+y=90 and x+3y=90. Solvingy = T or24.54 .

Since 0 < L < 10, 10004 + 100R+ IOM + L < (10A+10)2. Drop off 10M + L and divide by 100 to
obtain 104 + R < A%+ 24+ 1. Thus, A2 —84+16 > R+15 — (A— 4> > R+15.
SinceR > 1, (4 - 4)2 > 16, making 4 = 9. Since the square of AL ends in L, then L = 1,5, or 6, making

AL = 91,95, or 96. Now, 912 = 8281 fails because 4 and M are not distinct and 952 9025 fails

because R is not positive. But 96% = 9216 works, giving the sum9+2+1+6 = .

x |11 x+3 33x
Let x be the number of games won. Then | — |=— = —— > y = . Let z = 30 —x. Then
y J10 v+3 - 30-x
2
3330-z 990 2-3°-5.11
= 3X30-3) — —33 = ———— — 33. Since y is a positive integer, z must be a divisor of 990
z p4 z

such that the quotient is greater than 33. Of these 11 candidates for (z, v): (1,957), (2, 462), (3,297),
(5, 165), (6, 132),(9,77), (10, 66), (11,57), (15, 33), (18, 22), and (22, 12), z = 22 gives the minimum value of

o . 8 11
yas . Thus, the team improved its winning percentage by exactly 10% as it went from 1—2 to E

Note: one coach thought that the problem was ambiguous in that an increase of 10% could mean adding 10% to

the original winning percentage. If the problem is interpreted in that way, we have the following equation:

100 100(x + 3 27y — y?
100x o 100Gx+3) o 27y—y7

. Interestingly, the smallest solutions to this equation are
b y+3 30

x = 6and y = 12, so regardless of the interpretation, the least value for y is still 12.

Starting with D(a, @) and C(b,b), we have A(a,a”) and B(b,b%). The slope of AB = 1,50

b2 ~a2

b-a

= b+a = 1. Since 4D = DC, a—a2=|/(b—a)2+(b—a)2 T~

Sinceb = 1—a, a- a2 = (1 - 2a)/2. Solving the quadratic P (2J5+1)a + JE = 0 gives

(242 +1) = W8+ a2 +1-ah C@fienes

2 2

+

. This gives a = JE + 2 which we reject since it

¥2 -1 = 0588 which works, making a+a> = 2-v2,.

is too large or a
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Solutions to the ARML Team Questions — 2001

Note: As originally stated, the problem did not spccify that AD and BC were vertical. In the midst of grading

the Team round, we suddenly realized that more than one rhombus was possible, as indicated in the diagrams

below, and that, therefore, there would be a range of values for a+ a2.

1 0 |

Sasha Schwarz found the range of a+ 02 in the following way: because AB is parallel to y = x, we have
A[a,azj and B(l —a,(1- a)z), The length of AB will range from AE, the perpendicular distance from

Ato y = x,to AO, the distance from 4 to the origin O. Using the formula for the distance from a point to a

2

=2 and clearly, O4 = Jaz + a4 . Given that 4B = Ji;.(l - 2x) we have

ling, AE = J-z-

2
a—4a < JE(] - 2a) < a2 + a4. Using a calculator, we find that 0.3633 < g < 0.4384, and since

5 =

y=a+ a® is an increasing function on [0.3633, 0.4384], we have the following range of values for a+ a’:

0.495< a+a” <0.631. We gave credit to any answer lying in that interval.

Let S(A) = 3x, S(B) = 4x,and S(C) = 6x. Now S(4) + S(B) + S(C) = "("—;D This must be

divisible by 3 +4 + 6 = 13 which is prime so either #n or n + 1 is a multiple of 13. Thus,n > 12. The

1213

smallest value for # is 12, making 3x + 4x + 6x = = 78,s0x = 6. Thus, S(C) = 36,

S(B) = 24,and S(4) = 18. Since 1 +2+3+...+8 = 36, it would appear that the smallest possible
value for the largest element in C is 8, but the remaining elements {9, 10, 11, 12} cannot be partitioned into
two sets with sums of 24 and 18. Try C = {2,3,4,5,6,7,9}, giving B = {1,11,12} and 4 = {8, 10},
orC = {1,5,6,7,8,9},B = {3,10,11} and 4 = {2,4, 12}. These are partitions with the requisite sums.
Thus, the answer is @ .
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Solutions to the ARML Team Questions — 2001

T-6. Shown is half the octahedron inscribed in a sphere with center O. Without loss

T-7.

of genecrality, let the radius of the sphere equal 1. 40 = OB = 1 so BCDE is a

square with side JE The volume of the octahedron is twice the volume of

e -

4 3 4w 4n 4
[_3-}‘(]) =3 The ratio is ?Tc: 3

pyramid 4-BCDE = (2)[

. The volume of the sphere equals

:

Consider the 5 by 5 example in the problem. In order, as we spiral inward, the numbers are 1, 9, 17, 21, and

25. To get from | to 9 we walk 4 units to the right and 4 units down. To get from 9 to 17 we walk 4 units left

and 4 units up and to the right. To get from 17 to 21 we walk 2 units to the right and 2 units down. To get

from 21 to 25 we walk 2 units left and 2 units up and to the right. In other words, once we reach the upper

left comer of a square of side # by n, the next number is reached in 2(» — 2) steps and is, therefore, greater

by 2(n— 2), and the following number is again reached in 2(#— 2) steps and is also greater by 2(n— 2).

We obtain the following column whose sum gives the desired result:

1
9
17
21
25

1
1+2-4

[+2-4+2-4
[+2-4+2-4+2-2
1+2-4+42-4+42:2+22

Adding vertically weobtain 5- 1 +4(2-4)+3(2-4)+2(2-2)+2-2 = 73.

Applying this analysis to our problem we note that there are 27 numbers to be summed. They can be

arranged in the following column:

1
1+ 226)

I+ 226 + 226

1 + 2260 + 2260 + 2(24)

1+ 226) + 2260 + 224) + 224

1+ 2260 + 2260 + 224) + 224) + 222) etc.

Note that the number of 2(26)'s will be 26 + 25 = (2)(26) — 1 = 51, the number of 2(24)'s will be

2
24+23 = 2(24)~ 1 = 47, etc. The sum of the 2(26)'s will be 2(26)(2 -26 — 1)) = (2-26)" —2-26,and a

similar pattern will hold for all sums. Thus, the sum equals:
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Solutions to the ARML Team Questions — 2001

27+(2-26—-1)(2-26)+(2-24-1)2-24)+(2-22-1)(2-22)+ ... +(2-2—1)2 - 2) which is

2

27 + (226 -2 26+ (2-24) -2 244 2-22) -2 224+ .. +(2:2) 2.2 -

13-14-27) (1314
27+16(132+122+ +12]—4(13+12+ L4 = 27+16[T]—4[T] - [12767].

Alternate solution: for » odd, the diagonal elements are given by the first line, their sum by the second:

1,4n—38n—1512n-35, ..., 2(n—l)n—((n—l)2 —1) = n?, . ..., 14n—49,10n—256n-9,2n 1.

1+ @n—1)+ (4n=3) +(61—=9)+ (8n—15)+ (10n=25) +(12n=35)+ (14n—49)+ .... + 2(n—l)n—((n—l)2-lj

Note that constants below the middle of the square are perfect squares, but starting in the upper left at 4n — 3 and

going to the middle to 2(n—1)n —((n —1)2 -1 j= nz, the terms are 1 less than a perfect square. Thus, the number

of terms 1 less than a perfect square is . In creating a formula for the sum, we will subtract the perfect

n—1

squares and then add back 1 times . Thus, the sum equals:

-1 43 =3n%+2n+3
1+2n(l+2+3+...+n—1)—(12+...+(n—1)2)+n2 B "6 nt3

Alternate solution: Let 7(k) be the sum of the diagonal elements in the spiral whose square's side is 2k —1.

Here T(1)=1,T(2)=1+5+9=15and 7(3) =14+9+17 +21 +25=73. The problem asks for 7(14). The

square of side 2k + 1 can be obtained from the square of side 2k — 1 by adding 8k to each element and then
wrapping a single layer containing 1, 2, . ., 8k around the square of side 2k — 1, putting | and 4k + | in the

corners of the diagonal. Thus, from 7(2) =1+ 9 + 5, we obtain
T3 = 1+(1+16)+(9+16)+(5+16)+(@4-2+1) = T(2)+3-16+1+(4-2+1).

In general, T(k +1) = T(k)+ 2k — D8k + 1+ (4k +1). Thus,
13 13

T(k +1)=T(k) = 16k> — 4k +2.. So, T(14) = D Tk +1)=T(k) = 1+ S iek? - ak +2 =
k=0 k=1

13-14 -27 13- 14
l+16[ - ]—4[ > ]+2(13)=12767.
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T-8.

T-9.

Consider the set S2000 =1{1,2,3,...,2000} whose elements are the powers of 2. If the common ratio is 2,

then the desired sets of exponents are 1-2-3,2-3-4, ..., 1998-1999-2000. First clements run from | to 1998
so there are 1998 sets of threc elements forming an increasing geometric progression with a common

ratio of 2. The largest first element gives the number of sets and equals 2000 — 3 + [ = 1998. If the
common ratio is 22, then the desired sets of exponents are 1-3-5, 2-4-6, . . ., 1996-1998-2000. The largest
first element is 2000 -5 + 1 = 1996. If the common ratio is 23, the sets are 1-4-7, ..., 1994-1997-2000

and the largest first element is 2000 — 7 + 1 = 1994. The largest ratio is 2%% and its triples are
1-1000-1999 and 2-1001-2000. The largest first element is 2000 — 1999 + | = 2. Thus, the number of sets

of three is 1998 + 1996 + 1994+ .. . + 6 +4+2 = {999,000 .

Since AGAC is a 45—45-90 right triangle and AC = ZOJ-?:, then GC = the height E
P
of the box = 20¥2. Since both BH and the altitude from P to AC rise at a 45° $ H

angle, PD = half the height or 10J2-. The volume of the box is

1Y1
20(2012092 = 8000w2 . The volume of pyramid PACD is [EIE 20 - 20]10‘/5 B ‘
C

Il

P
D

200032 400042

3 . The volume of FBAC =

since its height is twice that of PACD. Using CPHG as the

1 1
base, the height of FCPHG is FG = 20 and its volume is [3 ]20[20 . 205—[5 -20 - ](}JE]] = 2000JE.

Using PHEA as the base and FE = 20 as the height, the volume of FPHEA similarly equals ZOOOJZ_ . Thus,

the volume of FPCA = 800032 — 20030‘/2_ - 40030‘/2_ ~2(20002 ) = :

Alternate solution: in the above diagram, let 7 be the H(0, 20, 2082 )

midpoint of AC, giving T(10, 10, 0). Since vectors 620,20, 2042 )

F(20,0,20V2 ) —

-—) A
BH = (—20,20, ZOJZ—) and TP = (_1(),10, z) are parallel,

J P(0, 20, 2)

z= 104-2- . Using the cross product or the dot product, we S ‘

obtain (JE ,—JE ,2) for the normal vector to plane PAC.

B(20,0, 0) C(20, 20, 0)
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The equation of plane PAC is therefore xJZ—— W2 +2z=0. The distance from F to the plane equals

|20J2——0J5+2.201/2-

V2+2+4

= 30. Since P4 = PC = 10¥6 and AC = 20v2, the height

of APAC = 20 and its area is 20042, giving a volume of ZOOOJE.

. Think of the top node as the root and the other nodes as its descendants, each of which has exactly one parent

and 0 or 2 children. Let bk be the number of subtrees rooted at a Ath generation node. Then b4 = 1 for the

8 fourth generation nodes. The third generation nodes have two children each with b4 = | subtrees rooted
there. Accounting for the empty subtree, we have b3 = (1+ l)2 = 4 possibilities. Similarly, the second

generation nodes have b2 =(4+ 1)2 = 25 subtrees and the root has b1 =(25+ 1)2 = 676 subtrees. The total

number of subtrees equals 1 - 676 +2 -25+4-4+8-1 = .

Alternate solution: Let f(#) be the number of connected subtrees of a complete binary tree on 2"-l nodes

and let g(#n) be the number of connected subtrees of a complete binary tree on 2n—1 nodes which include the

root (top) node. Then f{1)=g(1) = 1 since the only connected subtree of a single node is that node itself.

2
We will find recursive relations for f and g. First, note that g(n+1) = ( g(n) + 1) because any subtree

containing the root node must have a connected subtree on either side of the root which is either empty (there
is 1 of these) or contains the top node (there are g(n) of these). Next note that {n+1) = g(nt+1) + 2f(n) since
any subtree included in the count of f{»n+1) must either have a tope node or be one of the trees counted by g of
which there are g(n+1). Or the binary tree does not have a top node and therefore must consist of one of the
right or left subtrees empty (otherwise the tree would not be connected) and the other subtree (left or right
respectively) containing all the vertices of the graph. Since the graph can therefore go in either the left or
right (smaller) subtree, there are 2f(n) such graphs. So, g(2) = 4, g(3) = 25, g(4) = 676 from the first
relation and f{2) = g(2) +2/(1) = 4+2 = 6,/(3) = g(3) +2£(2)=25+2(6)=37,and

f4) = g(4) +2f3) = 676 +2(37) = 750.
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Alternate Solution: number the vertices along the left side top to bottom 3, 2, 1, and let An) be the number of

subtreces whose highest vertex is #n. Note that there is another node whose subtree structures below it will be
the same as vertex 2, and that three other subtree structures will be the same as that of vertex 1. When

n > 0, the subtree may consist of: 1) only vertex n, or 2) of the left (or right) edge leading down from it
together with a subtree structure starting at vertex # — 1, or 3) the vertex equivalent to it, or 4) both the left

and right edge and any combination of substructures starting at » — | or its equivalent. Thus,

2
HKn)=1+ 2h(n—l)+(h(n—1)) when n > 0. Note that #(0) = 1 and the formula gives
2 2
K1) =1+2H0) +(h(0)" =1+2+1=4, K =1+h1)+(h(]))” =1+8+16=25, and

2
W3)=1+2h12)+ (h(Z)) =1+50+625=676. The total number of subtrees equals
K 3)+ 2h(2)+ 4 h(1)+ 8h(0) = 750.
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Let T = T(a, b, ¢) be AABC whose sides BC = a,CA = b,and AB = csatisfyboth0) < a < b < ¢

andat+b > c.

Define 72 = T(a2 , bz,cz) to be the square of triangle T, provided that such a triangle exists.
Define J; = T(J;, J[:, J;) to be the square root of triangle 7, provided that such a triangle exists.

Use K(T) for the area of triangle 7 and P(T) for the perimeter of triangle 7.
Results from a preceding problem may be used in a succeeding problem but not vice versa.

You may use Fermat's Last Theorem as a reason in any proof.

1. a) Show that the square of an equilateral triangle is equilateral.

b) Prove that the square of a right triangle does not exist.
2. Compute all x for which the area of T = T(|, 1, x) is the same as the area of ? .
3. a) Prove that T2 exists if and only if T is acute.

b) Prove that JY-' exists for all T.

4. a) Prove that all the angles of J; are acute.

1
b) Prove that cos C < 3 with equality if and only if T is equilateral.
5. Prove that the largest angle of T is at least as close to 60° as the largest angle of T 2 .

Let Xn =T(n—-1,n,n+ 1) for n a real number.

2
6. a) Determine with proof, all » for which (Xn) , 1.e., the square of Xn, is a triangle.

b) Note that X T 7(10,11,12) can be squared, producing triangle 7(100, 121, 144) and that this can be

squared again, producing triangle 7(10000, 14641, 20736). The latter, however, cannot be squared. Now for

an integer p, there exists areal number k, p < k < p+ 1,suchthatforalln > k£, X ,, can be squared at least

twice. Find p and justify your answer.
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10.

a) Provide, with reasons, a triangle which can be squared at least 2001 times and at most 2001 times.

b) Let N(T) be the number of times a triangle 7 can be squared. For example, N(Xl 1) = 2. Determine,

with proof, all triangles 7 for which N(T) = eo. Specify side relationships and angle restrictions.

a) Prove that if n = J; + JZ + J'c- for integers n, a, b, and ¢, then a, b, and ¢ must be perfect squares.

b) Using (a) or otherwise, prove that if 7= T{(aq, b, ¢) is a right triangle with integer sides, then the perimeter

of WT cannot be an integer.

Prove that there exists a right triangle 7 with the same perimeter as J; .

_ 111 1 1
Define the reciprocal of T{(a, b, c)tobe T bor|= ,—,— | where — < — < =—.
c b a c b a

When T -1 is itself a triangle, define 7 to be invertible. Show that if 7 is invertible,

b

then a > [
2
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1. a) If T = T(a,a,a), then T2 = T(az,az,az) and T2 is clcarly equilateral.

b) If T = T(a,b,c) is a right triangle, then a2 + b2 = 02 and so T2 = T(az,bz,cz) fails the triangle

inequality.

2
2. Using Heron's formula, K(7) = ﬁl + -{][1 —il[ﬁj[iJ -z 44 - x2 and K(Tz) = xT 4 — x4 .

2 20202 4

Setting these equal we obtain J4 —x? = xJ4 ot S x40 Letu=x° giving

u3 —5u + 4 = 0. By inspection, by using the rational root theorem and synthetic division, or by realizing

that the equilateral triangle 7(1, 1, 1) solves the problem, we know that # = 1 is one solution. This gives

‘/1_72_1 fi7 - 7 -2

. Thus,x =1 or =

1
(u—l)(u2 +u—4) =0, makingu = 1 or 5 7

24p25 2 By

2 2

3. a) Given 7, then T 2 is a triangle iff the sides satisfy the triangle inequality, namely that a

2 2

the Law of Cosines, ¢” = a” + b* — 2ab cos C giving % +2abcos C = a® + b2, Thus, a” + b > ¢

iff 2abcos C > 0 which is true whenever 0 < mZC < 90°. Since neither £A4 nor £B is greater than £C,

then T is acute-angled.

2
b) Given T, then J; is a triangle iff J; + JZ > J; Since (J; + J;) =

a+2dab +b > a+b > c, taking the square root yields J; + J; > J;

2 2 2
4. a) Let O be the angle opposite the longest side J; Then (J;) = (J;) + (Jb_) - ZJ;JZ cos® —

a+b—-—c . . .
cos® = ——=——_ Since a+ b > ¢, then cos O > 0, making J; an acute-angled triangle.
2Jab

b) Since mZLA and mZ B are both smaller than mZ C, we have 180° = mZA+ mLB+ mZC < 3 mZLC.

Thus, mZ C > 60° with equality when mZA4 = mZB = mZC.
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5. Given m£LC > m4LB > mAZA, let cos CX stand for the cosine of ZC in triangle X. Then we wish to show
. . 2,2 2
that cos CJ; > cos CT' To avoid ugly expressions, let 7 = T(a”,b",¢”) so that J_ = T(a, b,c). By the

Law of Cosines:

C C 02+b2—C2 a4+b4—c4
cos — cos -
J; T 2ab 2a2 52

Bb+ ab® — abe? —a* — b+ A

2a2b2

(c2 + b2 —ibj(cz - sz +a(b- a)

= > 0Osincec > b > a.
2a2b2

Note: From (4b) we know that the largest angle C > 60°. Thus, #5 proves that the largest angle of J; is
basically closer to 60° than the largest angle of 7. If one also proved that the smallest angle of JI-: is at least

as close to 60° as the smallest angle of 7, then one would have shown that J; is closer to being equilateral

than 7.

2

6. a) The square of Xn is ((n— 1)2,n2,(n + 1)2) and for a triangle to exist, (n — l)2 +n">n+ l)2 -

n—d4n>0 - n > 4. But we should check to see ian is a triangle for all» > 4. Here we find

thatn—1+4+n >n+1 = n > 2,so0n > 4.

2
b) The square of (Xn) is [(n— D4 nt n+ 1)4]. Wehave (n = D* + n* > n+ )* S

nt — 813~ 81 >0 — n> —8n> —8>0. Let Rn) = n> —8n* —8. Since R(8) = 8 and R(9) = 73

and R is continuous, there is a zero between 8 and 9. For completeness we must verify that R(»n) isn't negative

2

for some larger value of n. Forn>9, Rn) = n -8 -8 > n —8n?—n? = nz(n —9) and the last

is greater than O forall » > 9. Thus,p = 8.
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7. a) T = T(3,4,5) is a triangle and since it is a right triangle, we know by (1b) that T2 doesn't exist. From

(3b) we know that if a triangle exists, then its squarce root exists. So, starting with 7 = 7(3, 4, 5), take

[ /22001 4 /52001 l/,:zom]

successive square roots 2001 times. This gives T = 1{3 , 4 ,5 , a triangle which can

be squared exactly 2001 times.

b) It scems reasonable that if N(T) = oo, thenc¢ = b, forif ¢ > b > a, the continual squaring of ¢ would

eventually make ¢ much larger than the sum of @ and b, and the squaring process would eventually end. So

k ok ok

let T = T(a,b,b) and check the triangle inequality. Clearly, @ + 5> > b% and

k k k
b2 + b2 > a2 forall kiff b > a. Thus, N(T) = o iff T is an isosceles triangle with

base angles > 60°.

2
8. a) Suppose Jl—? + Jq— = m for integers p, ¢, and m. Then p = (m - J;) = m® —2m g +q and g hasto
be a perfect square in order for both sides to be integers. Similarly, p must be a perfect square. Call this

result #1. Now, squaring J; + JZ =n —J; gives 2Jab +2mlc = n* +c—a-b. The right side is an

integer and the left side equals J4ab + 44;720 and by #1, both J4ab and W4n%c must be integers. Thus,

2nvc is an integer, making ¢ a perfect square. Returning to Jc: + J; =n- J; , the right side is an integer,

so by #1, both g and b must be perfect squares.

b) Suppose the perimeter of J; = T{J;, Jl;, JZ) is an integer. Then by (8a) a = x2, b= y2, and ¢ = z°

for integers x, y, and z. Since a, b, and c¢ satisfy a2 + b2 = ¢? , then (x2 )2 + (yz)2 = (22)2 giving

x4 + y4 = 24, a false result. So the perimeter of J; can't be integral.

9. If the sides of T are all greater than 1, then each side is greater than its square root so P( T) > P(ﬁ ) . If the

sides of T are all less than 1, then each side is less than its square root so P( T) < P(ﬁ ) . To obtain equality
of perimeters, the smallest side should be less than | and the largest greater than 1. We ought to obtain the

simplest solution if the middle side equals 1. So,leta = x <1,b = l,and ¢ = ¥1+ x2 .
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Then 7 = l{x,l,Jl +X2] and T = r(J;,l,%Hz ] Let f(x) = P(T)-P(ﬁ) _

(x - J;) + [J;+ X - #l +x7 ] This is clearly a continuous function. Since f{.7) = —0208 and

A.8) = .05455, the Intermediate Value Theorem assures us that at some value of x between .7 and .8, the two

perimeters are equal and we have shown the existence of a right triangle whose perimeter equals that of its
square root. That value of x is approximately .72864. Note: b doesn't need to equal 1, but it seems
reasonable that it can't grow too large. What is the maximum value that b can take on or what is its least

upper bound?

Alternate solution: Consider right triangle 7, = (1,1, ‘/2_) with ﬁ - (1,1,%_ ) Then A(T)) =2 +42
1
1142 11 4h 24P 2+ 4
triangle 7, = —,—,£ with JT_: —,—,i .WehaveP(T)z J_ andP(JT_)z é‘/—
N R 4712272 4 4 4 2

4
2+ Jz 2+42
Note that P(T;‘) < P("T4 ), since otherwise 2 > > - 2+ J2— > 4+ 2% -

and P(JT_I) =2+ and clearly P(Tl) - P(F) > (. Divide the terms of T1 by 4, producing right

JE -2 2 % , clearly a contradiction. Thus, P(T4) - P(E ) < 0. Now consider the function

11 42
f(x) = P|T_ ) — P|JT_ | where x is the number dividing the original termsof .. 7 = 7| —,—,— | and
x x 1" “x

b
X X X

. We have just seen

R /) - ET N Ea AN CES AR YA
R x

that f{1) > 0 and f{4) < 0. Since f'is continuous for x > 0, then by the Intermediate Value Theorem, there
must be a value of x such that flx) = 0. Here,x = 1.1460826 and the triangle is approximately
T = T(.872537,.872537, 1.2339).

For T(a,b,c) wehave 0 < g < b < cand a+ b > c. If T_1 is a triangle, then we have

1 1 1 1 1 | b
0<— < = £ —and —+-— > —.Froma+b>c,weobtain£+—- > 1 (#1). From
c b a b ¢ c ¢

N

K

1 1 . b L.
+ — > —,we obtain % +1 > (#2). Let x = 2 and y = —, resulting in
c c c

a

1 1
0 <x <y < 1(#3). Then(#1)gives x+ y > and (#2) gives — +1 > — — y <
y x

1-x’
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Shown at the right are the graphs of these inequalities:

A0,1y __ BARZD i,
0<x<y<l
x+y>1 J

E
. X
Y - x
The shaded region EBCD represents the solution set. D(0, 1)

Only the horizontal and vertical boundaries are included:

To find the coordinates of point £ solve the system x+ y = 1 and y = , obtaining x2 -3x+1=0

- X

3+ 45 3445 3-45 a

7 Reject > since it exceeds 1. Then for x > > , T is invertible. Since x = —,
¢

=5 s [5Ee

- x=

wehaea >
ve —
c 2 2

1+1/§

2

(S .
Note that g > = if we let T stand for the golden ratio,
T

This Power Question is full of great research possibilities. Here are two additional problems:

1. Let T be a right triangle. With proof, compute the largest value of cos C for ﬁ .

2. Let T be a scalene triangle in which exactly one side has a length of 1. If 7"and 72 have exactly two sides of

the same length, then compute the least upper bound for the area of 7. Show your work and justify your

answer.
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I-1. If

4 R b
001 < - j— p < 5001 , compute the number of integral values that ; can take on.

1-2. A lattice rectangle has vertices at lattice points and sides parallel to the axes. It contains all lattice points in
its interior and on its sides. If the shorter side of lattice rectangle R is doubled, the new rectangle contains

304 more lattice points than R. Compute the minimum possible area of R.

1-3.  Compute the largest real value for b such that the solutions to the following equation are integers:

2
2h | _ 4
[log210 X ] = log210 X,

1-4. The vertices of a regular dodecagon are given by (xi ,yl.) fori=1,2,...,12in clockwise order.
12

If (xl,y]) = (15,9)and (x7, y7) = (15, 5), compute Z(xl - }z)

i=1

. —1 . 5
[-5. Form >0, f(x) = mx. The acute angle 6 formed by the graphs of fand f lis such that tan® = TS

Compute the sum of the slopes of fand f—l .

I-6. In unit square ABCD = SO’ two pairs of parallel lines are drawn, each A B
making an angle of © with a side of SO' These lines produce an inner o\ g 5 >
square, EFGH = § r The procedure is repeated using S | and angle 6, X o
producing an inner square S2 . The process is continued. 1f 8 = 15°, Fe
9
compute the sum of the areas of squares SO’ Sl’ S2, 53 y e ﬁGB
D C

1-7. Let[ x ] represent the greatest integer less than or equal to x. Compute the number of first quadrant ordered

pair (x, y) solutions to the following system:

X +
y +

53
5.7

[v]
[x]
1-8. For0 < x < Llet f(x) = (1 +x1+x1+x 01+ 0% 1+ 2239 ..

8

/(%)

Compute: [ -l
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ANSWERS ARML INDIVIDUAL ROUND — 2001

1. 100

2. 288

3. o

4. 96

5. 2 or 2.18
6

6 2

7 6
9

8. —
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I-1.

1-3.

14.

I-5.

2001 a+b 2001 b b
> > — 50025 > 1 + =— > 400.2 — 499.25 > — > 3992,
4 a 5 a a

Thus, 400 <

Q |l

b
< 499, giving integral values for —.
a

If the sides are #» and m with n > m, then the number of points on each side is » + 1 and m + 1. If the side of
length m is doubled, the number of points on each side is#n + 1 and 2m + 1. Thus,
Cm+D)(n+t1)—(m+1)n+1) =304 > mntm=mn+1)= 24 -19. If m = 1l andn+1 = 304, there

is no rectangle, so consider these 4 pairs of (m, n + 1): (2, 152), (4, 76), (8, 38), (16, 19). The areas are
respectively 2 - 151 =302,4 - 75 =300, 8-37 =296, and 16 - 18 =288. Answer: .

2
2 2
(ZbIngloxT :410g210x — 4b (Inglo x] —4log210 x=0 — (logzlo xIb logzlo(x) - 1]:0. If

2

1/b
I —0,thenx = 1. If b2log ., (x) — 1=0, then lo L siving x = [2!° _ ol
ogzlox— , then x . ogzlox =0, then gzlox-—bz,glvmg x= = .

1
10. Ifb = iﬁ,then

There are several values for b that make x an integer. If b = £ 1, thenx= 2 3

x = 29. But the largest value of b making the second solution an integeris b = which gives x = 21.

Given opposite vertices (15, 9) and (15, 5), the center of the (15, 9)
dodecagon is (15, 7). By congruent triangles, note that for oo (154 THy)
any vertex (15 +x, 7 + y) there is a corresponding opposite i v
vertex (15 —x, 7—y). The sum of all 12 x-coordinates equals ; s, 7:)
15 - 12 and the sum of all 12 y-coordinates = 7 - 12. The —,VE
difference is (15— 7)12 = [96]. (15ox. 7y V..
(15, 5)
-1 X ) m —=m, = -~ m? —1 5
If f(x) = mx,then £~ (x) = —. Using tan® = —]—2'-] g gives tan@ = - m(’i] == =7
m

3 2 13
Thus, 6m2 -5S5m-6 =0-> Gm+2)(2m-3) = 0> m= 5, = E,makingthesum equal@.
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1-6. The first 2 pairs of parallel lines divide the unit square SO into Sl and A B
o)
the four congruent triangles DFC, CEB, BHA, and AGD. Consider £
ADFC. Since DC = |,DF = co0s0 and FC = sin@, its area is \H 8
1
E(COSG)(Sin O) , and the sum of the areas of all 4 triangles is ) v
F
2sinBcosO = sin20. Since ® = 15°, the sum of the areas is 6 9
, I I G
sin 30°= =—. Thus, theareaof §, = 1 — = = =. Similarly, the 0
2 I 2 2
D C
areaof §, = L the areaof S, = 1 and the desired sum is 1 + 1 + L + =
2 4’ 38 2 4 7 )

I-7. Let x=n+ 03 and y = m+ 0.7 for non-negative integers m and n. Then m+ n =5 and there are 6 pairs
of integers from (0, 5) to (5, 0) for which this is true. The solutions are (0.3, 5.7), (1.3, 4.7), (2.3, 3.7),

(3.3,2.7), (4.3, 1.7), and (5.3,0.7). Ans: [6].

18, If ()= +0(1+xH)1+ 'O +x%) - then £(x%) =1 +xD)(1+ 2B+ *2)1+ x'28) - and

Ff D) =1+ 00+ D0 +xH 1 +x80+ 610 o = 1 xr 2+ 2t = 1; Thus,

- X

2

f(x

00
oo juw

1 3 9 1
) =——————_ Letting x= —, we obtain f[—]= = . Thus,
1- 8 64 {3 3 s
S0 -x) f(EII—E] 5/( )
28 Answer:
64 | 5/(3/8) ] - l64]

More rigorously, let g(x) = f(x)f(x>) =(1 +x)(1+x>)(1+ xH)(1+x>) --. We claim that g(x)-—-ﬁ
because g(x)(l—x)z(l—x)((l+x)(1+xz)(1+ hHa+x%) j = =)+ DA +xhHa+x8) - =

(l—x4 )(1+ x4)(l +x8) - = (1=x")g(x"). For0 < x < 1, each expression approaches 1 as n gets

3 9 1 8 9 8
infinitely large, so g(x)(1—x)=1. Therefore, f[ g}/[a] = -1(3_/8) =3 so f[6—4]= m .

—1 8 9
Therefore, f (g}-o—/g—)] = o7
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ARML Relay #1 — 2001

RI-1. The area of a regular octagon is 2 + 22 . Compute the length of a side.

RI1-2. Let 7 = TNYWR. Compute the number of real roots to x3 +(T + l)x2 +(T+Dx+1=0.

RI-3.  LetT = TNYWR. Compute: (log,2)logg 27)+ (tog, 2)(10g, 5)(log, 7).

ARML Relay #2 — 2001

R2-1. Compute the smallest positive value of x in degrees such that sinx = cos(xzj .

R2-2. Let T = TNYWR. ABCD is a square with A P B
PD = PC =DC. The area of APBC = T. Compute
the sum of the areas of APAB and APDC.

R2-3. Let T = TNYWR. Compute the number of lattice points which lie strictly inside the triangle formed by
x=0,y=0,and x+ y=T.
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ANSWERS ARMI RELAY RACES — 2001

Relay #1:

Relay #2:

R2-1. 9
R2-2. 18

R2-3. 136

198



Solutions to the ARML Relay #1 — 2001

RI-1.

RI-2.

R1-3.

Let the side of the octagon be x. The area of the octagon

equals the area of square ABCD minus the 4 corner triangles:
2 1| x ? %
(.\:+x£) -4 . === = 2+2J§.Thus, T
2( -
222 = 2409 S5 =[1.
By inspection, x = —1 is a solution, giving (x + 1)( X2+ T + 1) = 0. The discriminant is T° -4.

If T < =2 or T > 2, the quadratic has 2 distinct solutions giving 3 real roots. If T = 2, the quadratic
has a double solution of -1 — the cubic's three solutions are —1, giving | real root. If T = -2, the
solution to the quadratic is 1, giving 2 real roots, | and —1. If -2 < T <2, the quadratic has no real

roots, making —1 the only real solution of the cubic. Since 7 = [, the cubic has just m real root.

3
log2 log3 log2  logs logT logT
We have SLL L ;o B2, DB0  DEL + 8 . Since T = 1,log T = 0 and the
log3 10g23 log3 2log2 2logs 4log3
answer ism.

Solutions to the ARML Relay #2 — 2001

R2-1.

sinx =sin(90°—x2] - x= 90"—x2 - x2+x—90D =0 > (x+10%x-9) =0 — x = [9°]

|
Since PE = PF = —AB and AD = BC, the areas of APBC and APAD = B
2 Efr====="og=====-" c| F
are both equal to 7 = 9. Since the sum of their areas equals P
1| 4B 1 x g
2 liEE BC = E(AB)(BC) equals half the area of the square equals 0
2T = 18, the sum of the areas of the other two triangles is half the b c
area of the square which is . This solution does not require that
APDC be equilateral, only isosceles.
By inspection the sum is (7' —=2)+ (T -3)+ (T —-4)+ ... +1 = T
-(L—Z—;(T_—l). Since T = 18, the answer is 162 7 .
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ARML Super Relay — 2001

Note: Pass answers from position 1 to 8 and from pesition 15 to 8.

1.

A square has side of length s and a regular hexagon has side of length /. The hexagon's area is three times

4
s

that of the square. Compute e
h

24 d
LetT = TNYWR. Compute Iog8 [2 j .

Let T = TNYWR. If (x? = Nx +7)2x° + Tx + 9)(5x° + Tx + 13) = 10x’ + P(x) where P is a fifth

N
degree polynomial in x, compute T

Let T = TNYWR. Shown are four semicircular arcs whose centers are /\

S

collinear. The radius of the largest semicircular arc is 7. Let P be the

. . P
perimeter of the entire figure. Compute —.
T

LetT = TNYWR. In AABC,AB = AC = 5,and BC = 2T. Compute sinZBAC.

Let7 = TNYWR and let K = 257. A line passes through 4(0, K) with slope —~K. Compute the area of the

triangle formed by the origin and the x- and y-intercepts of the line.

Let7 = TNYWR and let K = T2 — 4. In the arithmetic sequence {ai}, & = 2001. If the common

difference d is an integer, compute the largest value of d such that G < 2500.

You will receive two numbers. Let a be the smaller and b the larger. Define a sequence of numbers as

follows: s

| =4S

, =b,andforn > 2,5 =as _ ifnisodd orbs, _, ifniseven. Compute the

smallest value of & such that 5p is divisible by 1020O l.
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ARMIL Super Relay — 2001

15. A three-digit number ABC is called primal if A, B, and C are primes and are not all equal. Compute the

number of positive three-digit primal numbers.

T
14. LetT = TNYWRand let K = 5 In the arithmetic sequence {aI. } A = 2001. If the common difference d is
an integer, find the minimum value of d so that de o > 10,000.

13, Let7 = TNYWR and let K be the sum of the digits of 7. There are K people in a room, 4 of whom are

women. If two people in the room are chosen at random, compute the probability that at least one of them is

a woman.
_ . a . . 90
12. LetT = TNYWR. LetT = 5 where ¢ and b are relatively prime. Js ) ——
Set K = g+ b. Base runner R leaves base B running at K feet/second 90
and after x seconds the area of A4BR is K% of the area of square ABCD.
If AB = 90 feet, compute x. A B
90
11. Let7 = TNYWR. Compute base b if logb (75T) =2+ logb 3+ logb 5.
10. Let7T = TNYWRand let K = T+ 2. Inthe diagram, AD = K2 B
and DC = 96. Compute 4B.
A C

9. Let7T = TNYWR. Let f(x)+ f(x +1)+ f(x +2)+ f(x+ 3) = T where f'is a function defined on the set
of integers. If f(222) = 60, f(1776) = 28, and f(1999) = —83, compute f(2001).

8. You will receive two numbers. Let a be the smaller and b the larger. Define a sequence of numbers as

follows: s

=8

5, = b,and forn > 2, s, =as, | ifn is odd or bsn_1 if n is even. Compute the

smallest value of k such that s,_is divisible by 102001
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ANSWERS ARML SUPER RELAY — 2001

L3
4
2. 6
3. 1L
2
4. 1
3
’ 25
6 6
7 24
15 60
14 889
3. =
10
12. 1.8 or 2
5
11. 3
10. 55
9 50
8. 2002
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Solutions to the ARML Super Relay — 2001

3
2. log8(224f ~ Tlogg2))® = 8Tlog 8 — 8T. Since T <87 =[¢e].

3. The first part of the product equals 10x + S(T—ZN)x6 + ... . Since the coefficient of the x° term is 0,

N 1
T-2N = 0 giving T = . The result from #2 is unnecessary.

1
4. Let the diameters of the three smaller arcs be a, b, and ¢. Then P = E(Tt 2T+ m-a+ m-b+m-c) =

P
%(2T+ a+b+c) = —’;-(ZT + 27) = 2Pn. Since T = 2P = mand — = [1].

1
2 b

1 2T
5. Area = area — Z(S)(S)sin@ = J6+DGE=T)T-T > sin@ = SV - 7%
w6
ince T = 1, sinf = |——|.
Since , sin s

6. A line with slope —K passing through A4(0, K) will also pass through B(1, 0).

1 K K
The area of the triangle = E(I)(K) = ? Since K = 4J6-, ? = .

7. T=2y6s0K=24-4=20.1f aK=2001,then ay =2001+ Kd and if a4 < 2500,

499 19
then Kd < 499 — d < a Since K = 20,d < 24+% - d =[24].
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Solutions to the ARML Super Relay — 2001

14.

13.

12.

11.

10.

. The digits could be 2, 3, 5, or 7. There would be 4 -4 - 4 = 64 primal numbers if 4, B, and C could all be equal,

but we reject 222, 333, 555, and 777 obtaining primal numbers.

Since g = 2001 +9d > 10,000, then 9d > 7999, making d > 8888 — d= . T is unnecessary.

K-4 (K-1)-4
K K -1

. . (K-4)K -5) 8K —20 . 13
at least one is a woman is | — = . Since K = 25, the answer is |[—|.
KK -1 K(K-1) 10

T = 889,50 K = §+8+9 = 25. The probability that both are men = . The probability that

K
90 - Kx =— - 902‘ K's cancel so x :.

1
T is unnecessary. RB = Kx, so the area of AABR = E T00

T=1.38. logb75T=logbb2+logb15: logb15b2—> 1562 =75T > b> =5T=9 — p = .

T=3— K =25 Since 4B> = AD - DC, AB* = K*(K* + 96) — AB _ kK2 + 96, Assuming that

AB and K are integers, K = 2,5, 10, or 23, making AB = 20, 55, 140, 0r 575. Since K = 5, 4B = .

Since f(xX)+ f(x+ D)+ f(x+2)+ f(x+3) =f(x+ D+ f(x+2)+ f(x +3)+ f(x +4),then f(x)=f(x+4)—>
f(x+D)=f(x+5), f(x+2=f(x+6), f(x+3)=f(x+7),etc. Letting f(1776) = f(x), then
f(222) = f(x+2), f(1999) = f(x+3) and f(2001)= f(x+1). Thus, 28+ f(2001) +60—-83=T.

Since T = 55, £(2001) = [50].

s _ . 3 2 2.2 2.3 _ iyt
Leta = 24= and b = 50. Since 53 = ab, Sy = ab » 85 =a b 8¢ =da b~ , we have S = Sy = ab or
2

"5+ T

4 2t

s a'p™! forsr > 1. Sincea = 23 -3andb = 2-5 2% .3 5% and

k- S22 7

= 2% .3 52" 2 We have plenty of 2's so if 10°®" is to divide s, . then 52°°' must divide either

S22

2t 2t+2

5

¢t > 1000, so £ =|2002 | works.

or S . If kis odd, then 2¢ > 2001 — ¢ > 1001 — k = 2003. If k is even, then 2 +2 = 2001 —
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ARML Tiebreakers — 2001

tan B
1. In AABC ,AB = AC = |,BC = k,and tan = 2001. Compute kz.
an
2. A circle intersects the graph of y = ax’atx = 1ordanditis tangentto y = ax? at a third point.

Compute the x-value of the third point.

loglxy) |
 log(xy)

3. Give =3 increasing y by 50% decreases x by a factor of k. Compute k.
X
log[ ]

y

205



ARML Tiebreaker Solutions — 2001

tan B tan 6 tan O
I.  LetmZB = 6, then mZA4 = 180°—26 and tan 4 = —tan 26. Thus, —— = ——o - 20
tan 4 — tan 20 2tan©
tan29—1
2 2 2
tan© 0 — 1 4 -k 4 -k
= anT = 2001 — tan26 = 4003. Since AD = —2—-—,then tan9 :T and
) 4- k2 4 4 2 1
tan“ 0 = > =—2—1.Thus,—2—1:4003—>k = |—.
k k k 1001
A
1
B/® 0\ ¢
k2 D

Alternate solution: Use tan 4 + tan B + tan C = (tan A)(tan B)(tan C) — tan 4 + 2tan B = (tan A)( ’[an2 B) —

2tan B 2 tanB  tanZ B—1
=tan" B - =

1+ =
tan A tan A 2

, and continue as above.

2. Let the circle's equation be (x — h)2 +(y- k)2 =r2. Expanding and substituting ax® for y gives

a2x4 + Ox3 +(1 - 2ak)x2 —2hx + h2 + k2 - r2 = 0. This equation's solutions are 1, 4, ¢, and ¢ since the

-5
circle is tangent to the parabola. The coefficient of x3 equals— (1 +4+2f) = 0,s0¢ = .

1 1 1
3. log(xy) = —log L log al - = = - J;c- = —— — x = —. Increasing y by 50%
2 y y y 3/2 y3

y
1 8 1 8 8
: — .—| = — . x. Thus.k = |—|
gives [ ] x us, >

27 3
27, 27
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THE 27" ANNUAL MEET

In 2002, ARML saw 23 teams take part in Division A and 67 teams in Division B. In addition,
Taiwan sent 5 teams and the Philippines sent 1. In Division A, Thomas Jefferson and
Massachusetts A matched up on the team and relay rounds, but TJ pulled ahead on the individual
and Power Question for a solid victory. In Division B, New York City S trailed Southern
California by 8 points after the team round but pulled ahead on the individual and relays for an 8
point victory. The new site at San Jose State proved to be an excellent venue for the second year
in a row.

Curt Boddie of New York City received the Samuel Greitzer Distinguished Coach Award for his
years as a coach, problem poser and solver, and for his love of fine literature.

Carrie Kiser Wacker received the Alfred Kalfus Founder's Award for playing a crucial role in
establishing the lowa site. Until recently Carrie was the conference coordinator at lowa. In a

much appreciated effort, she was able to get the university to provide air conditioning.

Austin Shapiro of Northern California received the Zachary Sobol Award for his fine work with
his California team.
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ARML Team Questions — 2002

T-1.

T-4.

T-5.

T-6.

T-7.

T-9.

T-10.

Compute the smallest positive base 10 integer the product of whose digits exceeds 1000.

2000 cards of width 2" are placed in a row as suggested in the diagram
at the right. The second card overlaps the first card by 1/1000 of an
inch and cach successive card overlaps the previous card by one-

thousandth of an inch more. In inches, compute the length of the row.

1f 240 equals abe, the product of positive integers a, b and ¢, compute the number of distinct ordered triples

(a, b, ¢) such that g is a multiple of 2, b is a multiple of 3 and ¢ is a multiple of 5.

—_— —
ADOC is a secant of a circle with center O. A lies outside the circle and D and C lie on the circle. A4BE is
also a secant of circle O and B and E are distinct points lying on circle O. If AB = BC, compute, in degrees,

the largest possible integer value of the measure of ZCAE'.

Suppose that palindromes with » digits are formed using only the digits 1 and 2 and that each palindrome
contains at least one of each digit. Compute the least value of » such that the number of palindromes formed

exceeds 2002.

. . gy — —_ —_—
Let P be a point on side £D of regular hexagon ABCDEF such that EP : PD = 3:5. CD meets 4B and AP

area AAMN

at M and N respectively. Compute ————————— .
area ABCDEF

Starting at the origin, a beam of light hits a mirror (in the form of a line) at 4(4, 8) and is reflected to the

point B(8, 12). Compute the exact slope of the mirror.

Compute the number of positive integers a for which there exists an integer »,0 < b < 2002, such that both of the

polynomials x® +ax+band x> + ax + b+ 1 have integer roots.

Shown is a square in which the elements in each row, each column, and each al bl e
diagonal have the same product N. Leta, b, ¢, . . ., i be distinct integers d el|f
greater than or equal to 1. Compute the least possible value for N. g h|i

Let m be an integer such that 0 < m < 29 and let n be a positive integer. There exist rectangles which can
be divided into » congruent squares and also into # + m congruent squares. Compute the number of distinct

values of m so that for each of those values of m there exists a unique value of n.
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ANSWERS ARML TEAM ROUND — 2002

10.

2789

2001

10

29 or 29°

21
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Solutions to the ARML Team Questions — 2002

T-1. The largest possible product for a three-digit numberis 9 - 9 -9 = 729, so the number must have four digits.
The thousandth's digit must be at least 2 since | doesn't change products obtained from three-digit
numbers. Let the number be 24BC where 4-B-C > 500. If 4 = 6,then B- C > 500/6 > 83, an

. e 500 3
impossibility. 1f4 = 7,then B-C > T =71+ 7 — B =8,C =9. Answer: [2789|

T-2. The right hand edge of the pile is at the following distance from the left hand edge:

9
N S g Y O A pa B[ 90 g o UE2E .+ 1999
1000 1000 1000 1000 1000
2000 1999
4000~ === = 4000~ 1999 = 2001,

T-3. Since240 = 2% 3. 5we assigna2toa,a3tobandastoc, leaving three 2's to assign to a, b, and ¢ in
some way. There are 3 ways to assign all three 2's to one letter, | way to assign a 2 to each letter, and
3 -2 = 6 ways to assign two 2's to one letter and one 2 to another, giving 10 distinct ordered triples

(a, b, c)where a, b, and ¢ > 0. Ans: [10].

T-4. Let m£4 = x. Then m£C =x — ml‘?l-) = 2x and by the . £
Exterior Angle Theorem, mZEBC =2x — mEE' =4x. Thus, A%Q
180° = 2x+ mZi’z“+ 4x — 6x < 180° making x < 30° — D\()/C
ms4 = 29°. -

T-5. We need only consider the first half of the number since the second half will mirror the first half. For an

+ 1
n-digit palindrome there will be £ = {n } entries in the first half. If we could freely chose 1's and 2's

there would be 2% different palindromes, but we're excluding those two with all 1's or all 2's, so there are

+1)/2 +1)/2 +1)/2
NP (T B palindromes. Hence, A2 00 5 A2 g0,
1
Thus, {n+ }= 11 - n =[21].
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Solutions to the ARML Team Questions — 2002

T-6.

T-7.

T-8.

Let 4B = 8 and note that AMBC is equilateral and ANAM ~ ANPD. A 8 B 8 M

ND PD ND
Thus,
NM

% —
AM ND+16 16

1 80 256 |43
ANAM = -16-[16+ﬁ}sin4M = 8[7]% = %41/-—3 The 8

2
87v3 ANAM
area of ABCDEF = 6.i = %Jg _, areaafAM  _
4 area ABCDEF

80
— ND = 0 The area of 8 8

102443 / 11 32

)

Let the equation of the mirror DC be y = mx+ b. The slopes C B, 12)

of the mirror, (ﬂ, and Z? are m, 2, and | respectively. Since L ’
the angle of incidence equals the angle of reflection,

tan ZCAB = tan ZDAO — T=L_ 2= ‘

_9
l+m 1+2m s

2

1+

32 —2m—-3=0 = m =

3 i 0

The discriminant of each quadratic must be a perfect square if each is to be factorable over the set of integers.

Thus, set a2 —4p = m2 and a2 -4b+1) = n2 for integers m and n. Subtracting cancels a2 and 4b

2

yielding m2 —n" =(m+ n)(m-n)=4. Since m+ n and m — n are of the same parity, we obtain

2

m=+2.n=0 — m? =4, Thus, from a> — 4b= m> weobtain @> = 4+4b — a=+2db+1. Let

a > 0. For ato be integral, b + | must be a perfect square, so let b+1 = ¢* forca positive integer. Then
both quadratic expressions are factorable since

zZ_y

x2+2c+c

i

x2+ax+b (x+c-=IDx+c+1)

2

X“+ax +b+1 2

(x + c)2

x2+20+c

Thus, for both expressions to be factorable it is necessary and sufficient that b + 1 be a perfect square and that

a=2vb+1. For 0 £b <2002,5b+ 1 is a perfect square for [42002] = 44 positive values of b. Thus, a

can take values.
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Solutions to the ARML Team Questions — 2002

T-9. Note that N* = (abe)(def Nghi)N = (aeibeh)ceg)def) = (ai(bh)(cg)(def)e® = (abe)(def Yghi)e®.
Thus, N = e3. We seek the least positive integer e such that abc = & for distinct integers a, b, ¢, and e.
Letting onc of a, b, or ¢ equal 1, say b = 1, then ac = 6’3. Now, ¢ can't be prime since if it were then

a=landc = 63 ora=ceandc = e2 , both of which are impossible since a, b, and ¢ must be distinct. Nor

cane = 4sincethena = landc¢ = 4 ora = ¢ = 2. Thus, the least value for e 1s 6 making

N =6 = [216].

o

Note: Such asquare exists. Letbs = 1, making h = 2232, Theng = 2 223 | 2,sz

[
[SRN

and i = 3 orvice-versa. Settingg = 2,thenc = 2- 32 and the rest of the

entries are determined in similar fashion, giving the figure at the right.

9
9
5%}
9%}

T-10. Without loss of generality, consider a rectangle ABCD that can be divided into » + m squares of side | and

n larger squares of side x. Since the dimensions of ABCD are integral, x must be a rational number. Let

£ where p and ¢ are relatively prime. Sincex > 1, thenp > ¢. Since the area of
q

X =

P —q2 (p—-9)p+q

2
ABCD = (n+m)-1 = {5] , we solve for »n to obtain n = Since

p and g are relatively prime, neither p — g nor p + ¢ divides q2 so both must divide m and they must
have the same parity. If m has two odd factors, say m = ijk wherej and & are odd, we have

i(j - k)?

p—q=j,p+g=kor p—qg=1 p+q= jk giving two different values for », namely 7

Cik - 1)2
or Ak D7 respectively. So m must have only 1 odd factor. If m is to be odd, it must be an odd prime.

There are 9 of those less than or equal to 29, namely, 3, 5,7, 11, 13, 17, 19, 23, and 29. If r is an odd prime,
the factors of 2r or 4r with the same parity are (1, ) and (2, 2r) and they both generate the same value for »,

(r — 12

namely . This is an integer since  — 1 is even. Thusm = 2r= 6, 10, 14, 22,26

and m = 4r = 12,20, and 28 generate an additional 8 values for m. If m = 8r, then (2, 4r) and (4, 2r)
have the same parityand p—q = 2, p+ g = 4r gives n= 2r — l)2 while p-q =4, p+ q = 2r gives

n=(r— 2)2. These are equal for r = 1, so for m = 8 there is a unique value for n. Form = 1,2 or 4 there
are no values forn sincebothp —g =L p+qg=1and p—g =2 p+q = 2yieldg = 0. Hence, the total

number of valuesis9+8 +1 = .
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ARML Power Question — 2002: Power of Association

In all these problems a cl/igue is a non-empty set of students and students may be members of more than one clique.

Also, lowercase letters denote students; uppercase letters denote cliques. For example, C = abcd is a clique of four

students, a, b, ¢, and d. We represent a collection of cliques with set notation, e.g. { abcd,efgh } is a collection of

two cliques of four students each. We use S to stand for the set of all students, i.e. the student body. There is a finite

number of students.

At Archimedes Academy, the faculty is concerned about students’ tendency to form cliques and it hires an
anthropologist to study the cliques. The anthropologist finds that the cliques at AA satisfy the following three

conditions:
Al.  Forany two students, there is exactly one clique of which they are both members.
A2. Ifastudent a is not a member of a clique C, then there exists exactly one clique D of which a is a
member and that has no members in common with C.
A3.  There are three students that are not all members of the same clique.
| a) If § = {a,b,c,d}, determine a collection of cliques that satisfies A1-A3.
b) If S = {a,b,c}, prove that there is no collection of cliques that satisfies A1-A3.

2. If S ={a,b,c,d,e, f,gh,i},determine a collection of cliques that satisfies A1-A3.

In problems #3 — #6 assume that C, D, and E are cliques at Archimedes Academy where the collection of cliques

satisfies A1—-A3 above.

A clique D will be called exclusive of clique Cif either () C = Dor(i)CnD = .

3. Prove that if C is exclusive of D, and D is exclusive of E, then C is exclusive of E.

Let |C | denote the number of students in clique C.

4. a) Prove that if C and D are exclusive, then |C| = |D |

b) Prove that if C and D are not exclusive, then |C I = |D |
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ARMIL Power Question — 2002: Power of Association

Let [a] denote the set of all cliques of which a is a member, let [C] denote the sct of all cliques exclusive of C and

let |[a] l and |[C] | be the number of clements in the specified sct. Thus, [a] = {C:a € C}and

[C]: {D:D=CorDn C =0}

Prove that I[C]l = ICI

Prove that if C and D are distinct cliques, then |[C]| = |[D] |

Prove that the number of students at Archimedes Academy must be a perfect square.

Faculty at Hausdorff High were similarly concerned and called in the same anthropologist. At HH the

anthropologist found that the cliques satisfy the following four conditions:

10.

11

12.

Hl1. For any two students, there is exactly one clique of which both are members.

H2. For any two cliques, there is exactly one student who is member of both.

H3. There exist three students who are not all members of the same clique.

H4. Every clique has at least three students.
a) Prove that if the student body has exactly four students, there is no collection of cliques satisfying H1-H4.
b) Prove that it is impossible for HI-H4 to be satisfied by a student body of fewer than 6 students.

Find one collection of students and cliques satisfying H1-H4 in which each clique has 3 members.

Is it possible for a collection of students and cliques to satisfy H1—-H3 but not H4? Justify your answer.

Let S be a set of students satisfying H1-H4, and let Cbe a clique in S. Let SC be the set of students in S and

not in C, i.e. SC = {s eS:s ¢ C}. Cliques in SC are formed by removing the members of C from the

cliques in S. Show that SC satisfies the Archimedian conditions A1-A3.

If | C | = n for some clique C, find with proof the total number of students at Hausdorff High in terms of n.
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L. a) LetT = {ab,ac, ad, bc, bd, cd}. Then T is a collection of cliques satisfying A1-A3.

We can show (not necessary for credit) that no clique can have more than two members. First, by A3 no
clique can have four members. Assume that abc is a clique. Then da, db, and de must all be distinct cliques
by Al (since a, b, ¢, cannot be members of any other single clique). But by A2, if da is a clique, hc must also

be a clique, which violates Al.

Since all cliques have two members, we can represent them as rows and columns but not diagonals in an

array:

The array yields ab, ac, bd, cd as cliques. So far this is not sufficient because we know that a and d are also
members of a clique. So we arrange a, b, ¢, d into a second array incorporating ad as a row, also yielding bc

as a clique.

b) Let ab be a clique. By A2, ¢ must be a member of a clique that does not include a or b. Therefore, ¢ must
be a singleton clique. However, bc is also a clique by axiom A, so @ must be a singleton clique by axiom
A2 applied to bc. This is a contradiction because a is now a member of two cliques that have no members in

common with clique ¢, namely, the clique a, and the clique ab.

2. Note that two-element cliques no longer work: if ab is a clique and cd, ce are both cliques, then A2 is
violated since ¢ is a member of two cliques disjoint from ab. We will look for a collection of cliques each of

which has three elements. Arrange the letters a-i in a 3x3 array alphabetically:

K b| c
d el f
gl h| i
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Using columns and rows but not diagonals, this arrangement yields cliques abc, def, ghi, adg, beh, cfi. Now
a and e also share a clique, so we need to start building a second array with ae as part of a row. To avoid
duplicating the abc clique, we arrange b and ¢ along the main diagonal, and similarly, d and g outside any
row or column with . By A1, b cannot be in the same row or column as e since we already have a clique

with be in the first array. In the array below these restrictions place b in the lower right hand corner.

ale
c| d
g|b

Now the choices for the other three spots are severely restricted: by axiom A1, the upper-right corner cannot

be f'(already in def) or h (already in beh) so it must be i. The lower-left corner must be f'and the middle left

must be A:
e | i
h|lc|d
fleg|b

Notice that the four cliques containing a exhaust all other members of S, so we’re done. Thus, a collection of

cliques satisfying A1-A3 is {abc, def, ghi, adg, beh, cfi, aei, hcd, fzb, ahf, ecg, idb} .

Note: Should we consider collections of cliques in which some cliques have a different number of members

from others? In 4a and 4b we prove |C | = |D |, so the answer is no.

3. If C= D, then we are done, since D=E =>C=FEand D NnE =0 = Cn E =, so in either case C is
exclusive of E. If CnD=C and D =E, then C N E = and so C is exclusive of E. The final possibility is
that Cn D= and D N E=. Assume that C N E # J. Then there exists somex € (CNE). Nowxg D
by the hypothesis that C N D = . But then by axiom A2, C and E cannot be distinct cliques. So C=E and

so Cis exclusive of E.

4, a) Trivial if C =D, so assume C N D = . Let the students in clique C be ¢, Cys C3nen and the students in
clique D be dl’dz’ d3,.... Then ¢ and dl belong to some clique, call it q dl‘ By axiom A2, c, belongs to

another clique that is exclusive of G dl . That clique is not exclusive of D by axiom A2

217



Solutions to the ARML Power Question — 2002

(or else there would be two cliques containing ¢ exclusive of D) so it contains some member of D, say d2.
We can continue constructing cliques exclusive of ¢ dl until we exhaust the members of C; each such clique
contains a distinct member of D (again by A2). So |C l < |D | . The same process applied to D shows that
|D| < IC I So |C| = |D | (Technically, we’ve used one-to-one functions to map C into D and then D into

C, which, in the case of infinite cliques would require the Schréder-Bernstein theorem to infer that

lcl=1p])

b) Let the students in clique Cbe g, ) . and the students in clique D be q, a/1 s d,, .... We use the same

)
<

Cyooe
construction as in 3a, beginning with the clique ¢ a’1 and choosing cliques containing Cyr C35 - each
exclusive of < dl . This time the fact that the cliques are not exclusive of D is guaranteed by problem 3: if

& dl is exclusive of some clique containing < and that clique were exclusive of D, then G dl would be

exclusive of D, which it isn’t since it contains dl‘

5. Let the students in clique C be C» Cyreenn €y and let d ¢ C. Let D be a clique containing > d. By problem

4, D has n members. Notice that by construction D is not exclusive of C. Now by A2, for each s € D, there

is a clique C ; that contains s and is exclusive of clique C. We'll show that the cliques CS actually form a

complete collection of all the cliques in [C] . If there were a clique C’ in [C] ,then C” must intersect D. If

not, then C’ and C are exclusive and so are C’ and D which would make C and D exclusive, but they can't

be exclusive since they intersect. That means that every C’ in [C] intersects with D for one value s; it can't

intersect in two or more values by Al. Moreover, by A2, it is true that each s in D but not in C is a member

of only one clique that does not intersect C. Therefore, the collection of cliques that are exclusive of C

consist of C itself and one class Cs for which every s which is in D but not in C. There are |D| possible

cliques that are exclusive of C, so |[C]| = |D | Since D and C intersect, |D| = |C| So

ll<l|=1p]=]c|

6. Byproblem s, |[C]| =|C| and |[D]| = |D|. By problem4, |C|=|D|. Thus, |[c]| = |[D]| by the

transitive property.
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7. Pick some clique C. By A2, every student at Archimedes Academy belongs to a clique in [C] , either C itself

or some clique Ci exclusive of C. But by the uniqueness provision of A2, cliques Ci are disjoint. So

|S| = Z |Ci | = Z |C| since |Ci | = |C| by problem 4. By problem 5, there
those C; € [C] those C; € [C]
2
are exactly |C| summands, so |S| = |C| .
8. a) Call the students a, b, ¢, d. Then by H1 and H4, ab is a clique with another member. Assume without loss

of generality that this member is ¢; by H3 that clique cannot contain d. Now by H1, a and d are members of
a clique ad which contains another member. But that contradicts H1, since both 4 and ¢ are already members

of another clique with a.
b) Start with a clique abc by H4. There is at least one other student d by H3. Now ad is a clique with

another member, necessarily neither b nor ¢, so call it e. Then bd is a clique with another member,

necessarily neither a, ¢, nor e, so call it . So at the very least we need 6 students.

9. The axioms are satisfied by the cliques abc, ade, afg, bdf, beg, cdg, cef for § = { a,b,c,dye, f,g }

10.  Using S = {a, b, ¢}, the cliques ab, ac, and bc satisty HI-H3. Clearly every two students are in exactly one
clique, every two cliques share a student, and there exist three students who are not members of the same
clique.

11.  Al. For any two students, there is exactly one clique of which they are both members.

Suppose that g, b € SC and there are distinct cliques C land C2 in SC containing both @ and 5. Then

Cl c Cl,where C],is a clique in S and C2 c Cz,where Czl is a clique in S. But then Cl'and C2, violate H1.
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A2. If a student s is not a member of a clique C, then there exists exactly one clique D of which s is a

member and which has no members in common with C.

Existence: Choose a clique D in SC and a student s ¢ D. We need to find a clique £ containing s as a

member with £E N D =. Now for some clique D" in S, D c D’". By H2, D" n C contains exactly one
student, call it #. Then by H1 there exists a clique £’ in S containing s and 7 and by H2 that clique contains

no other member of D. Therefore, let £ be the clique in SC that results from removing  from E’.

Uniqueness: Guaranteed by H1I since in the previous construction E” was unique.
A3. There are three students that are not all members of the same clique.

We show how to find three such students. If a € SC , then for some ¢ € C, ac is a clique distinct from C (by

H1 and the fact thata ¢ C), so by H4 there is a third student b € ac. Butthen b ¢ C by H2 applied to C and

ac,s0 b e SC‘ Now C has at least three members so pick ¢'# ¢ in C and repeat the process to find a student

de ac’. Butd# bbecause ac and ac” are distinct cliques, so by H2 they have only one student in common

in S, hence only one in common in SC . So a, b, d are distinct students in SC . Since ab and ad are distinct

cliques in S, g, b, d cannot all be members of any other single clique in § (by H2) and so are not members of

a single clique in SC .

Since |SC |= IS |— |C| we have |S | = |SC |+ |C| Since SC satisfies A1-A3, by problem 8,

then |S C | = ID |2 , where D is any clique in SC . But |D| = n— 1, because if we consider the extension D" of
Dto S, |D’ NnC I = | by axiom H2. So |S | =(n- l)2 +n = n -+l Incidentally, this shows that the

smallest student body is given by 32 _3+1=7 students, and that the next smallest is 42— 441 = 13 students.
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I-1. Ford>B,if ABA 10~ BAB 10 is divisible by exactly three distinct primes, compute the largest possible

value of B.

1-2.  Starting with the outermost ring, a farmer cuts a circular field in rings of uniform
width. As an example, the diagram shows one and a half trips around the field. If
the width of each ring is 5 feet and if after the farmer has made eight and a haif
trips around the field, he has cut half the field, compute the radius of the field in

feet.

I-3. The legs of isosceles trapezoid ABCD are diameters of
tangent circles O and P. If 4B = 90 and CD = 1000,
compute the height of the trapezoid.

I-4. Compute the number of ordered pairs of integers (x, ) with 1 < x < y < 100 such that i* + i is a real

number. Note: = J—l .

I-5. Letk be a positive integer. The intersection of the graphs of y < k and y > | x| contains at least 90 lattice

points. Compute the smallest value of £.

1 1 1 1 1
1-6. Leta be the integer such that 1 + 7 + 3 + 7 + e+ 5 + ST %. Compute the remainder when a is

divided by 13.

-7. If f(x) = (x- 3)2 — 1, compute the set of real numbers such that f(lx I) = |f(x)|.

1-8. ABCDEFG is a regular heptagon of side 1001. Compute AC? - (DEY(FB).
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1 7

2. 145
3. 300
4. 1850
5. 11

6. 7

7. 0<x<L20r4<x. Altemately,[O,Z]u[4,oo).

8. 1002001
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1-1.

1-3.

4.

ABA]O —BAB10 = (1014 +10B) —(101B-10A4) =91(4 - B) = 7- 13(4— B). To maximize B, choose A

as large as possible and minimize 4 — B. If 4 = 9, then for B = 7,4 — B = 2,a prime. Thus, B = [7]

LetOA4 = r, OB = r—-40,and OC = r—45. Then thc arca of the large
ring plus half the area of the small ring equals half the area of a circle.

2

2 2,1 2 2Y_ 1 _ 2
nr” - n(r — 40) +2(n(r——40) ~T(r —45) )—znr - 4 B[ [c .,

2 2 1 r2
e —=(r —80r+1600)+5(10r—42$:7 -

r2 —170r +3625=0 — (r —25)(r— 145 = 0. Thus,r = 25 or 145, but 25 is too small, so r = [145].

LetAB = xand DC = y. Then DE = _v;_x The median

X+ y

of trapezoid ABCD equals OQ = , but that also equals

(.

~

¢ +
2r which equals AD and BC. Thus, 4D = /\2_y , giving

»)
m - - -
<
9!

(4xy) = xy. Thus, h= ny and since x = 90 and y = 1000,

VR
<
SN
=
~—
[§}
+
Byl
(¥}
|
VR
<
N+
=
N——
[39]
>~
[\
Il
N]—

+
h = 490000 = [300]. Note that the area of the trapezoid equals J;;[x y] , the product of the arithmetic

and geometric means of the bases.

i* + i is real when both x and yare even. There are 10,000 ordered pairs of (x, y) and 2500 of these will
have x and y both even. In 2500 — 50 = 2450 pairs we have x # y and in (1/2)(2450) = 1225 pairs we have

- 15 = 2i, it is clear that i* + i is also real when x and v are both odd as

x < y. Since il + i3 =0,but 7
long as their difference is 2 more than a multiple of 4. There are 2500 ordered pairs with both x and y odd
and (1/2)(2500) = 1250 pairs with x < y. In half of those y — x = O(mod 4) and in the other half

y—x = 2(mod4). Thus, there are (1/2)(1250) = 625 pairs where x and y are odd.

Answer: 1225 + 625 = [1850].
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1-5.

If we intersect the region with vertical lines drawn through lattice . . | ... -
points we see that from left to right the number of points will be A A
L4244 (k-2 + (k-1 +(k-2)+... +2+1 = AN SR

1+ (k-2 2 .
2 -2— (k=2 +(k=1) = (k—1)~. Or, use horizontal NN
lines to obtain | +3 + ... +(2k—3) = (k= 2. For (k - > >90, k = [I1.

2311+ 231 = |+ 231 £ |+ o 4231 = |+ 231 =

Since 14 44 1 11 ' 2 \3 |22 '23h

mnce +2+3+---+22+23— 231 , then

1 | 1 1
a= 2311+ 23![3] + 23![3] +---+23 '[Z] + 23![5—3-] . Every term in this expression is divisible by

23!

1 !
13 except 23! [BJ Consequently, the remainder when a is divided by 13 is the remainder when - is

divided by 13. Since the remainders when 14, 15, 16, . . ., 23 are divided by 13 are the same, respectively, as

the remainders when 1, 2, 3, ..., 10 are divided by 13, the remainders R of the following are the same when
.. 2
divided by 13: (1-2-3-...-12)(14-15-16 -...-23), (1-2-3...-9-10)(11-12), and
2
((2 -7)-(3-9)-(4-10)- (5-8)- 6) (11-12). Note that we have paired up numbers whose product is 1 more
than a multiple of 13. This means that the remainder when a is divided by 13 is given by the remainder when

621112 is divided by 13. Since 10- 11 - 12 = 1320 = 13 - 100 + 20 gives the same remainder, we need
only look at the remainder when 20 is divided by 13. Answer: [7].

Alternate solution:

R=(12-3-...-12)(14-15-16 -...- 23) (mod 13) = 1-2-3-...-12-1-2-...-10 (mod 13) =

(121)(10!) (mod 13). By Wilson's Theorem, (p — 1)!

—1 (mod p), giving R = (-1)(10!) (mod 13).
Since 10! - 11 - 12 = 12! = —1 (mod 13), then (10!)(-2)(-1) = (-1) (mod 13). Thus, 2R = -1 (mod 13)

so 2R = | (mod 13), making R = 7.
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1-7.  The leftmost diagram is the graph of f(x) = (x — 3)2 — 1, the middle is the graph of |_/'(x) | =

(x—3)2—1|,

2
a selective reflection over the x-axis, and the rightmost is the graph of /(l by I) = ((l x I - 3) - 1] , areflection

over the y-axis.

8 8
2 \/ -2 2
2 4

The solution set consists of the x-values for which the middle and right hand graphs overlap, namely,

[0 < x<2o0r4 <x.

1-8. In all these solutions note that AB = BC = ...= GA = x, GB = AC = b,and FB = GC = qa. Thus,

AC? —(DEXFB) = AC? — (4BXGC).
Since ABCG is cyclic, we have by Ptolemy's Theorem,
AC-GB = AB-GC + AG - BC. The trapezoid is isosceles so AC = GB

giving AC% = AB-GC + AB> — AC? - AB-GC = AB* = 1001°

= 1002001 .

Note: this method would establish that for any regular »—gon A1A2A3 An, the following relationship

holds: (A1A3)2_(A1A2)(AnA3) - (AlAz)z'
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Alternate solution using Law of Cosines: Draw A4

X B
900/7

—_— 180/7
AH || BC making rhombus ABCH. Let GH = y. Since

ABCG is an isosceles trapezoid and each interior angle of

the regular heptagon equals 900/7 in degrees, the rest of

G /3607 360/7\ 900/7 180/ c
the angles are as marked. Y H X
a
900 900 360
Using AACH: AC® = b* = x* + x* = 2(0)(%) cos . Since =+ == = 180, then
900 360 360
cosT = —cosT, giving b = 2x2 + 2x7 cos —.

360

360
R +y2 —2(x)(y)cos—7—. Thus, 0 = y2 - 2xycosT -

Using AAHG: AG? = x
360 360
y=2xcos— — xy = 2x2 cos——.
7 7
360 360
AC2 —(GC)(4B) = b2 —(x+ y)x= b2 - x2 —-xy = [2x2 +2x2 cos T] - x2 - [sz cos T] = xz.

Since x = 1001, the answer is 1002001.

Alternate solutions using the Law of Sines:

b X
Using AABC = d si
sing > Sin(180 — 20)  sin@ 1o omee
2sinBcos 6
sin(180 — 20) =sin20, b = -x(LGCOS) = 2xcos0.
sin

Using AAIC, cos6 = -IZ; — z = bcos 0, and using AAGI

c0s20 = Y s W= xcos20. Since a= w+z,a= xcos20+ bcos® = xcos20 +(2xcos0)cosH.
x

Thus, b2 —ax = 4x2 0052 0 — (-r(Zcos2 0 - l] + 2xcos2 (-)jx = x2.

a . i3sin9 — 4sin3 6)
Or, one could use b = 2xcos 0 and from AAGC obtain — =— = g= - =
sin30  sinB sin 6

3x — 4x sin2 0 = 3x —4x(1 - cos2 0) and continue as above.
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R1-1. Suppose that in base 10, ELEVEN stands for a number divisible by 11. If different letters stand for different
digits, compute the largest value for ELEVEN.

RI-2. LetT = the sum of the digits of TNYWR. In the A M B

diagram, ABCD is a parallelogram, the circle is
inscribed in thombus AMND, and the areas of the
shaded regions are equal. If NC = T—41, compute the

circumference of the circle.

R1-3. LetT = TNYWR. Solve for x:

ARML Relay #2 — 2002

R2-1. Ed spends $1.20 every week on noodles. The price of a package of noodles changes each week, cycling
through 10, 15, and 20 cents in a regular fashion. To the nearest penny, Ed spends N cents on average per

package of noodles. Compute N as an integer without any dollar or cents notation.

R2-2. LetT = TNYWR. In AABC, 4B L AC, AD L BC, the 4
area of AABD =2, and the area of AADC = T.

Compute tan2 £B.

R2-3. Let7T = TNYWR. Compute the area of the smallest regular hexagon containing the points

7 1007
A(log IOOT’O] and B[log - ,O].
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Relay #1:
RI1-1. 989791
RI1-2. 8
R1-3 ﬂ

81
Relay #2:
R2-1 14
R2-2 7
R2-3. 63
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RI-1. IfELEVEN isdivisibleby 11,then E-L+E-V+E-N = 3E—~(L+V +N)isdivisible by 11.
SctE = 9> 27 — (L+V +N)isdivisible by 11. ELEVEN is largest when L + V + N = 16 and when

L =8V =7andN = . Thus, ELEVEN = 989791 |.

RI-2. T=9+8+9+7+9+1 = 43, making

NC = 43-41 = 2. Since n(r)> = 2r(NC), then
nr = 2NC , giving 2nr = 4NC. Thus, the circumference
of thecircleis4 -2 = .

D N C

2
T-1 T-1
- x= .
T+1 T+1

RI.3. T=8 Since 1+vx=T-Tox.then Tdx +¥x =T -1 — ox =

H cex =
€n .

Solutions to ARML Relay #2 — 2002

R2-1. Every three weeks Ed buys 12 packages at $.10/package, 8 packages at $.15/package, and 6 packages at
$.20/package, making a total of 26 packages costing $3.60. Since 360/26 = 13.8, Ed spends an average
of $.14 per package. Pass back .

R2-2. T = 14. In general, if the areas of A4ABD and AADC are A

m and #n respectively, then their bases B_D- and DC have

lengths mx and nx respectively, since the triangles share an

m n
altitude. Since 4D is the geometric mean between BD and
C
DC,AD = J(mx)(nx) = xymn. Thus, B mx D ’”‘
14
tanB = L2 ﬁ and tan® B = —. Sincem = 2andn = T = 14, tan’ B = — = .
mx J,; m 2
R2-3. T = 7. The smallest regular hexagon will have 4 and B at endpoints of x
, . 1007 7
the longest diagonal whose length will be log —log = . S
1007 4/ x N «x B
4.2 4.2 7N
10" T 10%7 7N\
log 29 = log 0 4. Since AB is twice the side x, the side y \/

22;/5} — a3l

of the hexagon is 2 and the hexagon's area is 6[
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Note: Pass answers from position 1 to 8 and from position 15 to 8.

1. Given that2002 = 2711 - 13, compute the number of positive two-digit factors of 2002.

2. LetT = TNYWRand let K =T +2. The large circle has a radius of K.
The congruent circles centered at P, O, and R are tangent to exactly two other

circles and circle Q is concentric with the large circle. Points 4 and B lie on

the large circle so that AB is tangent to circles P, O, and R. Compute 4B.

3. LetT = TNYWR. if |a+ bi] = T and |a + 26i] = V72 +96. compute |a].

4. LetT = TNYWR. Four congruent isosceles trapezoids are \ A 7
arranged as shown. The length of the longer base of each trapezoid D
is 7 more than the shorter base. If the area of quadrilateral ABCD is v

the product (20.02)7, compute the height of a trapezoid.

5. LetT = TNYWR. Let K be the integer closest to 7. A bag contains K marbles, half of which are green;
the other half are red. Two marbles are drawn randomly and without replacement from the bag.

Compute the probability that their colors differ.

. . . N . .
6.  The number you will receive should be a fraction. Let D represent the simplest form of the fraction and let

T =D- N. Foradigit 4, if ’ZT =1- 'ZT for numbers written in base 7, compute 4.

2004 +3

K 2002 +

2000

7. LetT = TNYWRand let K = T +3. Compute the largest prime factor of K 2K

8. Letm and » denote, respectively, the smaller and larger of the two numbers you will receive. Cubes 4 and B
intersect each other and their intersection is cube C. The volume of C is m, the volume of 4 is at least as large
as the volume of B, and the volume of the union of 4 and B is n. If the volumes of 4 and B are integers,

compute the number of different volumes that cube 4 can have.
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15.

13.

12.

11.

10.

Compute the largest two-digit multiple of 3 that is one less than a perfect square.

Let7T = TNYWRand let K =T + 1. The diagram shows ten
congruent squares, each with an arca of K. Compute the

exact perimeter of ABCDE.

The number you will receive should be in the form a + bﬁ where a and b are integers. If b consecutive

. . . 15 .
integers have an arithmetic mean of > compute the smallest of those integers.

Let T = TNYWR. The following system of equations has no solutions except for one particular value of K.

Compute that value.
x+Ty+5z = -l
—2x+ 14y = K+10z

Let T = TNYWR. A4ndy's Ristorante of Miscellaneous Lunches offers a special where you can order an
entree, a dessert, and either a salad or an appetizer, but not both. There are 4 entrees, 3 desserts, 5 appetizers,
2 salads, and each salad will come with one of T different salad dressings. A customer must order an entree,

but need not order any of the other dishes. Compute the number of different lunches that could be served.

LetT = TNYWR. Let K =

w |

0 0
. Given 0° < 8 < 90°, compute 8 such that sin[z +K°J = cosz.

(Pass back the value of 6 without the degree symbol).

Let 7 = TNYWR. Since[log 7] = 1, compute the value of 6 + [ log 73 ]. [ x] is the greatest integer

function.

Let m and » denote, respectively, the smaller and larger of the two numbers you will receive. Cubes 4 and B
intersect each other and their intersection is cube C. The volume of C is m, the volume of 4 is at least as large
as the volume of B, and the volume of the union of 4 and B is n. If the volumes of 4 and B are integers,

compute the number of different volumes that cube 4 can have.
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1.7

2. 1242

3. 16

4. 20.02
10

5. —
19

6. 4

7. 17

15. 99

14, 100+ 30v2
13. -7
2. 2
1. 160

10. 87°
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Solutions to the ARML Super Relay — 2002

1.

The two-digit factors of 2002 are 11, 13,2-7=14,2-11=22,2-13=26,7-11=77,and 7 - 13 =91. Ans: [7.

Let r be the radius of the small circles — the radius of the large circle = 3r. Let M be the point of tangency of

—_ — — AB
circle O and 4B. Then QM L AB and from right triangle MQB we have P2+ [T] = (3r)2. Since

2
AB
T=7K=9=3rthenr = 3 — 9+[7—] _ 81 - AB* =288 — 4B - 12

Va2 + b2 = Tand Va2 + 467 =42 +96 — a2+ b2 = T2 and o + 4% = T2 + 9. Subtracting
: 2 2 2 _ .2 , _ 2 _ _

gives 3b =96 > b” =32 > a” =T~ —32. Since T = 1242, then a~ = 288 —32 = 256.
Thus,lal = [16].

ABCD is a rhombus whose area is (1/2)(4C)(BD). Since AE =

s

NN

then BD = T. Let h be the height of the trapezoid. Then

(20.02)T = %(2h)(T) — h = [20.02]. Tis irrelevant.

K
After the first marble is selected there are K — | marbles remaining and Y of them have a different color from

K[2 10
the selected marble. So the probability is X / T Since T = 20.02, then K = 20. Ans: .

- - - | A A A 1/ T A 1 .
-4 =.4A_, > .A_ = —. Thus, =+ —+—+--- = 4 = = —. Possible
T T T 2 T T2 T3 1-1/T 2

answers (4, T) are (1, 3), (2,5), 3,7), (4,9), ...,(9, 19). Since T = 9, then 4 = [4].

K 2004 4 3 2002 5g 2000 K2000[K4 + 3K +2) = KzOOO[Kz + 1)(1(2 +2j. Since T = 4,K = 7,

2000

and we have 720 50)51) = 72°%%(2. 52 .3.17). Ans: 7).
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Solutions to the ARML Super Relay — 2002

15. Since 99 = 10% ~ 1 and 99 is the largest two-digit multiple of 3, the answer is [99].
14. Let x be the side of a square. Then the perimeter is 10x + 3xJ2_. Since 7 = 99, K = 100, and x2 =100 -
x = 10. Answer: 100 + 30J2-.
. . b(b - 1) - .
13. Let the integersbe nn+ L,n+ 2,...,n+ (b — 1) — their sum = bn+ . Dividing by b to obtain the
b—-1 15 16— b
mean yields »n+ ) - n= . Since T = 100+ 30J2_,b = 30 makingn = [=7].
. K . .
12. The second equation can become x — 7y +5z = — - The equations are equivalent for 7 = —7 and K = [2].
The answer is independent of problem 13.
11. If no dessert is a choice, there are 3 + 1 = 4 choices for dessert and 5 + 27 + | choices for salad/appetizer or
neither. The total number of meals is 4(5 + 27+ 1)4 = 96 + 32T. Since T = 2, the answer is [160].
0 . |8 . 0 0 0
10. Since cos% = sin[90° - -6-] > (), we have sm[; +K°] = s1n[90° - EJ - 5 +K° = 90° - g or
0 0 3 . .
5 +K° = 180°—90°— g . Thus, 8 = 5(90°~K°) or 3(90° - K°). Since T = 160, K = 32, making
0 = 87° or 174°. Since 0 is acute, 0 = [87°].
9. Since[log T]=1, Tis a two digit number and [ log T3] = 3,4,or5 for Tin[10, 21], [22, 46], and [47, 99]
respectively. Since 7 = 87, [ log T3] = S5and 6 +[ log T3] = [11].
8. If 4 and B partially overlap, then vol (4) + vol (B) —m = n — vol(4) + vol (B) = n+ m. Since

vol (4) = vol (B), then vol (4) > 2=

. If A and B coincide, then vol (4) = vol (B) = n but since

n > m,vol (4) > vol (C). Thus,m < < vol(4) < n. Sincem = 1l andn = 17, we have

11 < 14 < vol (4) < 17. So, the possible values for vol (4) are 14, 15, 16, and 17. Answer: [4].
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ARMIL Tiebreakers — 2002

1. Compute all £ such that the equation Jx + k = x —1 has two distinct real solutions for x.

2. Shown are three semicircles whose diameters lie on AB.

If C_DJ_E, CD = 3, and AB = 10, compute the arca of the

unshaded region.

3. There are » triangles of positive area that have one vertex at A(0, 0) and the other two vertices at points with

coordinates in {0, 1,2}. Compute n.
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ARML Tiebreaker Solutions — 2002

-5
. x4hk=x>—2x+1 - x>—3x+(1—k) =0. Thus, 9—4(1 —k) >0 — 4k > -5 — k>—=. But

some of those solutions are extraneous once the curve y = Jx + k slides too far to the left as shown below:

k=-1/2

5
Th ——< kL1
us, 2

2. Since ABCis aright triangle, AD- DB = CD*. LetAD = x,then x(10 —=x) =9 — x = 1.

2 2
Then the unshaded TR S O R Y - .
en the unshade areaequas2 > > > > =7
3. There are 3 - 3 =9 points that can be formed using the coordinates {0, I, 2}. Eliminate 4(0, 0) and from the

remaining 8 points choose 2. This can be done in 8C2 = 28 ways. Eliminate the pairs (0, 1) and

(0,2),(1, 1) and (2, 2), (1, 0) and (2, 0) since they are collinear with 4, leaving 28 - 3 = pairs of points.
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THE 28" ANNUAL MEET

This year there were 25 teams in Division A and 72 teams in Division B for a total of 99 teams
involving close to 1600 students. There were teams from India and the Philippines but no teams
from Taiwan this year due to SARS. There was a very spirited competition in Division A for the
national championship. Going into the relays Thomas Jefferson trailed San Francisco Bay A by
6 points, 131 to 137, but with 24 points on the relays, TJ surged ahead, winning 155 to 153. In
Division B Connecticut A won easily with 112 points, but there was spirited competition for
second and third with 3 teams bunched very close together. Lehigh Valley prevailed for second
place.

Sam Baethge of Texas received the received the Samuel Greitzer Distinguished Coach Award.
Sam has long been associated with ARML and in 1997 he received the Alfred Kalfus Founder's
Award in recognition of his stalwart and enthusiastic support.

Tatiana Shubin and Marilyn Blockus received the Alfred Kalfus Founder's Award for their fine

and tireless work in setting up the new western site at San Jose State University.

The following received the Zachary Sobol Award for their outstanding contributions to their
teams:

Dominic Albino Western Massachusetts
Eve Drucker AAST

Robert Ikeda Southern California
David Vincent Phillips Exeter
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ARMIL Team Questions — 2003

T-1. If 121b =N 10 and N has 9 factors, determine the least positive integer valuc for b.

T-2. Starting at 11:44 A.M., Tony walked for 5 miles. He noticed that his average speed. expressed in minutes
and seconds per mile, was numerically equal to the time at which he stopped if he thought of the hour as

minutes and the minutes as seconds. Compute the time at which he stopped.

T-3. ABCD is a quadrilateral with mZDAB = 90°, m/ZBCD =135°, BC = 3,and CD = 242 . Compute the

maximum possible area of 4ABCD.

T4. Let S= { 1,2,3,...,24,25 } Compute the number of elements in the largest subset of S such that no two

elements in the subset differ by the square of an integer.

T-5. A square is divided into 24 congruent rectangles as shown. On each side of the :

dotted line 4 rectangles are chosen at random and colored black. The square is then '

folded over the dotted line. Compute the probability that exactly one pair of black :

rectangles is coincident. ‘ ‘

T-6. Let the faces of a unit cube be the six planes x = 0,y = 0,z =0,x =1,y =1,z = 1. Compute the
values of ¢ such that the points 4 (l, /2, t) and B (1/2 o1 t) have multiple equal-length shortest paths

connecting them along the faces of the unit cube.

T-7. Intrapezoid ABCD, the perimeter is 600, all sides are integers, AB = BC = CD, and AD s the longest

side. If the area of ABCD equals kﬁ for k an integer, compute .

| 1

] 1 ] — —
—_ -+ ’
60)3 - (2460)59. Compute the

. Liliwl Liigl 0 Lol
T-8. Let273” = (242 3 60y . (243 4 60)°. (244 3

value of x + y.

T-9. Assume that as a cubical bar of soap is used, all edges shrink at a constant rate of » units per day. Starting
with a full bar, the soap was used for 6 days and its surface area was cut in half. Starting with a full bar of

soap, compute exactly the time it would take for the volume to become one-eighth of the original volume.

T-10. ARMLovian, the language of the fair nation of ARMLovia, consists only of words using the letters A, R, M,
and L. The words can be broken up into syllables that consist of exactly one vowel, possibly surrounded by a
single consonant on either or both sides. For example, LAMAR, AA, RA, MAMMAL, MAMA, AMAL,
LALA, MARLA, RALLAR, and AAALAAAAAMA are ARMLovian words, but MRLMRLM,
MAMMMAL, MMMMM, L, ARM, ALARM, LLAMA, and MALL are not.

Compute the number of 7-letter ARMLovian words.
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1. 5

2. 12:48

30 A 005
4. 10

5. 2% 4

495

; -13-+
’ 2 72
7. 573

8. 3540

9. 6+32

10. 1435
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Solutions to the ARML Team Questions — 2003

T-4.

T-5.

2 32

121b = b2 +2b+1 = (b+1)2. Since 62 =27 -3 has (2 +1)(2+1) = 9 factors and it is less than

28 = (24)2 which also has 9 factors, then b = [3]

If he finished at x minutes past 12 then he walked for 16+ x minutes. Setting his average in minutes per

X X
=124+=——>1lx =528 —

16+
mile equal to the time he stopped expressed as minutes gives 50

x = 48 . He stopped at [12:48|

Break ABCD into triangles ABD and BCD. The area of BCD is fixed and D

1 .
equals 7 3- 242 sinl135° = 3. By the Law of Cosines,

2
1332=32+(2J5) —2.3.242c0s135° = 29 — DB = 29 . Since

DB is fixed, the area of ABD is maximized when ABD is an isosceles right

9

29
triangle, making AD = AB = T — the maximum area of ABD = e Thus, the maximum area of
2

29 41
ABCD Is3+— = |—|
equals 2 2

Note that of any five consecutive numbers k,k + Lk +2,k + 3,k + 4 at most two of them can be in S. If
three were in S, either two of them would be adjacent and would differ by 1, a square, or they would be

k.k +2,k +4. But k + 4 and k differ by a perfect square. Apply this lemma to the subsets {1, ..., 5},
{6,...,10}, {11,...,15}, {16,...,20},and {21,...,25}. At most two of each set can be in S, so at
most 10 of the elements of {1, 2, ..., 25} canbe in §. Theset {1,3,6,8, 11, 13,16, 18, 21, 23} clearly

satisfies the conditions, so the answer is [10].

12 :
There are [ 4 J ways to choose 4 rectangles on the left. For exactly one b

rectangle to be coincident with one on the other side, we must choose one of L] CIX X

4
the four possible X's and that can be done in [1] ways. We must choose 3

24
495/

8
blank rectangles and that can be done in (3] ways. Answer: [ ] =
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Solutions to the ARML Team Questions — 2003

2
Alternate solution: There are [ 4 ] ways to choose 4 rectangles on each side of the dotted line. Letting

lower case letters stand for the rectangles, let 4 = {a, x, y,z} be the rectangles chosen on one side and

B = {a,u,v,w} be the rectangles chosen on the other. We need x, y, z, #,v,w to be distinct. There

11 8
are 12 choices for a, [ 3 ] ways to choose x, y, andz, and [3} ways to choose #, v, andw. Thus,
2. 11] (8
3) 3) 24
\2 :
12 495
4

T-6. Consider the cube in the diagram to the right -
. 1
and consider the case where ¢ > 3 Let M, N, N K B(/2.1,0)
V4
d K be th f the f: Unfold th M
an ¢ the names of the faces. Unfo e AQ 20—

cube in the two ways shown below.

N K
M K C 12 1—1¢ t
I B B
1/2
t t
l-t| 7
[ 172 12 | s
t
M
Fig. 1 Fig.2

In Fig. 1 the distance between 4 and B is clearly 1. So, in Fig. 2 the distance must be 1 as well, but it also

3 1
equals JE[E - t] since ABC is a 45-45-90 right triangle and AC = > + (1 —¢). Thus,

3 342 1
ﬁ{-z- - t] =1-1t= ZJ_ < 3 then 1 — ¢ would give the same two equal length paths.
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Solutions to the ARML Team Questions — 2003

]
Thus, 1 —[ also works. If 7 = 5, the distance from 4 to B in Fig. | equals I, while in

2

3—5] W2
2

Fig. 2 it equals JE Thus, 4 and B can't lie in the center of a face. Answer: 1 =

L-1 3-4$
or 2 A

2

T-7. P =600 = 4a +2¢ — 300 = 2a + ¢. The area equals

—(2a+2c)J = (a+ L)'J ~? = k>

(a—c)a+ c)3 = k3. Since a, ¢, and k are positive integers,

3 e
a— c = m" for some positive integer m.
From 300 = 2a+ c and a— ¢ = m3,we obtain 3a = 300 + m3, giving a = mT+ 100. Letm = 3n

—>a=9n3+100and c:100—18n3. For n22, c<0,sofor n=1,a=109, ¢ = 82, giving
k = 573

T-8. Observe that

1 1 1 2 2 2 3 3 3 58 58 59
—+—+.+— + —+—+...+— + —+—+---+— +... —+—
59 60 60

1 (2:3) (3:-4) (45 59 - 60 1+2+3+--+59
= —+| == +oe = = 885.
2 (2:3)7\24) |25 2- 60 2

885
Thus, 2¥3% = 24383 (233) — x = 3(885)and y = 885. Thus,x+y = [3540]
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Solutions to the ARMIL Team Questions — 2003

T-9.

T-10.

Since in 6 days the surface area 6a2 becomes 302 = 6[7a—- . %], then in 6 days each side must be 1/ JE
2 2

as long. To rcach a volume of one-eighth of the original, cach side must be one-half as long. Without loss

of generality, let the bar be a cube of side 1. Consider the lincar function where edge y is a function of

times. Atz=0,y=1andats=6,y=1/¥2. The slope of this line is

_[l—ﬁ

6v2

1-+2 . .
and its equation is
62

] t. Lety =1/2 and solve for  obtaining m days. This is about 10.24 days.

The conditions given are equivalent to the condition that a word not start or end with more than one
consonant and not have a consecutive string of three or more consonants. We'll count the number of

possible n-letter words ending in a vowel Vn one consonant On, or two consonants T’ .- We include the

words ending in two consonants because although they are not ARMLovian words, they generate

ARMLovian words by the addition of a vowel at the end.

Note that V1 =1, Ol = 0. Also, V, = 4,i.e,AA, LA, MA, and RA, O2 = 3,i.e., AR, AM, and AL, and

T, = 0 since no word can end in two consonants. In general, V. =V _, +0O, _, +T _ becauseadding

1 1
a vowel to the end of a word ending in a vowel, 1 consonant, or 2 consonants will produce an ARMLovian
word. Or one could say that removing a vowel from the end of an ARMLovian word will yield a prefix
ending in 0, 1 or 2 consonants.

In addition, O’7 = 3Vn_ since adding any one of three consonants to the end of a word ending in a vowel

1

will produce an ARMLovian word. Finally, Tn = 3. On_ since any one of three consonants can be added

1

to the end of a word ending in a consonant. Thus, we can generate the following values:
V= V2+02+T2 =4+3+0 =7, O3 =3V, =3-4=12and T3 =3~O3 =9,

Continuing in this fashion we obtain:

Vy =28 O4=21 T4=36
V5:85 05=84 TS=63
V6 =232 06 = 255 T6 = 252
V7 = 739 O7 = 696 T7 =765

The number of acceptable seven-letter words is V7 + 07 = 739+ 696 = [1433
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Solutions to the ARML Team Questions — 2003

Alternate solution: Let's determine the number of words by the number of A's in the word:

7A's 1 word, namely AAAAAAA.

6 A's 21 words since there are 3 choices for the consonant and it can go in one of 7

places. Thus, 3(7C1) =3-7 =21.

5A's 171 words. There are 3 - 3 choices for a consonant and the number of choices for their

position is 7C , = 2 since they can go anywhere except together in the first two positions or

together in the last two positions. Thus, 9 - (7C2 - 2) =9-19=171.

4 A's 594 words. There are 3° choices for the three consonants. They can't be together in the first
two positions, together in the last two positions, or be three in a row. If the consonants were
3 in a row, they could occupy positions 1 —3,2 -4, ...,5— 7 giving 5 possible
placements. If they occupied the first two positions but not the 3, there would be 4 possible
placements of the consonants. Similarly if they occupied the last two positions. Thus, there

are 5 +4 +4 = 13 positions the consonants cannot occupy. This gives

27 - (7 Cy- 13) = 27-22 = 594 ARMLovian words with 4 vowels.

3A's 648 words. There are 34 ways to choose the consonants. Once chosen we have the following

possible words:

AccAccA, AcAccAc, AccAcAc, cAccAcA,
cAcAccA, cAAccAc, cAcAcAc, and cAccAAc.

This gives 8 - 81 = 648.

There are no ARMLovian words with 2 or fewer A's since that would put 2 consonants together at the

beginning or end, or would give a run of 3.

The total number of words is 648 + 594 + 171 +21 +1 = 1435.
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ARML Power Question — 2003 _It's Those Rabbits Again!

A sct of positive integers {xl + Xy } is called a Fibonacci set if X <X

and x = x
2 n n

1 tX, s forall n>2.

We say that {a, b} is a subset of a Fibonacci set F if o and b are distinct but not necessarily consecutive members
of F. Notice that any two-member set {a, b} of positive integers is a subset of at least one Fibonacci set. Since any

Fibonacci set is determined by specifying its two smallest members, list just the first two members. Thus,

write {1,2,...} for {1,2,3,5.8,13,....}.

1. a) Give an example of a set of positive integers {a, b} that is a subset of only one Fibonacci set.

b) For how many Fibonacci sets {xl,xz, } 1s it true that Xy = 20037

2. a) Find all Fibonacci sets that have {8, 144} as a subset. Specify each one by listing its two smallest

members.

b) Leta and b be positive integers with 0 < a < b. Prove that {a, b} is a subset of more than one Fibonacci

setif and only if 2a < b or2a > b.
3. Prove that no Fibonacci set has {60, 117, 174} as a subset.

4. Compute the number of Fibonacci sets where x, = 2003 for n =2 2.

5. Prove that any Fibonacci set has infinitely many subsets of the form {a, a+d a+ Zd}.

6. Prove that no Fibonacci set has a subset of the form {a, a+d,a+ 2d, a+ 3d}.
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ARML Power Question — 2003: It's Those Rabbits Again!

1> %y } is called a linear set if there is a positive integer d for which

A set of positive integers {x

X =X +d forall n> 1.
n n—1

7. a) Provc that the Fibonacci sct {7, 11, ...} and the linear set {8, 23, ... } are disjoint.
b) Is it possible for a Fibonacci set and a linear set to have members in common, but only finitely many?
Prove your answer.

8. a) Prove that two Fibonacci sets can have exactly one member in common.
b) Prove that two Fibonacci sets can have exactly two members in common.

9. a) Prove that whenever two Fibonacci sets have more than two members in common, then the set of
common members is itself a Fibonacci set.

b) Prove: Given any Fibonacci sets F, | ’F2’ .. ,Fn, there is a positive integer that does not belong to

any of them.

10.  Can the set of positive integers be partitioned into Fibonacci sets? This means finding infinitely many pair-

wise disjoint Fibonacci sets whose union contains every positive integer. Prove your answer.
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Solutions to the ARML Power Question — 2003

1. a) Without loss of generality assume that a < b. The simplest example is, of course, {l, 2, }

b) Let x| be any integer between | and 1001 inclusive and let Xy = 2003 - x,. For all of these sets

{x] ,2003 — X } the third element will be 2003. There are 1001 such sets, ranging from {1, 2002, ...} to

{1001, 1002, .. .}.

2. a) There are 9 such Fibonacci sets: {1,2,...}, {2,3,...},{3,5,...}1, {58, ...}, {8 13,.. .1,

(8,24,...1,18,68,...},{8,136,...},and {8, 144, .. .\.

Justification: Let x be the term that immediately follows 8 in any Fibonacci set F that contains 8. Then the
members of F following 8 mustbe x, 8 + x, 8 +2x, 16+ 3x, 24 +5x, 40+ 8x, 64 + 13x,.... Since

x> 8, 64 + 13x > 168 and we need only consider the first 6 expressions. Setting each in turn equal to 144
wehave x =144, 8 +x =144, 8 +2x = 144, 16+ 3x = 144, 24 + 5x = 144, and 40+ 8x = 144,

These yield respectively x = 144, 136, 68,42 + 2/3, 24, and 13. Thus, 16+ 3x can't serve as a term, giving
at least 5 Fibonacci sets containing both 8 and 144. These are {8, 144, ...}, {8,136, ...},
{8,68,...},{8,24,...},and {8, 13,...}. In the first four sets, 8 is less than half of x, so 8 and x are the

smallest members of F. In the fifth set where x = 13, 8 can have predecessors and F could begin with two

consecutive terms chosen from the standard Fibonacci set {1, 2,3,5,8,13,.. }

b) First, if b # 2a, then either b < 2a — b— a < a, in which case let F = {b - a a,b,...}, or

2a < b - a< b- a,inwhichcase let F = {a,b - a, b,...}. In other words, b < 2a means that there is

room for a to have a predecessor and 2a < b means that there is room for a term between ¢ and b. In neither
case are g and b the two smallest numbers. Conversely, we will show that if g and b are not the two

smallest numbers, then b # 2a. If F contains a member m betweenaand b, then 2a < a+m< b —

2a < b. If F does not have members between a and b, but does have a member x smaller than a, then

b= x+a<2a — b<2a. So,ifaand b are not the two smallest numbers, then b # 2a.

3. Referring to the proof in (2b) we conclude that because 117 is more than half of 174, no Fibonacci set that
contains 117 and 174 can have members between 117 and 174. Thus, the member that immediately precedes

117 mustbe 174 — 117 = 57 < 60.
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Solutions to the ARML Power Question — 2003

4. If Xy = 2003, then X = 1,2,...,2002 all work, giving 2002 sets.

If Xy = 2003, then we know from (1b) that there are 1001 sets.

If Xy = 2003 = 2x2 +x,, we obtain {1, 1001, ...}, {3, 1000, ...}, ... {667,668, ...} for a total of
334 sets.

If X5 = 2003 = 3x2 +2xl,we obtain {1, 667, ...}, {4,665,...},..., {400,401, ...} for a total of
134 sets.

If Xg = 2003 = 5x2 +3xl,we obtain {1,400, ...}, {6,397,...},..., {246,253, ...} for a total of
50 sets.

If Xy = 2003 = 8x2 +5x1,we obtain {7,246, ...}, {15,241,...},..., {151, 156, ...} for a total of
19 sets.

If Xg = 2003 = 13x2 + 8x1,we obtain {5, 151, ...}, {18,143,...},..., {83,103, ...} for a total of
7 sets.

If Xy = 2003 = 21)c2 + 13xl, we obtain {20, 83,...} and {41, 70, . ..} for a total of 2 sets.
If X0 = 2003 = 34x2 + 21xl, we obtain only {29, 41,...}.

If X = 2003 = 55)(2 + 34xI , we obtain only {12,29,...}.

Justification: Each equation for X; in terms of X and X, is a linear Diophantine equation, solvable by

writing X, and Xy in terms of a parameter 7. For example, from 2003 = 8x2 + 5)c1 we obtain

3 3-3x
X = 400 + g - Xy = —5- = 400 - Xy + —52* Let 3— 3)c2 = S5m for m an integer, giving

2
X = 400—x2 +m and x, = l—m—Tm. Let m = 3¢ for ¢ an integer and then =1-3t-2t=1-5¢

2 )

and X = 400 — (1 -5 + 3¢ = 399 + 8¢. Thus, if X = 399 + 8¢ and Xy = 1 — 5¢ for t an integer, we find

solutions by choosing all values of ¢ for which 0 < X <X, namely for 0 < 399 + 87 < 1 —5¢ which gives

—49.875 <t <-30.615 —» —49 <t < -31. Since there are 19 values of 7 generating proper values

(xl s X, ), there are 19 solutions. Experience with linear Diophantine equations teaches that the X, values

increase by the coefficient of Xy and the Xy values decrease by the coefficient of X, and this would provide a

quicker way to generate solutions once one has been found. For example, once we discover that the first

solution to 2003 = 8x2 + 5x1 is {7, 246} then we could write x, = 7 + 8k and X, = 246 — 5k , determine

1

the appropriate values of k and find the number of solutions.
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Solutions to the ARML Power Question — 2003

Interestingly, the x, in the last ordered pair for x, is the x, value for the first ordered pair for Xoi and the

1

X value for the first term for X equals x, — x, using the values for the last term in X, That would

2 1

imply that Xy = {17, 12}, a contradiction since that makes x| > Xy

Adding, we find there are 3551 Fibonacci scts with X, = 2003 forn > 2.

5. Given any four consecutive members of a Fibonacci set, the third is the average of the 1 and 4™, In other
. a+(a+2x .
words, given a, x, a+ x, a+2x,wehave a+ x = (—) This says that x., x.  ,, x,,, form an
2 PPTi+2 Ti43
arithmetic sequence for any Fibonacci set for any i > 1.
6. Suppose there is a four term arithmetic subsequence of a Fibonacci set. Call it {a, a+x,a+2x,a+ 3x} . By

(2b) if twice the smaller is greater than the larger, then there are no intervening terms. Since

2(a+ 2x) > a+3x and 2(a+ x) > a + 2x, then the elements a+ x,a+ 2x, and a + 3x have no intervening
terms. Thus, they are consecutive elements of a Fibonacci set, making (a + x) + (a + 2x) = a+ 3x, and
hence a = 0. But this is a contradiction, showing that a four term arithmetic sequence is impossible in a

Fibonacci set.

7. a) Modulo 15, the members of the Fibonacci set are periodic and are congruent to 7, 11, 3, 14,2, 1, 3,
and 4. Modulo 15, the members of the linear set are all congruent to 8. Therefore, there are no members in

common.

b) 1t is impossible for a Fibonacci set and a linear set to have a member in common without having
infinitely many members in common. To see why, suppose that d is the positive difference between
consecutive members of the linear set and that all members of the linear set are congruent to £ modulo d

where k£ <d. If the members of the Fibonacci set are calculated modulo d (listing just remainders), the list

will be periodic. This is because there are only d different remainders, hence at most d* pairs of consecutive
terms that can occur in such a list. This implies that some pair must appear for a second time. Suppose that

the members are Xps Xy Xgseens and that X; is congruent to X s and that X1 is congruent to

x, .1 (modulo d) for some indices i < n. If 1 <7, then x; , isalso congruentto x _, because

1

X. =

x. . —x and x =X
i—-1 i+1 i n—

| il Y (modulo d). It follows that the initial pair of x-values must,

in fact, repeat, and so too must every x-value in the list. Thus, if the linear value k appears once in the list,

then it appears infinitely often.
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8. a) If X =9 and Xy <Yy <Xy, then the Fibonacci sets {XI’XZ’ } and {yl, Vs } have only X, in

common. In fact, X<y <X < Vi holds for all indices 1 < 7. This can be shown by induction.

+1

Notice first that X = and Xy <Yy imply that Xy <y and that initializes the induction. The inductive

step is also a consequence of the Fibonacci recursion, namely X <y <x implies Xiio <Y

i+l<yi+1 +2 Si+2

and Viop <X <y <X implies Vg1 <Xipo Combine the data to obtain

1 +

X. < y. < X < y. .
i+1 y1+] i+2 y1+2

If Fibonacci sets {xl,xz, } and {yl, A } satisfy X<y <X <Yy <X, for some index i, then

1
the preceding shows that the sets are interleaved—neither set has two members between consecutive

members of the other set.

b) Given any Fibonacci set {x .},let Y

12 Xgs e

=X and Yy = xj for any positive index 7/ and any index j

that is greater than i+ 1. The Fibonacci sets {xl,xz, } and {yl, Vs } have only Y and Y, in common

because they interleave xj <yy< xj+l <y < xj+2 after the two common members. The first

inequality xj <y3 is obvious, the second follows from y, = Xohx, <x.  +x.= the third

3 J j-1 j xj+1’

follows from xj_ < y, and x. < y,, and the fourth follows from y

> <V yzzxjandy3<x.

1 Jj+I

9. a) Leta and b be the smallest two integers that the Fibonacci sets F = {xl s Xy } and G = {yl, Yy }

have in common with a < b. If g and b are consecutive members of both F and G, then F and G share all
their members beyond b and the desired conclusion follows easily. Suppose, therefore, that @ and b are not

consecutive members of F which implies that a < X;_

| <X = b= Vi There are two cases: X_; < Yici

or y | <Xy

<y

In the first case the Fibonacci recursion implies that Y <x; Yiv2:

+1 < Yje1 < %ie2

In the second case the recursion implies that x; < yj+l <X < yj +2 < %o

In either case, F and G have only g and b in common. It follows that £/ and G have more than two members
in common only if the two smallest shared members are consecutive members of both sets, in which case the

Fibonacci set generated by the two smallest members equals the set of shared members.
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10.

b) Here the following fact is needed: If {xl , Xy, } and {yl, Yy } are Fibonacci sets and if there are more

than two y-values between X; and X then i = 1. In other words, only the initial interval of a Fibonacci
set can include more than two members of any other Fibonacci set. The reason is that the first two of those

y-values would otherwisc be greater than Xi_ and X; respectively, hence the third y-value would have to be

|

greater than X by the Fibonacci recursion.

For any Fibonacci set, the recursion x —x | = x _, shows that each member is equal to the difference

between the next member and the one following. Thus this "gap” is an increasing function of position. No

matter how large » is, the gaps in F1 will eventually be larger than 2n. And as shown previously, each gap

can contain at most two members from each of the other Fibonacci sets, implying that there are integers in

that gap that belong to none of the other Fz

The set of positive integers can be partitioned into infinitely many Fibonacci sets. Let F 1= {1, 2,3,5, },

F2 = {4,6, 10,16,...}, and F3 = {7,1 1,18,29,.‘..}. Notice that each F: fori=1, 2, or 3 is interleaved with
the other two and therefore the three sets are mutually disjoint. Assume inductively that the Fibonacci sets
F1 ,Fz,. . ,Fn have been chosen by the following procedure: Let m be the smallest positive integer that is not

a member of any of the Fl Thus, every Fz has at least one member that is smaller than m. In particular,

m — 1 is a member x; of a Fibonacci set FC .Let p=1+ X1 The desired Fn+ is defined by its first two

1

members m and p and it is interleaved with every previously defined Fibonacci set because the interleaved

sets F,F_,...,F each have one member between x. and x. ..
1’°2 n i i+1
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ARML Individual Questions — 2003

I-1.

1-4.

1-6.

1-8.

O is the center of two concentric circles as shown. 4B and CD are chords of
the larger circle and they intersect at £ on the smaller circle. CD intersects

the smaller circle at F. If mAC + mEF = 83°, compute m‘D-[?.

A triangle with sides a < b < ¢ is log—right if log[a2 j + log( sz = log(c2 ) Compute the largest possible

value of ¢ in a right triangle that is also log-right.

Compute the least prime p such that p — 1 equals the difference of the squares of two positive multiples of 4.

Let N be a three-digit number that is divisible by 3. One of N 's digits is chosen at random and removed.
Compute the probability that the remaining number is divisible by 3. (Note: if a digit is removed from 207
we obtain either 20, 07 = 7, or 27; if a digit is removed from 300 we obtain either 30, 30, or 00 = 0.)

There are n triangles of positive area that have one vertex at 4(0,0) and the other two vertices at points

whose coordinates are drawn independently and with replacement from {0, 1, 2, 3, 4}. Compute 7.

1
Let n be an integer. Of all fractions —, the fractional part of 4123456789 is closest to one such fraction.
n

Compute that value of .

Compute the largest factor of 1001001001 that is less than 10,000.

4

The graph of f(x) = x™ + 4x> —16x% +6x — 5 has a common tangent lineat x = pand x = gq.

Compute the product pgq .
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.97

2. b2

3. 113

4 % - 38
5. 256

6. 9

7. 9901
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1-1.

1-2.

1-3.

14.

I-5.

Let m% = a,mZ?T’ = b, andmb?? = x. Then

180 — b

mZEOF =b - mZFOB =180 — b — mAFEO = . But

a+x
mLFEO =

- 180—b=a+x — x=180—(a+b).

Since a+ b = 83°, x = [97°

2
From log a* + log b = log ¢? we obtain ab = c. Substituting into a2 + b2 = c2 yields (ab) =+ b

- a*b? - b = a*. Since a < b, replacing b by a yields the following inequality: a202 - a2 < a2.

Thus, <2 5 P2 5 oacs 2 . Thus, the largcstvalueofais‘ Ifa=»5b= J2—,then c=2

and both the Pythagorean Theorem and log a* + log b’ = log ¢ are satisfied.

p—1=(4k)> — @m)? = 16(k% — m?). If k and m are odd, their difference is divisible by 8, making
p = 128t + 1. The least prime is 257 obtained for/ = 2,k = 5 and m = 3. If one is odd and the other
even, then their difference is odd, making p = 16(2¢ + 1) + 1 and the least prime is 113 obtained when

t =3,k =4andm = 3. If both are even, then p = 647+ | and the least prime is 193 obtained
whent = 3,k = 4and m = 2. Thus, the least prime is 113l

There are 300 three-digit numbers times 3 digits = 900 cases. If the numbers are written as 3xx, 6xXx, or 9xx
and one of 3, 6, or 9 is removed, then since there are 34 numbers divisible by 3 from 00 to 99, there are
334 = 102 possible favorable outcomes. If the numbers are of the form x0x, x3x, x6x, or x9x, then
removing 0, 3, 6, or 9 yields a number divisible by 3 in the 30 cases from 10 to 99, giving 4 - 30 = 120

favorable outcomes. Similarly for xx0, xx3, xx6, and xx9. Thus, there are 102 +2 - 120 = 342 favorable

342 19
t ieldi bability of — = |—|
outcomes yielding a probability o 900 %0

There are 5 - 5 =25 points that can be formed using the coordinates {0, 1, 2, 3, 4}. Eliminate 4(0, 0) and

from the remaining 24 points, choose 2. This can be done in = (24 - 23)/2 = 276 ways. Pairs such as

24C2
(0,1) and (0, 2), (1, 1) and (2, 2) are collinear with 4(0, 0) and must be eliminated. Thus, subtract

3 -4C2 = 18 points to eliminate those pairs of points on x = 0,y = x, andy = 0, but we must also
eliminate the two pairs (1, 2), (2, 4) and (2, 1), (4, 2) for a total of 276 — 18 —2 = triangles.

Note: if the set was {0, 1, 2} there are 16 triangles. [s there a pattern here?
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b 1 2 3
1-6. Let x = ¥/123456789 . Then == = v/0.0123456789 = J— + ==+ =1+ ... . To evaluate this, set
5 2 3 4
10 10 10 10
1 2 3 4 . ..
S = —2+ —3+ — 7 —5+ .-+, then divide by 10 giving
10 10 10 10
S_ 1,2 3 4
10 103 10* 100 10°
1
9 1 | 1 100 1 1
Thus, —S='—5+—3+—4+---=—m—=— — 8§ = —. This gives
10 102 10° 10 L % 8l
10
b 1 100000 1
Lz——>x*~v = 11111+ —. Hence,n = [9].
0’ 9 ?
Alternate solution: One could observe that 111112 = 123454321 and write
1 _ J123456789 + 11111 22222
V123456789 — 11111 123456789 — 111112 2468
1-7. 1001001001 = 1001- 10% + 1001 = (1001)(10® + 1) = 1001(10% + 1)(10* —10% + 1) = 1001- 101- 9901
= 7-11-13-101-9901. Since no combination of 7, 11, 13, and 101 can generate a factor greater than 9901
but less than 10,000, the answer is [9901].
[-8. Let the equation of the common tangent be y = mx + b. Consider the function

g(x) = x4 + 4x3 - 16x2 +6x —5— (mx + b). It must have double zeros at x = p andg. Thus,

A S 16X +(6—m)x— 5+ b) = (x - p)2(x —q)° =

Fage 2Ap+ q)x3 + (p2 + 4pq + q2)x2 - 2(pq2 - pzq)x + p2q2. Setting the coefficients of X equal

gives —2(p + q) = 4 > p+ g = —2. Setting the coefficients of x? equal gives p2 +4pqg + q2 =~16 >

(p+ q)2 +2pg=-16 - 4+ 2pg=-16 — pg = [=10| In this case, the common tangent is

y = 46x — 105 and letting p > g, wehave p = -1 +411 and ¢ = -1 ——Jﬁ.
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ARML Relay #1 — 2003

R1-1. Mary insists on sitting next to Bob and Bob insists on sitting next to Jane. Compute the number of different

ways that Bob, Mary, Jane, and 3 other students can sit in a row.

R1-2. LetT = TNYWR. ;5 is a diameter of circle O and has
T — — —
length 3 B4, CD,and BC are tangent to circle O at 4, D, B

and E, respectively. If BC = 18, compute the area of ABCD. A D

2

RI-3. Let7 = TNYWR. The circle x° + v~ =T intersects the positive y- and x-axis at 4 and B respectively.

If the line y = 3 intersects AB at C, compute the larger of AC or BC.

ARML Relay #2 — 2003

R2-1. A box 5by 8 by 12 is placed in the corner of a cube of side
14 so that three faces of the box are coincident with three

faces of the cube. Compute the distance from corner 4 to

corner B.

R2-2. Let7T = TNYWRandletK =7 -7. If log] 6K, logK 16, and x form a geometric progression,

compute x.

R2-3. LetT = TNYWR. In AABC, m4£B = 90°,and D lies on CTB so that -/IB bisects LCAB and

CD=T- (D ) Compute cos2 ZLCAD.
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Relay #1:
RI1-1. 48
R1-2. 144
RI-3. 92
Relay #2:
R2-1. 11
R2-2. 8

R2-3. 6 = .5625
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RI-1. Treat Mary, Bob, and Jane as a single bloc and imagine that there are 4 places to sit. Mary, Bob, and Jane

can choose any one of 4 places and Mary and Jane may switch, giving 2~4 C1 = 8 possible arrangements.

The other students may be seated in 3! = 6 ways, giving 6 - 8 = different ways to sit.

R1-2. Since BE = ABand CE = CD, then AB+ CD = BC = 18. The area

1 1 T
of trapezoid ABCD is E(AD)(AB + CD) = 73 18 = 3T. Since
T = 48, the answer is 3 - 48 = [144|
—
R1-3. The equationof 4Bis x+ y = ﬁ and since y = 3 we have 4(0.NT) Cx.3)

(v -33). Thus, 4C = J(ﬁ_ 3)2 +3- 1/F)2 - / \

2
V7 -3z and BC=J((J7—3)—J;) c(-0f = 3.
Since T = 144, then AC is the longer and AC = .

Solutions to the ARML Relay #2 — 2003

R2-1. The distance from 4 to B is simply the diagonal of a box whose sides are 14 -5 = 9,148 = 6,

and 14— 12 = 2. The diagonal has the same length no matter how the smaller box is oriented. That length

syl 162402 = ofi21 = !

2 3
R2-2.  Since (logK 16) = x(loglél() = logx 16,then x = (logK 16) . Since K = 4, thenx = [8].
K

. . . CD AC c
R2-3. By the Triangle Angle Bisector Theorem, since — = T',then — =T.
DB AB
1 1 T+1 Ix
Thus,cosZGzT—);=7 - 200526—1:7 - cos29= T Ty
D
9 0
Since T = 8, cos2@ = |—| o
16 A 6 B
y
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ARML Super Relay — 2003

Note: Pass from position 1 to 8 and from position 15 to 8.

1. Let a, b, and ¢ be positive integers such that a+ b + ¢ = 7. Compute the smallest possible value

9
ofa2+b2+c“.

2. Let7 = TNYWR. A farmer has 7 animals. Some are horses, the rest are chickens. There are a total of 46

legs. Compute the number of horses.

3. Let 7 = TNYWR. P and Q are right circular cones with radii of ¢ and b respectively and altitudes

of m and n respectively. The volume of O is T times that of Pand b = —. Compute =
m

Na

4.  LetT = TNYWR. Let u(x) denote the units digit of the integer x. Compute the value of

u(7r+2oo3j+u(9r+2003]+ u(9T+2002)+ 11[7T+2001)‘

5. LetT = TNYWR. Let K = T + 1. Consider the number N = (ZXI}VJ where x and y are non-negative

integers. Compute the smallest value of N such that N has exactly K positive factors.

6. Let 7 = TNYWR. In the figure all sides are equal and the angle between each
pair of consecutive sides is 90°. If the numerical value of the figure's area

exceeds its perimeter by 7, compute the perimeter of the figure.

7. Let7T = TNYWR. If log2 T =a+ b10g23 and log6 T =56+ blog62,compute a+b.

8. Let a and b be the two integers you will receive and let K = | a-b | For x in radians, the graphs of y = Kl

and y = |sin(K7r.x)| intersect in N points. Compute N.
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15.

1.

10.

A point (a,b) is chosen at random from the region bounded by the coordinate axes and the lines x = 10 and

y = 10. Compute the probability that a+ b < §.

Let 7 = TNYWR and let K be the sum of the numerator and denominator of 7 when 7 is written in lowest

terms. Compute the solution to Y+ K =11- J;

Let7 = TNYWR and let X = T — 13. The radius of a cylinder is K and the volume of the cylinder is

numerically equal to the sum of its lateral area and the area of the two bases. Compute the cylinder's height.

107 -7 +i
Let7 = TNYWR. If TZ_I is written as a+ bi where a and b are real numbers and i = J—l ,
1

compute a.

Let 7 = TNYWR. Compute the smallest integer solution to AT +T =1.

Let7T = TNYWRand let K =T +246. If K is the first term of an arithmetic sequence and 2003 is the tenth

term, compute the common difference.

Let 7 = TNYWR. The large square has an area of 7. Each of the small
squares shares a vertex with the large square and has sides of length of 4.

Compute the area of square ABCD.

Let a and b be the two integers you will receive and let K = | a-»b | For x in radians, the graphs of y = Ki

and y = |sin(KTc.x) I intersect in N points. Compute N.
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1 17
2. 6
3. 24
4. 20
5. 576
6. 144
7. 6
14. 16
13. 6
12. 8
1. -7
10. 196
9. 36
8. 1800
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I. Let a< b < c. There are only 4 triples satisfying a+ b + ¢ = 7, namely (1, 1, 5), (1, 2, 4), (1, 3, 3),

and (2, 2, 3). The smallest occurs when (a, b,¢) = (2,2, 3) and that triple gives az + b2 + c2 = [17.

2. Since h+c¢ =T and 4h +2¢ = 46, we obtain h= 23— T. Since T = 17, then h= [6l.

~ 2
1 1
3. From —Tr,bzn =1- Ttazm and b= i,weobtain 2 n= Tazm - n=4Tm - z_ 4T .
3 3 2 2 m

Since T = 6, then Lo 24].
m

4. If nis a non-negative integer, then u(9”] is lifniseven and 9 if n is odd. Thus, 11(9'“ 1] +u (9”] =
1+90r9+1 = 10. Similarly, 11(7"] islifn=4k,7if n=4k+1,9if n=4k+2,and3if n= 4k +3.

Thus, 14(7'7] + u(7"+2] =1+9,9+1,7+3,0r3+7 = 10. The sum is [20]and does not require 7.

5. N =2%.3"has (x + )(y+ 1) = K = 21 factors. Thus, (x,¥) = (0,20), (2, 6), (6, 2), and (20, 0).

N = 2% . 3% is least when (x,y) = (6,2) — N = [576].

6. If x is the side of the figure, then the area equals 5x2 and the perimeter equals 12x giving 5x2 —12x-T = 0.

Since T = 576, then 5x2 —12x =576 =0 — (5x+48)(x —12) =0 —» x =12 — perimeter = |144|

b b
at+log. 3 b+log 2
87 o= — 6P .20 = 2030 9b prom 29.30 =920 . 3b

b

7. T=2 293" Also, T=6 .3 =2 . we

obtain a=2b — a+b=3b. Since T =144 = 22b-3 = 16 -9, we obtain b = 2 making 3b = 6.
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1 32 8
15. The areaunder x+ y = 8 is 3(8)(8) = 32. The probability equals B(; = %5}

2
121- K 88
14. Squaring yields x + K = 121 - 224x + x. Isolate and square obtaining x = [ D j = [',;5] = [l6l

2K
13. nth = 21tK2 +2nKh — h = ﬁ Assuming integer values we find (K, #) = (3, 6), (4, 4), and (6, 3)

making # = 3,4,0r6. Since K = 3,thenh = 6l.

2 _ _ .

0T —7+i T-2i (IOT 7T+2j+(14 197)i 1072 -77+2

12. — - - = > .Thus,az—z—. Since T = 6,a = 8.
T+2i T-2i 24 244

2
—TJ_rJT -4T-1) -T=*|T-2
> at ): |2 I=~10rl—TWhetherT22orT<2.SinceT=8,x=.

11. x=

10. K = -7 +246 = 239. Let d be the common difference — 2003 = K +9d = 239 +9d — d = [196]

2 2
9. Large square's side = JYT — area of ABCD = (J; -2 4) = (14-8)" = since T = 196.

. |/ 1 .
8. Theperiodof y = |smKTnx I is i If the graphs intersect at (m, n),then n <1 — % <1l -

m < K. Note that the line intersects the curve twice in each period. There are =K? periods so there

1/K
are 2K 2 points of intersection. Since the answer from #7 is 6 and the answer from #9 is 36, then

K = |36 -6 | = 30. Thus, the number of points of intersection is 2 - 302 = [1800L
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ARML Tiebreakers 2003

1. Point D lies on circle O such that O_D 1 A_B5 IfAD = 40, DC is an

D
integer and DC < OD, compute the number of values of DC such that A / B
C
the circle's diamcter is an integer. ( 0
i N

E
) ) X 2002 . .
2. Let[ x] = the greatest integer < x. Compute the least solution to H = 3003 Write your answer in the
x
form % where ¢ and b have no common factors.
3. Let N be an integer such that the product 41 - 43 - N can be written as the sum of 6 consecutive positive

integers. Compute the least value for the smallest of the 6 integers.
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2 2 2 2 2 2 62

AC Ac? DC?2+4C? 4D 40 265

I.  AC*=DC.-CE - CE=<=—_ DE=DC+ - - .
DC DC DC DC  DC  DC

1
There are 7 -3 = 21 divisors of 4—02 and we seek all those divisors DC where DC < -EDE -

2
1 40
DC<—=— - — - DC< 20J2_ =~ 28.28. Thus, DC can be a factor of 402 as large as 28, and so

2 DC

DC = 1,2,4,5,8,10, 16, 20, 25. Answer: [9]

n+h 2002 1
2. Let x = n+ h wh i int d0<h<l1.Th =— h=— . Thus,
etx=n where # is an integer an en 2003 - 003" us
. 2002 2002 2002(1 — 2003)
-2002 < n < ~1. Ch = -2002, making h = —— = -2002 + = =
= oosen makme =003 ~ F 2003 2003
—4,008,004
2003

3. Let x be the smallest of the six integers. Then x+ (x+ 1)+ ...+ (x+ 5 = 6x+15 = 3(x +95) =

41-43 - N. So Nisdivisible by 3. If Nwere 3,then2x+5 = 41-43 = 1763 — x = T = 1879
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ARMIL POWER CONTEST: 1995 — 2004

267

1994-95 Color Transformations______
Solutions

1995-96 Induction
Solutions

Rook Polynomials

SOl ONS

1996-97 Rotating Decimals

Solutions

Regular Closed LinKages

SOIUtIONS

1997-98 Factorial Polynomials

SOOIt ONS

Integer GeOM O Y

Solwtions_______

1998-99 Unit Fractions,
Solutions

Chromatic Polynomials

SOIUtIONS
1999-00 Twenty-five Point Affine Geometry . .
Solutions

Square Sum Partitions

Solutions

2000-01 Slides, Glides, and Rolides

Solutions

Pythagorean TripleS e

Solutions
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Color Transformations

The Definitions and Notation

Begin with a regular grid composed of squares, each colored black or white. For example:

Figure 1

We begin changing this color according to the following rule: In one step we may either reverse the colors of all the
squares in one row or reverse all the colors in one column. So for example, starting with Figure 1, in one step
we could get the coloring in Figure 2 by reversing row 2, or we could get the coloring in Figure 3 by reversing
column 3. If we took several steps, the resulting coloring might look quite different form Figure 1. See Figure
4, in which we’ve reversed row 2, then column 2, then column 4.

Figure 2 Figure 3 Figure 4
We use the notation ri to signify the act of flipping or reversing the colors in row i and ci will refer to flipping or

reversing the colors in column i. We will record a sequence of flips in a flip string. So the flip strings

representing Figures 2, 3, and 4 above would be 12, ¢3, and r2-c2-c4.

One coloring will be called accessible from another if either coloring can be transformed into the other by a sequence

of flips.
The Problems

1. Compute the results of applying the following flip strings to the coloring of Figure 1, by drawing the resulting
colorings on your answer sheet.
la. rl-cl-r2-c4 1b. r2-rl-c4-cl le. r3-c2-c3 1d. rl-rl-rl-c2-r3-c2-rl
le. 13

2. Construct two different flip strings each of which turns Figure 1 into the —

Figure §.

L1 J

Figure 5

3. Starting with Figure 1, construct a flip string which turns the four
squares in Figure 6 marked with an asterisk all white.
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&

Starting with Figure 1, construct a flip string which turns the four squares in Figure 7

marked with an asterisk all white.

Figure 7

5. Inam by n grid, how many colorings (different colored grids) have the bottom row and the right-hand column

entirely white?

6. Can every coloring be transformed into such a coloring? Why or why not?

7. Ina 2 by 2 grid, if the initial coloring contains exactly one black square, how many colorings are accessible

from it? (Proof not required.)

8. In a2 by 2 grid, if the initial coloring contains exactly two black squares, how many colorings are accessible

from it? (Proof not required.)

9. Show that if we start with any five different colorings of a 2 by 3 grid, we can find two colorings among them,

each of which is accessible from the other.

10. Suppose you start with a grid which is larger than a 2 by 2 and has only one black square. Can you ever get a

coloring that is all black? Why or why not?

Given a coloring, we can try to eliminate as many blacks as possible, seeking a coloring with a minimum number
of black squares. We call this number the minimum of the coloring. For example, the coloring in Figure 8 has

a minimum of 0, since we can eliminate all the black squares by cl-c2-c4.

Figure 8
11. Show that all colorings accessible from one another have the same minimum.

12. A given coloring, together with all the those accessible from it, form a coloring class. As a result of problem
12, we can speak of the minimum of a class. What values occur as the minimum of a class for the following
grid sizes:

12a. 2by3 12b. 4 by 4 12c. mby n
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The Solutions

la., 1b., lc. 1d., le.

2. Two solutions are: ¢2-c3-rl-r2 and rl-r2-c2-c3. Many other examples are possible.
3. One possible answer is r2-c3.

4. The only flips that affect these squares are rl, 12, cl and ¢2. In the present state, rl will change two black
squares to two white squares (or zero black squares). If the two top right squares are both white, then rl will
turn them both black. If one of these squares is white and the other black, r1 simply reverses their colorings.
In all cases, r1 changes the number of black squares among the top four by an even number, so that the number
of black squares remains odd. It is not difficult to see that the same is true of r2, c1, and ¢2. Hence any
application of these flips, in any order, will result in an odd number of black squares among the top right four.
Since 0 is an even number, no flip string can ever result in 0 black squares and four white squares.

mn

5. Inam by n grid, there are 2™ colorings, since each of these mn squares may be colored either black or white.

(m— 1{n -1)

The number of colorings described in the problem is only 2 since there is no choice for the nth row or

the mth column.

6. The following algorithm will turn any coloring into a coloring with the bottom row and right-hand column
entirely white: First examine the bottom square of every column. If that square is black, flip the entire column.
After going through each column, the entire bottom row will be white. Now examine every row except the
bottom one. If the rightmost square in the row is black, flip the entire row. After going through each row

(except the bottom one), the right column of the grid will be all white.

7.and 8. Answer: 8 in each case. Following the line of reasoning described in #4 above, it becomes clear that for
a 2 by 2 grid, the parity (evenness or oddness) of the number of black squares does not change. Therefore a grid
with a single black square can only be transformed into one with oddly many black squares. A quick count
shows that there are eight of these: four with one black square and four with three. Similarly, a grid with two
black squares can only be transformed into one with evenly many black squares. These are the other 8 possible

colorings.

For a full proof, it would remain to show that each of the 8 odd colorings can be obtained from any other, as

can each of the 8 even colorings. This task can be accomplished by actual construction.

9. We will show there are only four “classes” of colorings of a 2 by 3 grid. Any two colorings within one class are
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mutually accessible, and any two colorings in different classes are mutually inaccessible. Therefore, if we have

five colorings, at least two must belong to the same class, and so are accessible from each other.

First look at the first two columns of the 2 by 3 grid, and consider these four squares as a 2 by 2 grid in its own
right. We have seen in #7 and 8 that there are only two kinds of these grids: those with evenly many black
squares and those with oddly many. A 2 by 3 grid with evenly many black squares in the first two columns
can be transformed into one with no black squares in the first column, and a 2 by 3 grid with oddly many black
squares in the first two columns can be transformed into one with a single black square, say, in the upper right

hand position. Furthermore, no 2 by 3 grid of the first class can be transformed into one of the second class.

Having transformed any 2 by 3 coloring as described above, we now look at its last two columns. Again, they
form a 2 by 2 grid in its own right, and so there are two classes it can belong to, according as the number of
black squares is even or odd (if it has evenly many black squares, flips can make it all white, and if it has oddly

many black squares, flips can give it a single black square, say in the upper center of the original grid).

Hence we can classify any coloring in two ways according to its first two columns, and in two ways according to its
last two columns. It is not difficult to see that these classifications result in four classes: odd or even for the
first two columns, and odd or even with the last two. Together with out initial observation, this proves the
assertion.

10. We have seen (questions #6 and #7) that a 2 by 2 grid with one black square cannot be turned entirely white.
We can extend this to any grid by considering the 2 by 2 “subgrid” which includes the single black square.
Considering this as a 2 by 2 grid in its own right, we see that if it has a single black square to begin with, it
must have oddly many black squares after a sequence of flips. The all-black coloring has evenly many black

squares (four of them) in this grid, and so is not accessible from the initial coloring.

11. If coloring Y can be transformed into coloring Z with k black squares, then any other coloring X accessible
from Y can also be transformed into Z, for example, by combining the flip strings effecting the transformations.

Thus the minimum of Y is the same as the minimum of any other coloring assessable from Y.

12. To solve this set of problems, we introduce the notion of a parity lattice. We have
already seen that if a grid has more than two rows or columns; then any 2 by 2 subgrid
always has either evenly many or oddly many black squares, no matter how we transform

the coloring. Thus we can affix a 0 or a | to every intersection of four squares, according

as there are evenly many (indicated by 0) or oddly many (indicated by 1) black squares among the four that
share the corner. We call this array, derived from any coloring, its parity lattice. An example, based on the
coloring of figure 1, is shown above on the left. What we have just shown is that the parity lattice of a coloring
does not change as its rows or columns are flipped.
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12a. The possible minimum values are 0 and 1. A 2 by 3 grid has a | by 2 parity lattice, and there are four such:
00, 01, 10, 11. Thus there are four classes of 2 by 3 colorings. A set of minimal colorings for the classes was
given in the answer to #9.

12b. The possible minima for 4 by 4 colorings are 0, 1, 2, 3, and 4. Examples of colorings having these minima

/2 EE EE =
] ] )]
RN EE NN
IR e e

An argument showing that these colorings do in fact have the stated minima, and that no other minima are possible,

are:

follows from the following theorem:
Theorem: For an m by » grid with m = 2p, n = 2q, there is a class with S as its minimum for each 0 < § < pq.

Proof: Rather than viewing the grid as an m by n table of squares, view it as a p by q table of non-overlapping 2
by 2 subgrids. Since the parity lattice of the table doesn’t change when flips are applied, a 2 by 2 subgrid
containing an odd number of black squares will always contain an odd number of black squares, no matter how
the coloring is transformed. In particular, it must always contain at least one black square. So if U and V are

the 2 by 2 subgrids below: .; . -
L
T 1

|

subgrid U subgrid V

Then a coloring composed of T copies of U and pq-T copies of V will have a minimum of T.

L

A 6 by 8 coloring with a minimum of 5:

% RN
EEEEEENE

Observe that it is impossible for a class to have a minimum which is greater than pq, since any coloring of a 2p by

2q grid with at least pg + 1 black squares must have some row or some column which is more than half black
(this is not obvious, but can be shown, for example, by using the pigeon hole principle). By flipping this row
or column you reduce the number of black squares in the coloring. So no coloring with pg + 1 or more black

squares can be a minimum coloring of its class, and pq is in fact the “maximal minimum.”
q g ’ rq
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Induction

The Problems

1. Suppose you are given a square and asked to subdivide it into n non-overlapping squares. Figure 1 shows that

it can be done if n =4. (It is impossible if n =5 or n < 4.)

a) Show that a square can be subdivided into » squares if n = 6.

b) Show that a square can be subdivided into » squares if n = 7.

c) Show that a square can be subdivided into # squares if n = 8.
Figure 1

d) Prove that a square can be subdivided into # squares if n > 8.

2. Suppose you are given an equilateral triangle and asked to subdivide it into » non-overlapping equilateral

triangles. Figure 2 shows that it can be done if » = 4. (It is impossible if » =5 or n < 4.)

a) Show that an equilateral triangle can be subdivided into » non-

overlapping equilateral triangles if » = 6. /_o
b) Show that an equilateral triangle can be subdivided into # non- OAA
Figure 2

overlapping equilateral triangles if n = 7.
c) Show that an equilateral triangle can be subdivided into » non-overlapping equilateral triangles if # = 8.
d) Prove that an equilateral triangle can be subdivided into » non-overlapping equilateral triangles if n >8.
3. Suppose you are asked to draw a three-dimensional solid figure with n edges. Figure 3 shows that this can be
done if n = 6. (This is impossible to do if n =7 or n < 6.)
a) Make a sketch of a three-dimensional figure with » edges if n = 8.

b) Make a sketch of a three-dimensional figure with n edges if n = 9. \

-1

Figure 3
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c) Make a sketch of a three-dimensional figure with » edges if n = 10.

d) Prove that a three-dimensional figure with » edges can always be made if n > 10.

»

Suppose you have only 3¢ and 5¢ stamps. Using a 3¢ and a 5¢ stamp, you could come up with postage for 8¢.
Using three 3¢ stamps, you could come up with postage for 9¢. Using two 5¢ stamps, you could come up

with postage for 10¢. It would be impossible to come up with postage for 7¢.

Prove it is possible, using only 3¢ and 5¢ stamps, to come up with all postages greater than or equal to 8¢.

W

. Suppose you have only 3¢ and X¢ stamps (where X is not a multiple of 3). Find an expression for the largest

amount of postage which you cannot make using the 3¢ and X¢ stamps.

6. Suppose you have only Y¢ and X¢ stamps (where Y and X are relatively prime). Find an expression for the

largest amount of postage which you cannot make using the Y¢ and X¢ stamps.

7. Suppose you have only Y¢ and X¢ stamps (where Y and X are relatively prime) and w equals the largest amount
of postage that you cannot make using the Y¢ and X¢ stamps, prove that of all (positive) postage amounts, a

and b, where a + b = w, either a or b but not both can be made using Y¢ and X¢ stamps.
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The Solutions
lay ————— b) ——— —— c) e e

d) Any subsquare in any of the above three diagrams can be subdivided into 4 squares as shown in Figure 1. The
net result would be an increase of three in the total number of subsquares in each figure. Any number » > 8 can
be written in one of the forms 3m + 6, 3m + 7, or 3m + §, where m is some positive integer. Each of these
forms determines one of the three figures above a, b, and ¢ respectively and m would be the number of
subsquares that must be subdivided into four squares to make the total number of subsquares equal to .

b)

/0 / \
/ oy -

d) Any subtriangle in any of the above three diagrams can be subdivided into 4 triangles as shown in Figure 2.

The net result would be an increase of three in the total number of subtriangles in each figure. Any number
n > 8 can be written in one of the forms 3m + 6, 3m + 7, or 3m + 8, where m is some positive integer. Each
of these forms determines one of the three figures above, a, b, and ¢ respectively, and m would be the number

of subtriangles that must be subdivided into four triangles to make the total number of subtriangles equal to .

3a) R b) c)
0.
A K
d) Each of the above figures contains a vertex of order 3, i.e. a \J
vertex connected to three edges. As shown in the diagram '\

below, any vertex of order 3 can be truncated or cut off and the
three “dangling” edges connected with three edges. The net
result is that the figure now has three more vertices of degree 3

and three more edges.
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This truncating process can continue and will always add three more edges onto the figure. Any number » > 10
can be written in one of the forms 3m + 8, 3m + 9, or 3m + 10, where m is some positive integer. Each of
these forms determines one of the three figures above, a, b, and ¢ respectively, and m would be the number of
vertices of order 3 that need to be truncated so that the figure has » edges.

4. It has already been shown that 3¢ and 5S¢ stamps can be used for 8¢, 9¢, and 10¢ postage. Any number » > 10
can be written in one of the forms 3m + 8, 3m + 9, or 3m + 10, where m is some positive integer. Postage in
the form 3m + 8 can be made with a five-cent stamp and m + 1 three-cent stamps. Postage in the form 3m + 9
can be made with m +3 three-cent stamps. Postage in the form 3m + 10 can be made with two five-cent

stamps and m three-cent stamps.

5. Let f(X) = the largest amount of postage that cannot be made with 3¢ and X ¢ stamps. Experiment with various
values of X to complete this table:

X | 4 5 7 8 10 ...
f(X)‘ 5 7 11 13 17 ...

It can be shown that f(X) =2X-3=2(X-1)— 1.

6. Let f{X, Y ) = the largest amount of postage that cannot be made with Y ¢ and X ¢ stamps. Experimentation
again shows f(X, =X -1} (Y -1)-lorf(X, Y)=XY-(X+Y).

X

) 2 3 4 5 6 7 8 9 10
2 1 3 5 7
301 5 7 11 13 17
4 1 17 23
53 7 11 19 23 27 31
6 19 29

Y 7 5 11 17 23 29 41 47 53 f(x, Y)
8 13 27 41 55
9 |7 23 31 47 55 71
10 17 44 53 71
11{ 9 19 29 39 49 59 69 79 89
12 43 65
13 11 23 35 47 59 71 83 95 107

For given X and Y, call an integer n > 0 postable if n=aX + bY for some nonnegative integers a and b.
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Then XY — (X + Y) 1s not postable: Assume XY — (X +Y)=aX + bY. Then XY = (a+ 1)X + (b + 1)Y. Notice that

if g and b are both nonnegative, this implies that (¢ + 1)X < XY sothata+ 1 <Yand a <Y — 1. Similarly, b
<X-1.Butthen, (b+ 1) Y=(Y—a-1)X, implying that Y| (Y —a — 1) because Y and X are relatively
prime. But obviously, 0 <Y —a—1<Y, so this is impossible.

Proving that any larger number is postable is trickier; it’s enough to prove that the next Y integers are postable,

7.

since any larger integer can then be written by adding a multiple of Y. Since X and Y are relatively prime, for
any kin {1, 2, ..., Y — 1} there exist nonnegative integers a and b such that aX = bY + k. Clearly a > 0, but
also remember that we can assume a < Y and b < X, because ifa> Ythenb>Xand (a- NX=(b-X)Y+ 1,
we can continue until a < X'and b < Y. Then aX - bY =k, where b <X -1,

O aX+(X—-1-b)Y=XY+k-Y,sincea>1wethentake (¢— DX+ X-1-b)Y=XY-X-Y+k with
both a — 1 and X — 1 — b nonnegative. For £ = ¥, we get XY — X, which is a multiple of X.

First note that (X — 1)(¥Y — 1) is even: X and Y are relatively prime, so at least one of them is odd, meaning that
at least one of X— 1 and Y — 1 is even. We now show that the number of postable integers # in
{0, 1, ..., XY — X - Y} is exactly equal to (X — 1)}(Y-1)/2.

Let’s define three distinct but related sets:

Let N be the set of postable integers n in {0, 1, ..., XY - X - Y} .

Let T (for triangle -- see figure) be the set of pairs of nonnegative integers (a, b) such that
aX+bY<(X-1)(Y-1).

Let R (for rectangle) be the set of pairs of nonnegative integers (a, b) suchthata< Y- 1and b< X - 1.

The diagram shows the case X=4, Y =35.

A
L A Sy= 1Y

o 14 18 27 |
¥’ I (342, 1)

> 9 13 17
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Notice two fundamental facts. First: T is a subset of R, because if (a, b) is in T then
aX <aX+DbY <(X-I)NY-1)<X(Y-1),s0a<Y —1; likewise b < X — 1. Second, every element of R
defines a unique sum aX + bY, because if aX + bY =a’X + b’Y then (a —a” )X =(b-b")Y sothat Y | (a—a’)
and X | (b — b’); this is impossible if a and @’ (also b and b’) are in the appropriate ranges. It follows from this
that N has exactly the same number of elements as T, since no element of N can correspond to more than one
element of T.

Now we show that exactly half the elements of R are in T.

Letr(a, b)=(Y -2 —a, X —2—b). This is a 180 degree rotation about the point (Y /2 — 1, X /2 - 1) which,
we will show, maps T to R — T and vice versa.

First, r(a, b) is in R for any (a, b) in R. Since at least one of X — 2 and Y — 2 is odd, no element maps to itself;
but r(r(a, b)) = (a, b), so r breaks up R into doublets of points {(a, b), r(a, b)}. In each doublet, the two sums
together add up to exactly 2(XY - X -Y):

@X+bY)+(Y-2-a)X+X-2-b)Y=(Y-2)X+(X-2)Y =2(XY -X-Y).

No element has the sum XY — X — Y, so one element of each doublet has a sum less than XY — X - Y, the other
has a sum greater than XY — X — Y. Therefore each doublet contains exactly two distinct elements of R with no
overlap between the doublets, and the union of the doublets is R; so the number of doublets must be half the
number of element of R, or (X — 1)(Y — 1)/ 2. For every doublet there is one element of T, and for every

element of T there is one element of N, so the number of elements of N is (X — 1)(Y — 1)/2.

However, because XY — X — Y is not postable, it is not the sum of any two postable integers either. Therefore, if
we divide all numbers in {0, 1,..., XY — X — Y} into pairs (m, n) withm + n=XY — X — Y, each pair has at
most one postable element. Again, XY — X — Y is odd, so each pair has two distinct numbers. But if any pair
did not have at least one postable number, the total number of postables would be less than (X — 1)(Y — 1)/2,
since there are (X — 1)(Y — 1)/ 2 pairs and none of them has two postables! Therefore in every case, exactly
one of n and XY — X — Y — n is postable.
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Rook Polynomials

The Definitions

A board consists of an n by m array of squares, some of which are unshaded (available) and others are
shaded (unavailable). Rooks (markers) can be placed on any available square provided that it is non-challenged,

that is, no two rooks are in the same row or column.

ol

In the above board, a single rook can be placed in eight different ways into the eight available squares.

However, there are nineteen different ways to place two rooks onto the above board and only fourteen ways to place

three rooks onto the board. Some of these fourteen ways are illustrated below:

O
O |

-

o

oal

In addition, as shown below, there are only two different ways to place four rooks on the board above so

that no rook is challenging another.

For every board, B, there exists a rook polynomial, Rg(x),

where Rp(x) =1 + rix + rax? +rx® + ... + rix* + ..., and 7y | the coefficient of x*, is the number of

ways of putting & non-challenged rooks on board B. The rook polynomial for the board above is :

Re(x) =1+ 8x+19%2 + 14x* + 2x*. (The first term is one because it is the coefficient of x° and there is

one way of putting no rooks on any board.)

The following theorems may be helpful in determining and checking rook polynomials for more difficult boards:
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Theorem 1. If board B can be partitioned vertically into two boards C and D where the corresponding rows of

C and D do not both contain available squares or if board B can be partitioned horizontally into two boards

C and D where the corresponding columns of C and D do not both contain available squares, then

Re(x) = Re(x) - Rp(x)

Theorem 2. Let B be a board and let s be one particular available square in B. Then let B be the board
obtained from B by shading in square s and B> be the board obtained from B by deleting the row and the

column containing s. Then Rg(x) = Rp,(x) +x -Rp(x)

Theorem 3. Let B be an n by n board with rook polynomial Rp(x)=1+rx+ rx?+rx*+ ... +r,x"

and let B be the complement of B (B is shaded where B is unshaded and vice versa). The number of ways

of placing n non-challenging rooks on Bis n! —(n—1)!r,+ (=2 r,—... +(=1)'"(n—n)! r,.

The Problems
1. Determine the rook polynomial for each of the following boards:
H_Naan B IH
I hl L
ol
I Haaml
a

b c

2a. The rook polynomial for Board 2a is 1 + 5x + 8x2 + 5x3 + x*. Demonstrate your

understanding of Theorem 1 by partitioning the board and factoring this polynomial
into two rook polynomials in two different ways.

2b. The rook polynomial for Board 2b is 1 + 7x + 14x2 + 8x3 + x4 Demonstrate your
understanding of Theorem 2 by eliminating square s{, then s2 from the resulting

two, and writing the polynomial in the form:

Rz = Rp,(x) + x -Rp,(x) + x - Re;(x) + x> -Rp,(x).

Board 2b
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2¢. Demonstrate your understanding of Theorem 3 by determining in how many ways five rooks can be placed on a

5 by 5 board whose five downward diagonal squares are the only squares shaded.

2d. Prove Theorem 2: Rz = Rp,(x) + x -Rp,(x).

(Hint: Show that the coefficient of of any x¥ is the same on both sides of the equation.)

3a. Find the general rook polynomial for an » by » board where all squares are shaded except those in the

downward diagonal.

3b. Write down the general rook polynomial of a n by n board of the ;7

type shown, consisting of m available squares (two in each row,

going diagonally down the board). All others squares on the = ;
board are shaded. (Hint: Think Pascal’s Triangle.) s | i

3c. A board is complete if it contains no shaded squares. Find the rook polynomials for complete 1 by 1, 2 by 2,
3by3, 4by4, 5by 5, and n by n boards.
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The Solutions

1. a) 1+8x+ 17x2 + 83
b) 1+ 8+ 20 x2+ 16x3 + 4x4

¢) 1+9x+28x2+35¢3 + 15x% +x5

2a. Board 2a can be partitioned in four ways but because of the board’s symmetry there are only two partitions that

produce different polynomial factors:

2b.

(1+5x+7x2 +3x3 )+ x(1 + 3x + 3x2 +x3 ) + x(1 + 3x + x2) +x2(1 + x) =
T+ 5x+ a2+ 3x3 +x +3x2+ 33 +x% +x+3x2 +x3 +x2 +x3 =

1+ 7x + 14x2 + 8x3 + x4
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2 W

‘Board B Board

Rp(x)=1+5x+ 10x2 +10x3 +5x4 + x3. Therefore, the number of ways of placing five non-challenging rooks

on Board Bis 5! — (41)(5) + (3!)(10) — (2!)(10) + (11)(5) — (0')(1) = 44.

2d. The coefficient of xX in RB(x) = the number of ways of placing k rooks on B

= (# of ways of placing & rooks on B with s not used) + (# of ways of placing k rooks on B with s used)

= (# of ways of placing & rooks on B1) + (# of ways of placing k — 1 rooks on B?)

= (the coefficient of xK in RB1(x)) + (the coefficient of xk—=Tin RB2(»))

(the coefficient of xk in RB1(x)) + (the coefficient of xk in x*RB2(x))

the coefficient of xK in RB1(x) + x*RB2(x).
Therefore, RB(x) = RB[(x) + x*RB2(x).

3a. RB(x)=(1 +x)" Using Theorem 1 over and over again (n — 1) times, the board can be partitioned into »n

boards, each 1 by 1 with a rook polynomial 1 + x. Therefore, the polynomial for the entire board is (1 + x)".

3b. m RB(x)
I 1+ 1x
2 | I+
3 | I+3x+ 1x2
4 } 1+ 4x + 3x2
500 145x+6x2 +1x3
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6 I+ 6x + 10x2 +4x3
7 14 7x 4152+ 10x3+ 44
8 | 1+8x+21x2+ 15x3+ 5x4
R G S 5 S Wy s O
3c. n RB(x)
7 1 1 +x
2 1+ 4x + 2x2
3 1+ 9x + 18x2 + 6x3
4 1+ 16x + 72x2 + 96x3 + 24x4
5 1+ 25x + 200x2 + 600x3 + 600x+ + 120x>

Notice that the coefficients of x are the square numbers and the coefficients of x”? are #! (Theorem 3 would prove

this last result.) Therefore, the general term will probably contain squares and factorials. With this in mind, the
table above can be rewritten:

n RB(x)

1 1 +x .

2 14 1(22)x + 2(122

3 1+ 1(32)x + 23212 + 6(12)3

4 1+ 1(42)x + 2(6202 + 6(42)3 + 24(124

5 14+ 1(52)x + 2(10212 + 6(102)3 + 24(52p* + 120(12)°

Now the squares and factorials are even more evident and also the binomial coefficients appear.

2 2 2 2
Theretore, Re(x) = 1+ 11 (1) x+21 (8) 2 +31 () 6 +. 4t ()
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Rotating Decimals

Notation

Throughout this problem we are concerned only with rational numbers that can be represented by totally repeating

decimals. For example, % =(.142857 . Partially repeating decimals like 2]1- =0.250 and -é =0.16 are not part

of this problem. 0.4 d.d5 ...d, , means the totally repeating decimal with digits d1, d2,ds,...,d» in the

repetend. The expression, did:ds...d», means the integer with digits d1,d2,ds,....dn

The following is a theorem that you may use without proof:

didads...dn
10" -1

For every totally repeating decimal, 0d d2ds ...d,=

For example, 037 = ‘g—g and 0.145= %%g

Definition

For every totally repeating decimal, let’s define a rotating function, r, such that

0d\dxds .. d,_1d)=0d,dids ..dn

As examples, r(0.1234) =04123 and r(Tll—) =r(009)=050=10.

The Problems

la. Compute repeating decimals for J7- , % , and % and then compute 1 ( %— ), r( % ), and 1 ( -;l ). Express your

final answers as reduced fractions.

1b. Compute repeating decimals for T% and 347 and then compute r ( -1% )and r( 347 ). Express your final

answers as reduced fractions.

X+ dn

2a. Prove: Foreveryx= 0didxds...d., 1 (x)= M)

2b. Prove: If 'r]ﬁ is a totally repeating decimal, then r ( % ) is an integer multiple of ;]ﬁ .
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2c. Prove: If & is a totally repeating decimal, then r (&)= ;fﬁ for some integer ¢.

Give a compact formula for .

3a. Solve the following two multiplication problems by finding the values of the digits a, b, ¢, d, and e.
1) abcde6 *4=6abcde i) abcded * 4=4abcde

3b. Find a solution to the equation, r (x) =4x. Express your answer as a reduced fraction.

3c. Prove: For each digit L, where L =1, 2, 3, ..., 9, there exists an integer n such that the multiplication
problem,

;11 dydy ... dy—jL * L :L7ld2 d3 dyp —, has a solution.

r (3 ) 1 Gy D 10 (s ),

2187 2187

Consider the set of repeated rotations of 317- = 2—1]?] , l.e.

It is a fact (but difficult to prove!) that the repetend of 2_118_7 is 243 digits long! You may use this fact in the

following problems.

4a. Prove if 2—&&7 is in the set of rotations of 2_1]8_7 then u=1mod9 (i.e.u = 9k + 1 for some integer k).

i 1 _ e 1L _10 _19 2179
4b. Prove the set of rotations of 3159 is { 5187 3187 ° 387 " 5187 }.

4c. Prove that each of the 100 pairs of digits 00, 01, 02, ..., 99 appears in the decimal expansion of §_lL8—7 .

Extensions (not part of the contest problem)

1. When is the decimal equivalent of the fraction g (in lowest terms) totally repeating?

2. If ged(n, 10) = 1 then the length of the repetend of -,l,- is , where r is the smallest positive integer such that
10"'=1modn .

3. -g—, has repetend of length 3'"* for any 7 > 2. (A generalization of the fact used in problem #4.)

4. The decimal expansion of glm contains every possible three-digit sequence and the decimal expansion of B-ﬂL)O

contains every possible 100-digit sequence.

5. The decimal expansion of the irrational number, Z 3—1,,;7 , contains every digit sequence of every length !!!

n=1
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The Solutions

la. r(1/7) = 1(0.142857) = 0.714285 = 5/7 1b. r(1/13) = r(0.076923) = 0.307692 = 4/13
r2/7) = 1(0.285714) = 0428571 = 377 1(4/37) = r(0.108) = 0.810 = 30/37
1(3/7) = 1(0.428571) = 0.142857 = 1/7

’ dydydsz ... dy didydz ... dy+10"d, —dy
a. L& Z 7 n dn A T SR AR L S { SV {
xtdp 1071 _ 107 -
10 10 10

- 107 -1  dndid2 ... dp-]
10 1071
= 0didd3..dy = 10
L4, L.y
2b. By 2a, r(n-];) = WW , where dj, is the last digit in the repetend of % . Since IUT” = 1;‘—0‘1” . ;% all we
did2d3..dn

must show is that | + d, * m is a multiple of 10. Since 7]11' =0.d1dyd3..dy=

10" - 1
==> (00—l =m*(didods...dv ) ==> 10"-m*(d|dpd3..dp10)=m*dp+ 1.

Since the left hand side of this equation is a multiple of 10, the right hand side must also be a multiple of 10.

(m) Lt dn - m m and %ﬂ is an integer.

2c. By 2b,r(m) = "" dn _ Si‘lj-ﬁ—m ~,;,. Again s + dp * m is a multiple of 10 because
didrds..d,
m=——— = s5-10"—s=m @ dods..d) = s 10 -—m-@idods..d, 10) =m - d.+ 5. Since the left

hand side of this equation is a multiple of 10, the right hand side must also be a multiple of 10. Thus the

formula for t is Y—"L—‘li.aﬂ and t is guaranteed to be an integer.

3a. 153846 * 4 = 615384 and 102564 * 4 =410256 (See 3b for general method.)

3b. From 3a, both 0.153846 and 0.102564 must be solutions. To help getting these into lowest terms, note that
r(x) =4x==> x +d =4x==>x =d/39. Knowing this, it is easy to calculate that the first solution is 2/13
and the second is 4/39.

4a. We show if s=1mod9 thenr (s /2187) is some u / 2187 with the numerator u=1mod9 . This suffices to
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prove the problem since 1= 1 mod9 and so all successive rotations of 1/2187 will have numerators congruent

to 1 mod 9. Suppose s=1mod9 . Then r(21987) =5t %687(1 . 21187 . We must show 5—-‘"—126[-81 =1 mod 9.

Since s=1mod9 and 2187d =0 mod9 , s+2187d =1 mod 9. Since 10 and 9 are relatively prime, (s +
2187)/10=1mod 9. Sor (s/2187) has a numerator that is congruent to 1 mod 9.

4b. From the fact stated with the problem, there are 243 distinct rotations of 1/2187. Since there are 243 integers of

4c.

the form / + 9k in the set {1, 2, 3, ..., 2186} and 4a states that only such integers may appear as numerators of
the rotations of 1/2187, by the pigeon-hole principle, the rotations must be exactly the set

{(9k + 1) /2187 with k=0, 1,2, ..., 242}.

By 4b, the elements in the set of rotations of 1/2187 are spaced 1/243 apart. Since 1/243 < 1/100, there must
be at least one element of the set in any interval of length 1/100. So some rotation of 1/2187 must fall in the
interval [ 0.djd, 0.djd> + 1/100). So for each digit pair djd?, there is a rotation of 1/2187 which begins with

0.djd... . So d]d> must appear somewhere in the expansion of 1/2187.

Supplementary Notes
I. In this problem we dealt with only those fractions that have totally repeating decimal expansions. It is an

interesting question to ask which fractions have this property. If % is in lowest terms and %=0d1d: wdn,

did> ..d,

then %: = and b| 10" — 1 , which implies every divisor of b also divides 10" —1 . Since 2| 10" and

510" , we know that 2 does not divide 10" -1 and 5 does not divide 10" —1 . So b cannot be 1 or a

multiple of 2 or 5 if % is to have a totally repeating decimal. But are these conditions enough to guarantee

that % will be totally repeating? See any university number theory textbook (e.g. The Higher Arithmetic by

Davenport) for the complete discussion and proof. Other interesting facts you might want to try to prove is that

% has a terminating decimal expansion if b is divisible by no primes other than 2 or 5 and % is a partially

repeating decimal if b is divisible by 2 or 5 and some other prime factor not equal to 2 or 5.

II. The difficult fact you were allowed to use in problem 4 holds more generally: -gL, has a repetend of length 3~

for any > 2. As examples, .‘I).: 1, -Z-L/- =037, and §lT =.012345679 . Equivalently, the smallest integer »

for which 3'10" -1 is 3'"> . Restating once more, the smallest integer » for which 10"= 1 mod 3' is

n =3""?. This generalization allows us to prove many statements similar to problem 4c. Since T('I)j > :-;]'g ,
the decimal expansion of gjm contains every 3 digit sequence and since -i(—)Lm > ,;Jm the decimal expansion of

S-SIM contains every 100-digit sequence.
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Regular Closed Linkages

The Definitions and Theorems

A linkage is a figure made up of line segments connected at their endpoints. The figures A, B, D, E, and F below

are examples of linkages. Figures C and G are not linkages but each consists of two overlayed linkages.

A linkage is closed if each endpoint is shared by exactly two segments. Figures A, D, and E are closed linkages.

Figures B and F are not closed linkages.

A closed linkage is regular if all segments in the linkage are crossed by other segments the same number of times.
In the figures above, only Figures A and D are regular closed linkages (RCL).

The symbol [n, k], where n and k are non-negative integers, can be used to represent a (RCL) made up of » segments
where each is crossed by other segments % times. Figure A is a [3, 0] RCL and Figure D is a [5, 2] RCL.

In this set of problems, we will investigate for which values of » and £ is it possible to construct a [#,, k] RCL.

The following theorems have evolved in the study of RCL’s and may aid in your investigation and used in proving
other theorems:

Theorem 1 Ifa[n], k] RCL and a [#n), k] RCL are constructible, then a [#n] + n), k] RCL is also

constructible.

Theorem 2 If for some integer m, a [2m + 1, k] RCL is constructible, then a
[4m + 2,2k + 1] RCL is also constructible.
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The Problems:
la. Construct a [7, 2] RCL.

Ib. Construct a [7, 4] RCL.

2a. Construct a [6, 1] RCL.

2b. Construct a [8, 4] RCL.

3a. Construct a [10, 1] RCL.

3b. Construct a [12, 1] RCL.

4a. Prove it is impossible to construct a [5, 1] RCL.

4b. Prove it is impossible to construct a [6, 2] RCL.  (4b may be the most difficult problem of the set.)

5. Prove it is always possible to construct a [2x, 1] RCL for any integer, n, greater than or equal to 5.

6a. Construct a [8, 2] RCL.

6b. Prove it is always possible to construct a [n, 2] RCL for any integer, n, greater than or equal to 7.

7a. Prove Theorem 1.
Given two RCL’s, [n1, k] and [n?, k], show how to construct a [n] + 12, k] RCL.

7b. Prove Theorem 2.
Given a [2m + 1, k] RCL, where m is a positive integer, show how to construct a [4m + 2, 2k + 1] RCL.

The Extensions (not part of the contest problem)

1. Does there exist a positive integer # for which a [», 3] RCL can be constructed?

2a. Construct a [8, 1] RCL.

2b. If a[2m + 1, 0] RCL is constructible, then a [4(m+1),1] RCL is also constructible.

3. If a [n, jk] RCL is constructible, then a [jr, k] RCL is also constructible for positive integers n, j, k.

4. If gcd(m, n) =1 and n>2m + 1, then a [n, 2(m — 1)] RCL is always constructible.
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The Solutions

la. In general, [2m + 1, 2] is
constructible for m > 2.
In general, [2m + 3, 2m] is
constructible for m > 1.

2a.

3a.

4a. Ina[n, k] RCL each of the » segments is crossed k times. Therefore, there must be » times & divided by 2
crossing points (because each point is counted twice). Since the number of crossing points must be a whole

number, either » or k£ must be even. Therefore, [5, 1] is impossible.

4b. Consider a graph called the dual of [6, 2]. In this graph each segment of [6, 2], AB, BC, CD, DE, EF, and
FA, is represented by a point on a circle. Two points in this graph are connected if the segments they represent
in [6, 2] cross. Since in [6, 2] each segment gets crossed twice, each point in the dual of [6, 2] must be

connected to two (and only two) other points.

Lemma There are only two possible duals of [6, 2] (disregarding rotations of the labels).

Proof: Since adjacent points in the dual represent segments with AB. liC
common endpoints in [6, 2], they cannot be connected in the dual
of [6, 2]. Therefore, AB must be connected with CD and DE or
AB must be connected with CD and EF. (Connecting AB to DE FA @ ®cp
and EF would be equivalent to AB to CD and DE and therefore
does not need to be considered.) bt e
EF DE
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Case 1 AB is connected to CD and DE.

Subcase 1a CD is connected to EF. Then EF must be connected
to BC and then BC would have to be connected to FA and
FA to DE.

Subcase 1b CD is connected to FA. Then FA must be connected
to BC and then BC would have to connected to EF. This

would force EF to be connected to DE, a contradiction.

Case 2 AB is connected to CD and EF
Then EF must be connected to CD or BC.

Subcase 2a EF is connected to CD. Then BC, DE and FA must

be connected forming two overlapping triangles.

Subcase 2b EF is connected to BC. Then BC can be connected to
FA or DE.

Subsubcase 2ba BC is connected to FA. Then FA must be
connected to DE. This would force DE to be connected

to CD, a contradiction.

Subsubcase 2bb BC is connected to DE. Then DE must be
connected to FA and FA to CD.

Notice that the graph in Subcase 2bb is just a rotation of the labels of the graph

in Subcase la. Therefore, they can be considered the same graph.

Therefore, [6, 2] has only two possible duals as shown in Figures la and 2a.
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EF DE
Figure 1b
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FA CD
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Figure 2a
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FA CD
E DE

Figure 2ba
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FA CD
E DE
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Theorem It is impossible to construct a [6, 2] RCL.

The duals found in the lemma show that AB must be crossed by CD and DE or AB must be crossed by CD
and EF.

Case 1 AB is crossed by CD and DE. This can be done in two possible ways:

'\C Q\E
L N
Subcase la Subcaselb

Now draw in BC in each of the two possible cases. (It cannot cross DE since according to the dual BC

crosses only EF and FA.)

E
A D A D
Subcase la Subcase 1b

According to the dual EF must intersect CD and BC.

In subcase la, this is impossible because E is in the interior of Angle BCD and EF would have to intersect
both sides of this angle. This happens only at vertex C.

However, in subcaselb it is possible to draw EF intersecting both CD and BC if points C and E are
moved in the diagram. C R
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Finally, according to the dual, AF must cross DE and BC. This is also possible, but in doing so AF must
also cross CD. Would it be possible move points (and the accompanying segments) so this would not
happen? The answer this time is no, because in the original diagram of this case, A and E are on one
side of CD and F must be on the other side of CD since EF and CD cross.

Case 2 AB is crossed by CD and EF. Then either D and E are on the same side of AB or opposite sides of
AB.

Subcase 2a D and E are on the same side of AB. Then C and F are on the other side of AB. Segment
DE will be on one side of AB while FA and BC would be on the other and hence could not cross
DE. A contradiction.

Subcase 2b D and E are on opposite sides of AB. Then forming DE (without crossing AB) forces all
the other points to be on the same side of DE and the segments connecting these points could not
cross DE. Again a contradiction.

Therefore, it is impossible to construct [6, 2].
5. Ifkis odd (k > 3), it is always possible to construct a [k, 0] RCL as a convex polygon with k sides. By
replacing each of the sides with a pair of crossing segments, as shown in the diagram, a [24,1] will be

constructed.

Replace with //’

For example, [3, 0] to [6, 1]

This still leaves the [2k, 1] RCLs where £ is even. Each of these can be constructed by combining two previously
constructed [2k, 1] RCLs using theorem 1.
6a.
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6b. If n is odd,. place the » points around a circle and
connect every other point. After the second trip
around the circle you will have come back to the
starting point and each segment will have two
crossings. This works for any odd n > 5.

For example, [9, 2]:

If n is even, [8,2] is a special case and shown in part 6a. If » is even and greater than 8, it can always be expressed
as a sum of two odd integers, n1 and n2, greater than or equal to 5. The construction above shows that [#1, 2]
and [n2, 2] are constructible and theorem 1 states that [#] + n2, 2] will always be constructible when [#1, 2]
and [n2, 2] are constructible.

7a. Place [nl, k] and [n2, k] next to each other (not overlapping) so that one endpoint from each of the RCLs is
close to the other, one above the other. Move two of the four segments connected to these endpoints so that

the two upper segments go to the upper endpoint and the two lower segments go to the lower endpoint. (See

,.‘>:< T
Since no new points have been added and no crossings have been formed or deleted, the figure would be
[n] + n2, k].

the diagram.)

7b. Make a copy of the [2m +1, k] RCL but make it a little larger. Overlay these two copies, lining up the parallel
sides. There are now 4m + 2 endpoints and each segment should now have 2k crossings. Replace each set of
parallel segments with two intersecting segments, producing the [4m + 2, 2k +1] RCL. (See the diagram.)

)

Because n in the original RCL is odd, you are guaranteed to get a RCL using this method. If n had been even,

using this method would only produce two overlapping [n, k] RCLs.
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The Extensions

1. A general method has been found to generate [n, 3] RCLs. The following [16, 3] RCL should serve as a spring-
board for you investigations: It started with a [6, 1] RCL and traced twice, going to the outside after almost

closing the linkage each time.

2a. 2b. From theorem 2, if [2m + 1, 0] is constructible, then

.//:><\x

3. The following diagram should serve as a springboard to further investigation.

Changing [5, 2] to [10, 1]:
YT
2 7; LN
\/ \

[4m + 2, 1] is constructible. You can always add two
more intersecting segments as indicated in the diagram:

4. Put the » points around a circle and connect every m-th point. This provides (2m — 1) crossings and is closed

when ged(m, n) = 1.
Special thanks to Grisha Chelnokov from the Moscow Youth Science Center for the original idea behind the

problem and to Davide Cervone from the University of Minnesota Geometry Center for his assistance and

encouragement in the writing of this problem.
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Factorial Polvnomials

The Definitions
Factorial polynomials are defined as follows:
Po(x) =1
Pi(x) =x
Pa(x) =x(x- 1)
Piy(x) =x(x— 1)(x —2), etc.

In general, Pn(x) =x(x~ 1)(x-2)....c—n +1) , and recursively, Pa(x) =Pn-1(x}(x—n + 1)and Po(x)=1.
Factorial polynomials can also be written in expanded form:
Po(x) =1
Pix)=1x+0
Py(x) =1x"= lx+0
Pi(x) =1x* = 3x* +2x+0
Pax)=1x*-6x" + 1 Ix*—6x+0

Ps(x) =1x° —10x* + 35x* —=50x% +24x+ 0,

creating the following triangle of coefficients:

1

1 0

1 -1 0

1 -3 2 0

1 -6 11 -6 0

1 -10 35 -50 24 0..

Let (Z) = the coefficient of x” % in the expansion of P.(x), with 0 <k <n.

4\ _ 5>__ n\ -
For example, <2>—11, {3 =-50, and {O} 1.

298



ARML Power Contest — November 1997 — Factorial Polynomials

The Problems
la. Show that P3(x+1)— Ps(x)=3P2(x).
1b. Show that Pa(x+1)— Pi(x)=4P3(x) .

lIc. Generalize the above two statements and prove your generalization is true.

2a. Show that Px(1) + P2(2) +Px(3) + ...+ Pa(k) = 53("3—+‘)- .
2b. Show that Pi(1) + P+(2) + Ps(3) + ...+ P(k) = M .

2c. Generalize the above two statements and prove your generalization is true.

3ai. Show that Pi(x) +Px(x) =x*.

3aii. Use the above statement to derive a simple, explicit formula for the sum 1°+2°+3” + ...+ k" in terms of &.

3bi. Show that Pi(x) +3P:(x)+ P3(x) =x> .

3bii. Use the above statement to derive a simple, explicit formula for the sum 1°+2°+ 3% + ...+’ in terms of .

3c. Express x* as the sum of factorial polynomials.

4ai. Forn>1, (;}):

4a ii. Explain this answer in terms of the roots of Pn(x).
4bi. Forn=>2, <’11> =

4b ii. Explain this answer in terms of the roots of Pa(x).
4ci. Forn >2, <nﬁ 1):

4c ii. Explain this answer in terms of the roots of Pa(x).

4di. Forn>2, g(@:

4d i1. Explain this answer in terms of the roots of Pu(x).

, . nY n—l) n—l) . .o L n . n-1
5. In Pascal’s Triangle, (k) (k— ) ( ) Likewise in this triangle, (k} can be derived from (k - 1}

n-1 : . n\ _ n-1 n-1
and( % ).Complete this statement: For n > 2, <k>_ (k—l>+ ( X )
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The Solutions
la. Pi(x+1) - P(x)=(x+Dx)x=1) —(x)x—1D(x=-2)
=@ - Dx+ 1) —(x=2))
= (- 1D3)
=3Pax)
Ib. Pax+1)— P(x)=(x+ D(x)x— D(x=2) —(x)(x - D(x -2)(x—-3)
=@ - Dx-2)((x + 1) - (x=3))
= @x - Dx—-2)4)
=4P3(x)

le. Pux+D)—P(x)=(x+D(x)x-1..c+1l—-n+1)—(xXx-1)(x=-2)...c—n+1)
=x)x-D..xc+1-n+D((x+D)-(x—n+1)
=@x-D..c-n+2)x+l-x+n-1))
=x)x—-D...c—n+2)(n)

nPr1(x) =n(x)x-1..c-m-1)+ 1)
=nx)x-1)..x—n+2)
SoPu(x +1) — Pu(x) =nPn -1(x)

2a. Pol) + P2) +Po3) + ..+ Pa(k) = -’3("3*—1)
11 =1) +22=1) +33=1) +... +k(k—1) =£MX§)(/<_—12

Prove : Forall k> 1, 042 + 6+ 12+...+ k(k— 1) = K+ 1)(3") k=1

3

2) Assume 0+2 + 6+ 12+...+j(i—1)=—(]+l)(é¢,prove

0+2+6+ 12+...+j(j—1)+(j+1)(j)—_—_—(j+2)§j+1)(j) .

G+DWDG=D oy 2 G+ GHD0)
: +(+1G) = L5

G+ DG =D  3G+DG) _ U+2G+DE)
3 3 3
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G+ DU -1+43) _ G +2)G+DG)
3 3

U+ DG+ _ G+2G+DU)
3 3

2b. P+ Q) +P(3) + ..+ Pik) = P4(k4+ 1)

1O) = 1) +2(1)0) +3(2)(1) +... +k(k—1)(k-2)=

k+ D(K)k— D)(k-2)
4

Prove: 0+0+6+24 +.. +klk—- 1)k-2)=

(k+ D(yk=1)(k=2)
y .

1) Show true for k = 1.
0= 2DO(-1
4

2) Assume 0+ 0 +6+24 +...+ j(j— 1)(j—2)=(j+ I)U)({t_l)(j_z) , prove

04046424 +..4 G+ )(j_l):(j+2)(j+41)(j)(j- D

DG Y= 1) = G+ 2)(j+41)(i)(j— D

G+DNG-Dy=-2)
4

G+DNG-D-2) + 4 +DU X -1 _G+2)+ DG =D
7 4 7

U+DDG-DG =D +4 _(G+DU+ DG D
7 ]

U+DDG-DG+2) _G+2G+ DNG =D
7 7]

2¢. Prove for a given positive n, Pa(1) + P:(2) + Pna(3) + ...+ Pa(k) = P“nl(_f T 1 for any 4.

a) Show true for k = 1.

. _Pn+1(2)
Show for any n, P.(1) = —T
If n=0,P(1)=1 and %Qll =2 (not true when 7 = 0!

fn=1,P1)=1 and %%:1

If n=22,Py(1)=0 and Pn+1(2)=0

Pn+1(j+1)

b) Assume Pu(1) + Pu(2) + Pu(3) + ...+ Pa(j) = — 1

, prove
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Pn+l(j+2)

Pu(1) + Pr(2) + Pu(3) + ...+ Pu(j) + Pu(j+1) = .

P+ 1)
n+1
M+ DP(j+D=Pcr(j+2)= Pis1(j+ 1)
=(+2G+DWOG-De(+2-m + D+ -G+ DPHG =D+ 1=-(n+ D+ 1)
=(+2U+DONG-D.-n+2) =G+ D)= D..G—n+1)
=+ DG - D-n+2)(j+2-(G-n+1)
=+ DMHG-D.—n+2)(n+1)
=P(j+D(n+ 1)

Pl1+l(j +2)

+ Pu(j+1) = 1

3al. Pilx)+PAx)=x+x(x—-1)
=x+x’—-x
=x
3a ii. 12 + 22+ 32 4+ K =
Pi(1) + P(1) + Pi(2) + Po(2) + Pi(3) + P(3) + ...+ Pi(k) + Px(k) =
P )+ Pi(2) +Pi(3) +...+P (k) + PA(1) + 2) + P-(3) +...+ P(k) =

From problem 2 above,

Prk+D) | Pr(k+D)
2 3

(k+ (k) | k+ DR =1
2 3

30k + 1K) + 2k +D(R) (k= 1) _ k(k + D2k + 1)
6 = 6

3bi. Pix) +3P2x)+ P3(x) = () +3()(x—1) + x(x - 1)}(x-2)
=x(1 +3x-3+x*-3x+2)
=x(x) =x°
3b ii. 13 + 23 ot K3 =
Pi(1) + 3P2(1) + Ps(1) + P1(2) + 3P2(2) + P3(2) + ...+ Pi(k) + 3P2(k) + P3(k) =
Pi(1) + P(2) +...+ Pu(k) +3P2(1) + 3P2(2)+ ...+ 3P2(k) + P3(1) + P52y + ...+ P3(k) =

Pokt1) | 3 Pak+1)) | Puk+1)
2 3 7

+ 3(

20k + D(K) + 4k + DRk = 1) +(k+ DOk =Dk=2) _ k* +2k>+ &> _ (k(k+1))2
7 4 2
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3c. X = Pi(x)+ TP2AX) + 6P3(x) + Pi(x)
= Pi(x) + aP2(x) + bP3(x) + Pa(x)
=x+ax(x— 1)+ b(xXx—1D(x-2) +x(x = 1)(x—2)(x-3)
=x(1 +ax —a +bx> =3bx+2b+x* —6x>+ 11x-6) ...
If (I +ax—a+bx’—3bx+2b+x’ —6x>+ 11x—6) is to equal x*, then

l—-a+2b-6=0, a-3b+11=0,and b — 6=0. Therefore, a=7and b = 6.

4a) {g} =0 In any polynomial the product of the roots is equal to the constant term divided by the leading

coefficient. Since zero is a root of any factorial polynomial (when # > 1), this product will always be zero.

b) {7} -_(n ("2_ D_ T,-1, the n th Triangle Number. In any polynomial, the sum of the roots is equal to -b/a,

where a is the leading coefficient and b is the coefficient of x” ' . In any factorial polynomial, the roots are 0,

1,2, 3, .., n— 1 and the sum of these numbers is the (n — 1)th Triangle Number.

c) {nﬁ l} =(-1" ’l(n — 1)! In any polynomial the sum of all the products of the roots where one of the roots is

n-1y

left out of each product is equal to (-1)" ' , where y is the coefficient of the linear term and a is the leading

coefficient. Since zero is always a root of a factorial polynomial (when » > 2)., all the products will equal zero
except the product that has zero left out. This product will be 1(2)(3)(4)...(n — 1) or (n — 1)!.

d) ; {'Ii} =0 In any polynomial if one is a root then the sum of all the coefficients will always be zero. Since

one is a root of all factorial polynomials (where n > 2), the coefficients must add up to zero.

5. Forn>2, {Z} = —n)(z: } } + (1){"; 1} (Found by inspection and trial and error!)
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Integer Geometry

The Definitions and Theorems:

An integer polygon is a polygon whose sides (edges) and diagonals all have integer
lengths.

An integer polyhedron is a polyhedron whose faces are all integer polygons and interior diagonals also have integer
lengths.

The measure used to order such polygons and polyhedra is perimeter-plus which is

the sum of the lengths of the edges added to the sum of the lengths of all the
diagonals.

In the following problems the following theorems along with the Pythagorean Theorem and the Triangle Inequality
may be useful:

Theorem 1: All isosceles trapezoids are cyclic, that is they can be inscribed in a circle.

Theorem 2: (Ptolemy’s Theorem) In any cyclic quadrilateral the sum of the products of the opposite sides

is equal to the product of the diagonals.

The Problems

la. Find all integer rectangles whose perimeter-plus is < 40. Prove there are no more. (Draw each rectangle,

labeling the lengths of its sides and diagonals and next to each rectangle indicate its perimeter-plus.)
1b. Prove there are no integer squares.

lc. Find the smallest integer rhombus and calculate its perimeter-plus number. (Draw the rhombus, labeling the

lengths of its sides and diagonals and next to it indicate its perimeter-plus.)

1d. Find all integer isosceles trapezoids whose perimeter-plus is < 40. (Draw each trapezoid, labeling the lengths

of its sides and diagonals and next to each trapezoid indicate its perimeter-plus.)

le. There exist two small cyclic quadrilaterals with no parallel sides. Can you find them and their perimeter-plus
numbers? (Hint: Both have diagonals 7 and 8 units long.) (Draw each quadrilateral, labeling the lengths of
its sides and diagonals and next to each quadrilateral indicate its perimeter-plus.)
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2. An integer pentagon can be formed by

overlapping two integer quadrilaterals:

Using the quadrilaterals you found in problems 1d and le, find two integer pentagons and calculate their perimeter-
plus number. (Draw each pentagon, labeling the lengths of its sides and diagonals and next to each pentagon
indicate its perimeter-plus.)

3. Using a technique similar to the above, find the smallest integer hexagon. (Draw the hexagon, labeling the

lengths of its sides and diagonals and next to it indicate its perimeter-plus.)

4. Since all tetrahedrons ( 3-D objects with four faces) have triangular faces and
no interior diagonals, all tetrahedrons with integer length edges are integer
tetrahedrons. A pentahedron (3-D objects with 5 faces) can be constructed

in two ways:

1) a pyramid with four triangular sides and a quadrilateral base.

i) a frustum with three quadrilateral sides and two triangular bases.

Find the smallest integer pentahedron of each type and calculate each figure’s perimeter-plus number.

Sa. A “pyramidal” hexahedron can be formed from a pentagonal base with five
triangular sides. Find the smallest integer “pyramidal” hexahedron and
calculate its perimeter-plus number.

5b. A “frustumal” hexahedron can be formed from six quadrilateral faces. Show —
how two 8 by 15 rectangles and four isosceles trapezoids with bases of 8
and 15 and sides of 7 can be arranged to form a “frustumal” hexahedron.

Find its perimeter-plus number.
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The Solutions
la. There is only one...a 3 by 4 rectangle with a diagonal of 5.

Proof: The sides and diagonal will form a right triangle and therefore must be a Pythagorean triple. All

such triples can be written as (2mn, m2 — n2, m2 + n2) where m, n are integers with m > n > 0. Since the

perimeter-plus must be < 40, 2mn + m2 — n2 + m2 + n2 must be < 20, and therefore, m(m + n) must be
less than or equal to 10. The smallest value for (m, n) is (2, 1) which is a solution to the inequality and
produces the triple (4, 3, 5). The next smallest value for (m, n) is (3, 2), which produces the triple

(12, 5, 13), is not a solution to the inequality and all larger values for (m, n) also fail to solve the

inequality. Hence, the 3 by 4 rectangle is the only solution.

1b. The diagonal of a square is always V2 times the length of the side and can never be an integer if the side is an

integer.

lc. The smallest rhombus has sides of 5 and diagonals of 6 and 8. It is important to know that the diagonals of a
rhombus are perpendicular and bisect each other to convince yourself that this is indeed the smallest integer

rhombus.

1d. Because current literature has two definitions for a trapezoid, the answer is either 8 or 9. If your definition
states a trapezoid is a quadrilateral with only one pair of parallel sides, the answer is 8; however, if your
definition states a trapezoid is a quadrilateral with a pair of parallel sides, the answer is 9 because all
rectangles would be considered isosceles trapezoids.

Since all isosceles trapezoids are cyclic, Ptolemy’s Theorem holds. Their diagonals are also congruent.
Therefore, using the labeling in the figure, ab = d? -2 and a+ ¢ > d. In order to count them all,

consider the following table:

d c (a)b) a,b d c (a)b) a,b
3 2 5 1,5 6 4 20 4,5
3 1 8 1,8 7 5 24 3,8
2,4 7 5 24 4,6
4 3 7 1,7 7 3 40 58
4 2 12 1, 12 8 7 15 3,5
2,6 8 6 28 4,7
3,4%* 8 4 48 6, 8
9 3,3 ** 9 6 45 5,9
5 3 16 4, 4 ** 9 3 72 8,9
10 6 64 8,8

10 4 84 7,12
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The first six entries in this table can be eliminated because a + ¢ < d. But the seventh entry(*) produces a solution
where a=3,b=4,c=2,and d =4. The next two solutions (**) are identical and produce the rectangle
solution. The last four entries and all subsequent entries produce integer isosceles trapezoids but their

perimeter-plus number is greater than 40. Here are the diagrams of these solutions:

8

le. Using the labeled figure below, ac + bd=56anda+b>7,b+c>8,a+d>7,and ¢ +d> 8. Therefore,
c¢—a>1. This data produced this table :
ac + bd = 56

b 3)5) (@1 5
( (3X6) (2)(19)
. c 3)7) SN 3 - o
(3)®) @X®) 8 8
y (4X6) @)®)* .
@)(7) @)(7) 6

Of these six possibilities only the two starred entries satisfy all the inequalities (P = 37 in both figures)
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3. It is believed this hexagon was known to Euler. Note that

it has the asymmetrical pentagon as a subset.

4a. Select the smallest integer quadrilateral for the
base and place the smallest isosceles triangles on
its parallel sides. The vertex of each of these

triangles will become the vertex of the pyramid.

4b. Use the smallest integer quadrilaterals for the
sides and equilateral triangles for the bases:

5a. Since the asymmetrical pentagon has the smallest
perimeter-plus number, use it for the base of the
pyramid and attach an isosceles triangle to each
side. Since the pentagon has at least one
diagonal of length 8, the congruent sides of all
these isosceles triangles must be 5 to satisfy the

Triangle Inequality. Therefore, P = 85

5b. Internal diagonals (like BG) are all diagonals on
interior isosceles trapezoids (like BAGF)
and will have length 17. Therefore the
perimeter-plus number will be 4(8) + 4(15)
+47)+4(17) + 4(13) +4(17) =P =308

For more information about integer geometry, see “Mathematical Gazette”, vol 81, pp 18-28.
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Unit Fractions

The Definition

A _unit fraction is a fraction whose numerator is 1 and whose denominator is a positive integer. In other

words, unit fractions are the reciprocals of the positive integers.
The Problems

1. As discovered in the Rhind Papyrus, dating from 1800 B.C., Egyptian mathematicians represented all positive

fractions less than 1 as sums of distinct (different) unit fractions. For example, % = 2]1- + -2]§

2-1,1,L1L 2-1:14L1 i i ; 2 9vg :
5=3v71t > and $=5+s+55 In 1202 A.D., Leonardo Fibonacci published a systematic way do

this:

IfO <@ < | then &= ?]I- + {representation of & — é}. where ¢ = Lf}d . This algorithm is repeated until the

{representation of & — 'c]]'} is a unit faction.

Express each of the following as the sum of distinct unit fractions:

A S Z
) 3 R 9 16

2. The unit fraction '113 can be represented as the sum of two unit fractions in five different ways:

l_1l,1_1,1 - 1l,1 - 1,1 - L,_L
15 30 30 20 60 24 40 18 90 16  240°

but i- can be represented as the sum of

. . » . 1l-1,1 -1l41 141
two unit fractions in only three different ways: 2530 6712878

a) Express -115 as the sum of two unit fractions in eight ways ignoring the order of the addends.

b) Express -1]7 as the sum of two unit fractions in two ways ignoring the order of the addends.

¢) In how many ways can ;‘; be expressed as the sum of two unit fractions? Prove your assertion.

3. In the diagram at the right, AL, XM, and BN are parallel. If AL=a,

BN =b, and XM= x, prove Elr':'c]z""

S+
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4. In the diagram at the right, each circle is tangent to the line and
to the other two circles. If the radius of circle A is a, the

radius of circle B is b, and the radius of circle X is x, prove

.]—:.L.;._L. ;‘\ A ‘ ”m\\
,x 'a_ /E " c/ ‘\

5a. Prove: %+l+-]—+... 1.

1 -
6 12 Tk T

(Hint: Use the fact that and rewrite each term.)

—1 1 _1_
Kk+1) k k+1

R I E —_ =1
5b. Prove : 3+l2+30+"'+k(k+1)(k+2)+"' 3

(Hint: Again rewrite as the sum of two unit fractions.)

_
Kk + D(k+2)

jt ~ G- 1) G-1
P kk+ Dk+2) Akt ) k(kt Dk+2).(k+j-1) Gkt Dk+2)(k+))

Sc. Prove: In general

6. Consider the following triangle of unit fractions known as the Harmonic Triangle of Liebniz:

- ——  diagonals
|
1

1L 1
2 2
1 1 1
3 6 3
1 1 1 1
i 12 12 14
l1 1 L 1 1
5 20 30 20 5

Foranyn>k>1, (Z) refers to the kth fraction in the nth row of this triangle, e.g. {g) = 2% .

a) Generate the next two rows of the Harmonic Triangle.

b) Complete this equation: For any n >k > 1, (IIZ} = ( % >+ { % > .

n\_1 n\ - __1 _ n\ - 2 i ici n
c) {1> 7 <2> prE <3> Y e , etc. Find an explicit formula to calculate <k>
(Hint: Think factorials!)

d) Although there is no simple formula for the sum of the numbers in row n, 1;1 (’;{) , there is a formula to

determine the infinite sum of the numbers in any diagonal where k is held constant, 2 {'i) . (Note: The one
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exception is the first diagonal when k= 1. ,21 (’f) =1+ % + -%+ ?14- + ..., which is the harmonic series and is

known to diverge, i.e., increases without any bound.)

i) Forany k> 2, find a formula for 2 (’i} .

1) Prove the formula is true.

The Extensions (Not part of the contest)

The following are interesting facts about unit fractions taken from The Penguin Dictionary of Curious and

Interesting Numbers by David Wells:
a) % is the only positive fraction less than 1 that cannot be expressed as the sum of two unique unit
fractions and therefore was a uniquely represented “Egyptian” fraction.

b) Erdos and Sierpinski have conjectured, respectively, that % and % are each expressible as the sum of

three unit fractions.

T-1-1l,1_1,1 ibniz -
d) 1 1 3+5 7+9+... (Leibniz - 1673)
e) e=(-)]!-+-117+-2]'—+-3]—!+:h+ (Newton - 1665)

f) If nis an even number, -l-lw + i% + éL,, + Z;]"’ + §];= a multipleof " . For example, if » = 2, the sum

2 4
equals % and if n = 4, the sum equals gb- . (Euler - 1736)

g) Every number greater than 77 is the sum of integers, the sum of whose reciprocals is 1. For example,

= l,1,1,1,11_ -
78=2+6+8+ 10+ 12 +40 and tet3 013130 1. (Graham - 1983)

h) A neat connection between Pascal’s Triangle and the harmonic series:
(Ix1)=1
(1x1)—( x%):%
IxD-@xH+(Ix=1
UxD-GBxH+GxhH-xp=7
(X D=@xH+ExH-@xp+UxH=1
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The Solutions

Z-1,3_-1,1,1
la. 8 2+8 2+3+

S_1,4_1,1,.1
b f7=3+335=3%5+% 9y
Z_1,5_1,1,1
le. 6=3*%=3*10* 240

-1, 1 -1 ., 1-1 .11 .11 .1 -1 ,1_1,1_139 91
28 13=13*T56- 1478415460 16%28-18736-20+30 "2+ 28-24" 34

2c. 1 %=%+-\|;,then xy>n. Let x=n+j and y=n+k, then

f
-rl;: n_-]ﬁ +n—h(=>(n+j)(n+k)=n(n+k)+n(n+j) = jk=n?. Therefore, j and k are divisors of n>.

Since a square has an odd number of divisors, d , add | to this number ( because j and k can both be n ) and

then divide by 2 since the order of j and k is insignificant. Therefore, if d is the number of divisors of n?,

then -’]1- can be written as the sum of two unit fractions in ‘L'zf'—l- ways.

3. Let LM = m and MN = n, by similar triangles, j'c-z mtn and l}cl =Wt and so m =4 . From the first

a b b
g 4p
equation, x = —&— . Therefore, % = m# and substituting for m, )Jr' = -%— = :]t- = ma_;;zbn = :It' = % + éli .

4. In the following diagram, using the Pythagorean Theorem three times, you get:
(@-b)’+y'=@+b)’ (@-x)"+Z=@+x)° (b-x) +w'=(b+1>

y=2Jab ’ z=2fax ’ w=2/bx

But y=z+w ’
Therefore, 2Jab = 2/bx + 2fax /

Dividing each term by 2/abx , il + TG

S5a. Forany k, k(k+l):k-k+1 .

Using this fact, rewrite each term as the difference if
two unit fractions:

1 l1_1 l1_1 L__1_
¢! 2)+(2 3)+(3 4)+...+( )+ ...

1 _1__1 i N
}

k k+1
Summing the opposites, results in: 1 — k_-]i—_l .
As k — oo, k—i—l — 0. Therefore, the infinite sum is 1.
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AN . 2 - 1 _ 1
Sb. Forany k, it is easy to show : T hEsD WD GrDEsD
Using this fact, rewrite each term as the difference if two unit fractions:

1_1 l1__L1L 1 _ 1
G-t 1235 20)+ (k(k+1) TS

S in 4o —1
Summing the opposites, results in: T TR

5 o0 _J__ N M 9 M _I_
As k —> oo, FIDETD — 0 . Therefore, the infinite sum is 3

U-D! y-n k4 )G =Dk = !

k(k+1)(k+2) (k+j-1) (k+l)(k+2)...(k+j)_ k(k+ D)(k+2).(k+j)
_kG=D!+jG =D -k = D!
T k(4 Dk+2) ..(k+ )
_ JG-D!
T kk+D(k+2)...(k+))
_ J!
T ktk+ Dk+2) ...(k+J)

1 1
8 56 T68 7280 280 7168 56 ¥

6b. Each term of the harmonic triangle is the sum of the two terms below it.

n\_Jn+1 n+1
Therefore,<k>—< % >+(k+l

(=44
{5}= n(n_”

{8} -m o
<Z> n(n—1) (n;ljz)(n —3)

. n\ _ (k-D!
In general, {k} Sam-1Yn-2).(n-k+1)
(,,)_ (k-1)! (=R k= D(n—k=2)..3@0)
= rm D=2kt D 1=k —k=D—k=2)..0002) ()

or,

(k) (k-1 '(n k-D'n_-K!
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Also notice the Harmonic Triangle is related to Pascal’s Triangle:

Therefore, using the binomial coefficient, Z) = ;‘1- + (’I’( - })
_1._ (m=D!
nT (k=1))(n—k)!

_ (k=D n=k)!
T -1

_k-Din-K!
- n!

6dii. From 6b, (2’}: {”Z 1> +{Z:11>. If k=2, n canbe replaced with n— 1 and & can be replaced with
_ n—-1\_J n n n\_Jn-1\_J n
k—1,to get k—l) (k—1>+<k>' Therefore, (k) <k—1> <k—1>'

For n2k22, 3 ('1'(}:"2((7(:}}‘@21))

=2 '11__}>'%<kf1> )
o -4
:(f:% +0
=k_1_1'
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Chromatic Polynomials

The Definitions and Theorems

A graph, G, is a finite non empty set VG of objects called vertices (also called points or nodes) and a (possibly
empty) set EG of two-element subsets of V@ called edges (or lines). Every graph has a diagram associated with
it. For example, a graph G defined by VG = {v], v2, v3, v4} and EG = {v]v2, vV]Vv3, v2Vv3, v3v4} has the

V2
SN
w/ /3

In a null graph (designated N), the set EG is empty. In a complete graph (designated K), the set EG contains all

following diagram:

possible two-element subsets of V. Subscripts are used to indicate the number of elements in VG. As

examples: A N
\ v2 o
v2
Kg= v2 I, Ky = N3 =
= va i o VI °v3
\
V3
Other special graphs are cycles (C) and paths (P). As examples :
o V2 /‘;‘\v\z\
V3
Y1 vy V2 VE— Y2
4
P3 = P4 = V3

N v 41

v4
Note that K3 = C3 and P2 = K2 and that C| and C3 are undefined.

A graph can be “colored” by assigning a color to each vertex so that vertices connected with a edge are assigned
different colors. The minimum number of colors needed to color a graph G is called the chromatic number of
the graph, X¢ . For example, Xx; =3, Xr; =2, Xk, =4, Xp, = 2.
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Blue Blue Blue

AN AAEY S

Yellow S Red—— Red

Blue " Yellow / Blue

Two colorings of a graph are considered different if they assign different colors to the same vertex of the graph. For

example, using two colors, P3 can be colored in two different ways; however K3 cannot be colored with only

two colors. Using three colors, P3 can be colored in twelve ways and K3 can be colored in six ways.

A chromatic polynomial of graph G, PG(x), is the number of different colorings of G using x colors. For example,

using the graphs:

1 /1
Go 202 © Gy =/

If you have x colors to color G, you have x choices for v| and also x choices for v and v3. Therefore, Pg,(x) =

(x))(x) = x3.

If you have x colors to color G, you have x choices for v{, (x — 1) choices for v7 (it cannot be colored the same as

v1), and x choices for v3.

Therefore, Ps, (x)=(X)(x — 1)(x)= x3 —x2.

If you have x colors to color G2, you have x choices for v|, (x — 1) choices for v (it cannot be the same as v1), and

(x — 1) choices for v3 (it cannot be the same as v7).

Therefore, Pc, (x)=X)(x - 1)(x-1)= x3-2x2 +x.

If you have x colors to color G3, you have x choices for vi, (x — 1) choices for v, and (x — 2) choices for v3 (it

cannot the same color as v| or v2).

Therefore, Pos(x) = (X)(x — 1)(x —2) = x3 — 3x2 + 2x.

Notice that Pg,(2) =2, P64(2) =0, Ps,(3) =12, and Pc;(3) = 6 are the same results as stated in the paragraph

above.
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Theorems about Chromatic Polynomials

1. For a null graph, Ny, with exactly n vertices and no edges, Pv, (x) = x1.

2. For a complete graph, Ky, with exactly n vertices any two of which are connected with an edge,

Pr,(X) =x(x— I)(x=2)..(x —=n+1).

3. For a path of n vertices, P, Pr, (x) = x(x — 1)1 -1,

4. If G is a graph with n vertices and m edges, then

1) PG(x) has degree n. ii) the coefficient of x1 in PG(x) is 1.
ii1) the coefficient of x1 -lin PG(x) is -m. iv) the constant term in PG(x) is 0.
v) the coefficients of PG(x) alternate in sign. vi) if m # 0, then the sum of the coefficients of PG(x) is 0.

As the graphs become more complex, counting the number of colorings and the choices of colors becomes very
difficult and so the following recursive algorithm is very helpful. Repeated use of the algorithm shows for any

graph, PG(x) is the sum the chromatic polynomials of related complete graphs and so Theorem 2 can be

applied.

5. Let G be a graph containing two vertices v| and v) not connected by an edge. From G,
form a new graph G’ by connecting v| and v and then form another graph G” by /
replacing v] and v) by a vertex v (not already in G) and connecting v to any vertices [

which v| and v were connected to in G. Then PG(x) = PG’ (x) + PG»(x). The ’

following diagram shows how this theorem can be used three times to find the chromatic

polynomial of this graph.

AN
7=

O

e}

PG(x)
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= PGy + PGy (x) + PGy () + PGy®)

Therefore, PG(x) = P(G’y (x) + P(G’y(x) + PGy (x) + PGy (X)
= PKe6(x) + PK5(x) + PK5(X) + PR4(X)
= (x)(x = D(x = 2)(x = 3)(x = 4)(x — 5) + 2[(x)(x — D(x = 2)(x = 3)(x = 4)] + (X)(x — D)(x = 2)(x = 3)
=X)x - Dx = 2)(x = 3)[(x - H)(x - 5) + 2(x — 4) +1]
=X)(x— D(ExE-2)(x—-3)(x2-7x +13)

=x0 _ 13x3 + 66x4 — 161x3 +185x2 — 78x.
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The Problems

1. Find the chromatic number for each of these graphs:

a. //\ b. ,/'//// \\
/ \/ \ <—F By

2a. Consider graph G at the right.
1) Using two colors, show that G| can be colored in two different ways.

i1) Using three colors, show that G| can be colored in eighteen different ways.

Gy

2b. Consider graph G2 at the right.
1) Using two colors, in how many different ways can G2 be colored?
i) Using three colors, in how many different ways can G2 be colored?
3. Using the counting method, find PG(x) for each of these graphs. G -

(You may leave your answer in factored form.)

4. Determine a suitable graph for each of the following chromatic polynomials:

a. Po(x)=x*-x* c. Po(x)=x*-4x®+6x* =3x

b. Po(x)=x*—3x"+3x* —x d. Po(x) =x*-2x° +x?

5. a. Prove Theorem 1.
b. Prove Theorem 2.
c. Prove Theorem 4 part vi (Hint: How can you find the sum of the coefficients of any polynomial?)
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6. Using theorem 5, find PG(x) for each of these graphs. (You may leave your answer in factored form.)

7. Prove Theorem 5.
The Extensions

Chromatic Polynomials were first used by Birkhoff in 1946 in an attempt to solve the famous Four Color Problem.
This problem conjectured only four colors were needed to color any map so countries or regions sharing a
common boundary were always colored a different color. It was first proposed in 1852 by Francis Guthrie, a
student at the University of London. A proof of the theorem was attempted by many eminent mathematicians,
including August de Morgan and Arthur Cayley. Several proofs were published in the 1880’s but all were
found to contain errors. Interest in the problem grew and spawned many new techniques in mathematics. In
Birkhoff’s attempt, if a planar graph (a graph which can be drawn in a plane with no edges crossing except at a

vertex) could be represented by a chromatic polynomial, then it was only necessary to show that PG(4) is

always at least 1. He was unsuccessful in completing the proof. The Four Color Problem was finally solved in
1976 by Appel and Haken; however, their proof required extensive use of a computer to check the validity of all

cases.
Some further problems to consider:

1. If G is a cycle with n vertices, Cp, then Pc,(x) =(x-1)"+ (=1)"(x-1).
2. If G is a tree with n vertices, Ty, then Pr,(x)=x(x—1)""".

3. In problems 3a and 5b, you found the chromatic polynomials for the graphs associated with the tetrahedron and
the octahedron. What are the chromatic polynomials for the graphs associated with the other Platonic solids -

the cube, icosahedron, and dodecahedron?
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The Solutions

la. Because the graph contains K3 as a subgraph, at least three colors are needed. The coloring below shows this is

minimal.

1b. The outer pentagon requires at least three colors. The coloring below shows this is minimal.

lc. Since the graph contains an edge, at least two colors are needed. The coloring below shows this is minimal.

G G R
R///\\B /\
R
= AN
B . ‘ -
B O~ /\/ \'R \\R \‘/ % j <
\/R NE N |
\ \ R g :/
G \/G /Q B¢ °B
R B R G B
2a i. R B B R 20ikR B R G RG RB BR BG BR BG
B R R B BG GB BR GR RG GR GB RB

GR GB GR GB RB RG BR BG GR GB
RB BR BG RG BR GR RB GB RG BG

2b 1. It cannot be 2b ii. six: RB RG BR BG GR GB
colored in two colors GR BR GB RB BG RG

3a. P()=x)(x—=1)" =x%— 5 +10x* - 10x* + 5x% —x

3b. P(x)=()(x— 1) (x=-2)=x> = 5x*+9x* = 7x2+ 2x

3c. P(x)=()(x— D(r—-2)"=x*—5x*+ 8x* —4x

4a. Po(x)=x*-x*=x*(x-1) 4c. Po(x) = x*— 4x® + 6x° = 3x=x(x— )(x* =3x+3)
@] O —

. |

4b. Po(x) =x* -3 +3x% —x=x(x-1)°  4d.Pgx) =x*—2x  + 2= x*¥(x-1)°

a [

5a. For each of the n vertices you have x choices of colors. Therefore, Ps(x) = (x)(x)(x)...(x) =x" .

(@]

O
o}
D

n times
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Sb. Pick a vertex, v1; you have x choices of colors for v|. Pick a second vertex, vp. Since it is connected to v,
you only have x — 1 choices of colors for v. Pick a third vertex, v3. Since it is connected to vl and v2, you
only have x — 2 choices of colors for v3. Continue this process until there is only one vertex not colored, vy.

Since vy is connected to all the other n — 1 vertices, it can be colored using x — (n — 1) colors.
Therefore, Pk, (x) = x(x - 1)(X - 2)..(x —n + 1).
Sc. Since m # 0, G has at least one edge. The two vertices connected by this edge, must be colored differently.

Therefore, at least two colors are needed to color G and so PG(1) = 0. But in any polynomial, P(1) equals the

sum of the coefficients. Therefore, if m # 0, then the sum of the coefficients of PG(x) is 0.

+%+ +
Ka Ka K3

Therefore, Po(x) = (x)(x— 1)(x —=2)(x = 3)(x —4) + 2(xNx — D)(x =2)(x = 3) + (x)(x— 1)}(x-2)
Po(x) = () x—D(x =2}(x*=Tx+ 12+ 2x— 6+ 1)
Pox) = (0)&-1)&-2)&* - 5x+7)
Pox)=x"-8x*+24° -3 1% + 1 &

6b.

</

N

()\
(

322



ARML Power Contest — February 1999 — Chromatic Polynomials

Pe(x) = (x)(x = D(x =2 (x=3)(x-DH(x =5 +3(x-3)(x-4) +3(x-3) + 1)
Pox)=(x)(x=1)(x=2)(x*-9x2+29x-32)
Po(x) =x®—12x°+58x*-137x° + 154x*- 64x

7. Consider graph G with two vertices, v| and v2, which are not connected. The number of different colorings of G
using x colors is equal to the number of such colorings of G where the color of v is different from v plus the
the number of such colorings of G where the colors of v] and v) are the same. The number of colorings of G
where v| and v are different is the same as the number of colorings of G’, the graph where v| and v are
connected. The number of colorings of G where v| and v) are the same color is the same as the number of
colorings of G”, the graph where v| and v are removed and replaced by a new vertex v with all vertices that

were connected to v] and v) now being connected to vertex v.

Therefore, PG(x) = PG(x) + PG»(x).
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Twenty-five Point Affine Geometry

The Definitions and Theorems

Definition 1: A point is any letter A through Y. There are twenty-five points in this geometry. The points are

arranged in blocks in the following three ways:

ABCDE AT LTW AXQOH
FGHTI J S VE HK RKI BY
KLMNO GORUD J CUS L
PQRST Y CF NQ VTMFD
UV WX Y MP X B J NGE WP

Definition 2: A line is any row or column in one of the three blocks above. Therefore, a line contains five distinct

points. There are only thirty lines and every point is on six different lines in this finite geometry. For example,
THUNB is a line and point T is on lines PQRST, EJOTY, AILTW, THUNB, VIMFD, and XKCTG.

Theorem 1: Given any two distinct points, there is one and only one line containing both of them. For example,

given points T and K, only line XKCTG contains both of them.

Definition 3: Two lines are parallel if they have no points in common. The points are arranged in the blocks so

that parallel lines must lie in the same block and both be rows or both be columns.

Theorem 2: Given any two distinct lines, either they are parallel or they have only one point in common. Lines
FGHIJ and IVOCP both contain point 1.

Theorem 3: Given a line and a point not on the line, there is one and only one line containing the point and
parallel to the given line. For example, given ASGYM and point R, line LERFX is the only line containing
R and parallel to ASGYM.

Definition 4: Two lines are perpendicular if one of them is a row and the other a column in the same block. For

example, lines FGHIJ and CHMRW are perpendicular and intersect at point H while lines FGHIJ and LERFX

intersect at point F but are not perpendicular.
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Theorem 4: Through any point, there is one and only one line perpendicular to a given line. For example, given
AFKPU and point N, line KLMNO is perpendicular to line AFKPU and contains N.

Definition 5: The distance between any two points is the least number of steps separating

the points on the line which contains them. Lines do not have end points so when 4
considering distances, it might be best to think of the five points of a line as being Ue oF
cyclic: For example, on line AFKPU, distance AF = 1, distance AK = 2, distance ! i
AP =2 (not 3) , and distance AU = 1 (not 4). Row distances do not equal column \ f
distances so row distances will be distinguished from column distances by using a P.‘ "%

prime. Therefore, on line ABCDE, distance AB=1’, AC=2",AD=2", and
AE = 1. Therefore, between two distinct points there are only four possible distances: 1, 2, 1’, and 2°. In
this geometry, row distances and column distances are not comparable.

Definition 6 Point x is the midpoint of points a and b if x is on the line containing points a and b and distance ax
equals distance xb. For example, on line {EJOTY} point J is the midpoint of points E and O while point T is
the midpoint of points E and J.

Two figures are considered different if they have a different set of points.

The Problems

Part A Triangles
Definition: A triangle is a set of three non-collinear points.

1. How many different triangles are there?

2. There are three types of triangles: equilateral, isosceles, and scalene. Each comes in four different sizes. What
type of triangle is each of the following: FAR, NHL, and SLO?

3. Prove or Disprove: All scalene triangles are right triangles. (A right triangle has two perpendicular sides.)

4. Find the circumcenter, the centroid, and the orthocenter of triangle ABN. Show these points are collinear. (This
line is called the Euler Line.)

Part B _Quadrilaterals

Definition: A quadrilateral is a set of four points, no three of which are collinear.
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5. How many different quadrilaterals are there?

6. There are eleven types of quadrilaterals. Match each of these quadrilaterals with its distinct name. (Vertices of a

quadrilateral are named in order.)

AVQK rectangle

AKCR rhombus

ACQG general parallelogram (adjacent sides are not = or _| )

AKLQ right trapezoid with 3 congruent sides (!)

MIBF right trapezoid with 2 congruent sides

VBDW isosceles trapezoid

BWHL general trapezoid (no | ’s)

AGQI kite S

BFVH dart \<

AYDW general quadrilateral (no I sides) //(
APNS general right trapezoid (no = sides) kite dart

Once the eleven types of quadrilaterals have been identified, the following theorems can be easily seen. This is
NOT part of this Power Contest Question:
The opposite sides of a parallelogram (rectangle, and rhombus) are congruent.
The diagonals of a parallelogram (rectangle, and rhombus) bisect each other.
The diagonals of a rectangle (and isosceles trapezoid) are congruent.
The diagonals of a thombus (kite, and dart) are perpendicular.

The diagonals of a right trapezoid with three congruent sides are parallel !

7. Prove or disprove: If the opposite sides of a quadrilateral are parallel and congruent, then the quadrilateral is a

parallelogram.

8. Prove or disprove: There are no squares in this geometry.

Part C Circles

Definition: A circle is the set of six points a given distance (called the radius) from a given point (called the

center).

9a. Find a circle centered at point E with a radius of 2.

9b. What is the center and radius of the circle {K, J, Y, P, V, G}?
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10. How many different circles are there?

11. In any triangle, the three midpoints of the sides, the three feet of the altitudes, and the midpoints of the
segments joining the vertices to the centroid all lie on a circle called the Feuerbach Circle. Consider again the
triangle ABN from problem 4 in Part A. What is the center of its Feuerbach Circle?

12. Prove or Disprove: A line through the center of a circle always intersects the circle at two points.

Part D Conics

Definition: A parabola is the set of points equidistant from a given point (called the focus)

and a given line (called the directrix.) dL.- ‘
\ >0
Fe'

13. How many different parabolas are there? =

directrix
14. Determine the set of five points of the parabola whose directrix is line AFKPU and

focus is point M.

Definition: A line_tangent to a parabola intersects the parabola at only one point and is ‘;

not perpendicular to the directrix. Of the five points of a parabola, one is the vertex and \

the other four form two pairs of endpoints of a focal chord (a chord going through the

focus). focal chord

15a. Consider parabola {TIGED} whose focus is point X and directrix is line {YCFNQ}.
Determine the five tangent lines to this parabola.

15b. Make a conjecture regarding the tangent line through the vertex. Support your conjecture with evidence.

15¢c. Make a conjecture about a pair tangent lines that are tangent to the endpoints of a focal chord. Your conjecture
should involve the directrix. Support your conjecture with evidence.
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The Solutions

1.

25)2420) _ 5000
3!

2. FAR = equilateral; NHL = isosceles; SLO = scalene

3. For a triangle to be scalene all sides must have different lengths. Since there are only two row distances and
only two column distances, one side of the triangle must have a row distance length and another side must have
a column distance length. Since the lines containing these sides must intersect, they must lie in the same
block with one a row and the other a column. Therefore, these two sides are perpendicular and hence the

triangle must be a right triangle.

4a. The circumcenter is the intersection of the perpendicular bisectors of the

sides of the triangle. Therefore, the circumcenter is S. HJCUSL}

{DINSX}

4b. The centroid is the intersection of the medians of a triangle. Therefore

the centroid 1s X.
{AXQOH}

{MPXBJ}
4c. The orthocenter is the intersection of the altitudes of a triangle. A B
. {DINSX}
Therefore, the orthocenter is 1.
Points S, X, and I all lie in line {DINSX]}, the Euler Line of this {AILTW}
. {RKIBY}
triangle.
A B
5 (292HR0OA3) _esno {DINSX}
’ 4!

6. AVQK: AK || VQand AV = QK. Therefore, AVQK is a isosceles trapezoid.

AKCR: AK || RC, AR || KC, no perpendiculars. AKCR is a general parallelogram.
ACQG: AC=CQ,QG=GA,AC| QG atB, CQ_ GAatY. ACQG is a dart.
AKLQ: AK || QL, AK | KL, KL | QL, no opposite congruent sides. Therefore, AKQL is a general right

trapezoid.
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MIBF: MI || BF, IB || MF, IB | IM. Therefore, MIBF is a rectangle.
AGVF: GV || FA, AG # VF, no perpendiculars. Therefore, AGVF is a general trapezoid.
VBDW: VW || BD, VB | WB, VB _|_ BD, no congruent sides. Therefore, VBDW is a general right trapezoid.

BWHL: BW || HL,WH || LB, BW = WH = HL = LB, no perpendiculars. Therefore, BWHL is a rhombus.

AGQI: no parallels, AG = GQ, QI # IA. Therefore, AGQI is a general quadrilateral.

BFVH: no parallels, BF = HB, FV = VH, HB 1 VB, VH _|_ HB. Therefore, BFVH is a kite.

AYDW: AY || DW,DW | WA | AY, AY = YD = DW # WA. Therefore, AYDW is a right trapezoid with

three congruent sides.

APNS: AP || NS, no perpendiculars. Therefore , APNS is a general trapezoid.

7. False. Quadrilateral AYDW is a counter example. AY || DW and AY = DW = 2 but
YD is not || WA. Therefore AYDW is not a parallelogram.

8. True. A square is a rectangle with congruent sides. Therefore, a square must have perpendicular and congruent
adjacent sides. However, this is impossible since perpendicular sides must lie in the same block, one in a row

and the other in a column but row lengths are never equal to column lengths.
9a. {BKNCSP}

9b. center = A, radius = 2. Consider the midpoints of the five chords with endpoint K, the midpoints of the five
chords with endpoint I, and the midpoints of the five chords with endpoint Y. These sets have only point A in
common. (Or alternatively, the perpendicular bisector of chord KJ is {AILTW} and the perpendicular bisector
of chord KY is {ARJVN}. They intersect at the center A.)

10. (25)4) =100 .

11. The midpoints of the sides are J, D, and H and the feet of the altitudes are R, T and D. The circle containing

these points is centered at N with a radius of 2.

12. False. Circle {HIBXWE} is centered at A with a radius of 1’. However, line {AFKPU} goes through the
center A but does not contain any point on the circle.

13. (30)(20) = 600 .
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14. 1" from {AFKPU} and I’ from point M = {LIT}; 2° from {AFKPU} and 2” from point M = {DX}.
Therefore, the parabola is {LJTDX}.

15a. {PQRST}, {RKIBY}, {BGLQV}, {SVEHK}, and {HYLDP}
15b. The tangent line through the vertex is parallel to the directrix. E must be the vertex since T, X, and G lie on

line {XKCTG} and I, X, and D lie on line {DINSX}. {SVENK} is the tangent line through E. Both tangent
line {SVENK} and the directrix {YCFNQ} are rows in block 2 and hence they are parallel.

15¢c. Tangent lines through the endpoints of a focal chord are perpendicu-lar and intersect on the directrix. Points T
and G are the endpoints of a focal chord. {PQRST} and {BGLQV} are tangent lines through these points.
They are perpendicular in block I and intersect at Q, a point on the directrix {YCFNQ}. (Also, points I and D
are the endpoints of a focal chord. {RKIBY} and {HYLDP] are tangent lines through these points. They are
perpendicular in block IIT and intersect at Y, a point on the directrix {YCFNQ}.)

The Extensions

Many more theorems and investigations of this geometry are presented in Puzzles and Paradoxes by T. H.
O’Beirmne, including its association with a triangular lattice system. Of unusual interest is how this geometry is

used to solve a problem regarding the placement of photographic equipment around a circular race track!
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Square-Sum Partitions

The Definitions
Consider a set A of distinct elements. A partition of set A is a set of disjoint subsets of A whose union equals set

A. For example, the set { {1, 3}, {2, 4, 6}, {5}} is a partition of the set {1, 2, 3,4, 5, 6}. A square-sum
partition of set A is a partition of A in which the elements in each of the subsets in the partition add up to a
square number. For example, the set {{0, 1,6,9}, {2, 7}, {3, 5, 8}, ’4}} is a square-sum partition of

{0,1,2,3,4,5,6,7,8,9}.

For ease in correcting please write all subsets in ascending order and all partitions in ascending according to the first

element of each subset as shown in the examples.

The Problems
Part I Square-Sum Pairs Consider the set {1, 2, 3,4, 5, 6, 7, 8}. It can be partitioned into square-sum pairs:

{{1, 8}, {2, 7}, {3, 6}, -{4,5}} in which each subset contains a pair of elements that add up to a square

number. We will now investigate the partitioning of the set {0, 1,2,3,..., n} into square-sum pairs.
1. Partition the sets {0, 1,2, 3,..., n} into square-sum pairs where:
ayn =1 by n =7 c)n =9
2. Prove: If n is the square of an odd number, then {0, 1,2,3...., n} can be partitioned into square-sum pairs.

3. Prove the sets {0, 1,2,3,..., n} cannot be partitioned into square-sum pairs when:

ayn =3 b)n =5 c)n =11

4. Sometimes there exists a number, S, the square of an odd number less than 2», that can be used to partition
{0,1,2,3,..., n} into two sets {0,1,2,3,...,S—-n-1} and {S—-n,S-n+1,S-n+2,...,n—1,n} where
the first set, {0, 1,2,3, ..., S—n — 1}, is already known to be partitionable into square-sum pairs and the second
set, {S—n,S—-n+1,S-n+2,...,n-1,n}, is easily shown to be partitionable into square-sum pairs. For
example, given the set {0,1,2,3,...,15} and S= 25, then S—n=10. {0,1,2,3,...,15} can be partitioned
into sets {0,1,2,3,...,9} and {10,11,12,13,14, 15} . In exercise 1 you demonstrated {0, 1,2,3,..., 9} is
partitionable into square-sum pairs and {10, 11,12, 13,14, 15} can be partitioned into {10, 15}, {11, 14}, and
{12, 13}, all of which are square-sum pairs. Use this technique to partition {0, 1,2,3, ..., n} into square-sum

pairs where:
a) n =17 b) n =23 c)n =27 d n =29 e) n = 31 f) n =33 g) n =35
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S. Sometimes the above technique does not work. Partition the set {0, 1,2,3,....n} into square-sum pairs where:

a) n =13 b) n =19 cyn =21 d n = 37 e) n = 39.

Theorem: For any odd number, n > 41, there exists an odd square number between »# + 13 and 2n.

6. Use the above theorem and the results so far to prove the set {0, 1,2.3,..., n} can be partitioned into square-

sum pairs for any odd n except n =3, 5, and 11.

Part I1 Square-Sum Triples Can the set {0, 1,2.3,..., n}, where 1 is one less than a multiple of three, be

partitioned into subsets of three numbers which add up to a square number? 1t is impossible for the set
{0,1,2}.

7. Prove it is impossible to partition the set {0, 1,2, 3,4, 5} into square-sum triples.
8. Show {0,1,2,...,8} can be partitioned into square-sum triples.
9. Show {0,1,2,...,11} can be partitioned into square-sum triples.

The Extensions (not part of the contest)
1. {0,1,2,...,17} can be partitioned into square-sum triples, {{O, 3,6}, {1,7,8},{2, 5,9}, {4, 10, ll}} but

{0,1,2,...,14} cannot be partitioned into square-sum triples. Can you prove this?

2. Does there exist a number k, such that if n2>k, it is always possible to partition {0, 1,2,3,...,3n—1} into

square-sum triples?
3. Can you prove the theorem used in problem 6?

4. Using the Bertrand-Cebysev Theorem [1850] which states for any n > 3, there exists a prime number between

n and 2 n , it can be proven, for any even number, n , it is possible to partition the set {1,2,3,....n} into

prime-sum pairs.

5. 40, 1, 2, ..., 15} can be partitioned into square-sum pairs in two different ways. Compare your answer to 4a
and the following set {{ 0,4}, {1,8}, {2,14}, {3,6}, {5,11}, {7.,9}, {10,15}, {12,13}}. The set
{0, 1, 2, ..., 17} can be partitioned into both square-sum pairs and square-sum triples (See 4b and Ext. 1).
Can you write a computer programs to find all the square-sum partitions of the set {0,1,2,3,....,n} fora

particular odd »?

332



ARML Power Contest — February 2000 — Square-Sum Patrtitions

The Solutions
la. {{0.1} } 1b. {{0,1}.{2.7}.{3.6},{4.5} } le. §{0.9}. {1.8}. {2.7}.{3.6}.{4, 5} }

2. If n is the square of an odd number then {0, 1, 2, 3, ..., n} can be partitioned as { {0,n}, {l,n-1},

{2,n-2}... {(n-1)/2, (n+ 1)/2} }, where each of the n/2 pairs add up to n, a square number.

3a. No other number of the set can be paired with 2 to add up to a square.

3b. The only number that can be paired with 5 is 4, leaving the set {0, 1, 2, 3} which cannot be not partitioned

into square-sum pairs. Or again, no other number of the set can be paired with 2 to add up to a square.
3c. {11, 5} and {10, 6} must be pairs since a sum of 25 cannot be reached with this set. 9 can be paired with 0 or

7, but 2 must be paired with 7 and so 9 must be paired with 0. This leaves {1, 3, 4, 8} but 4 cannot be paired

with any of the remaining numbers to form a square.

4a. S=25.140,1,2, ... 17} = {{17, 8}, {16, 9}, {15, 10}, {14, 11}, {13, 12}, {0, 1,2, ..., 7}} where {0, 1,

2, ..., 7} was partitioned in problem 1b.

4b. S =25. {0, 1, 2, ..., 23} = {{23, 2}, {22, 3}, {21, 4}, {20, 5}, {19, 6}, {18, 7}, {17, 8}, {16, 9},

{15, 10}, {14, 11}, {13, 12}, {0, 1} } where {0,1} was partitioned in problem la.

4c.S=149. {0, 1,2, ..., 27} = {{27, 22}, {26, 23}, {25, 24}, {0, 1, 2, ..., 23} } where {0, 1, 2, ..., 23} was

partitioned in problem 4b.

4d. S=49. {0, 1, 2, ..., 29} = {{29, 20}, {28, 21}, {27, 22}, {26, 23}, {25, 24}, {0, 1, 2, ..., 19} } where
{0,1,2, ..., 19} is partitioned in problem 5b.

de.S=49. {0, 1,2, ..., 31} = {{31, 18}, {30, 19}, {29, 20}, {28, 21}, {27, 22}, {26, 23}, {25, 24},

{0, 1, 2, ..., 17}} where {0, 1, 2, ..., 17} was partitioned in problem 4a.

4. S=49. {0, 1, 2, ..., 33} = {{33, 16}, {32, 17}, {31, 18}, {30, 19}, {29, 20}, {28, 21}, {27, 22}, {26, 23},
{25, 24}, {0, 1, 2, ..., 15} } where {0, 1, 2, ..., 15} was partitioned in problem 4 example.
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4g. S =149. {0, 1,2, .., 35} = {135, 14}, {34, 15}, {33, 16}, {32, 17}, {31, 18}, {30, 19}, {29, 20}, {28,

Sa.

5b.

21}, 127, 22}, {26, 23}, {25, 24}, 10, 1, 2, ..., 13} } where {0, 1, 2, ..., 13} is partitioned in problem 5a.
{0, 1,2, .., 13} = {10, 9}, {1, 8}, {2, 7}, {3, 13}, {4, 12}, {5, 11}, {6, 10} }

Three possible answers: {0, 1, 2, ..., 19} = {{0, 1}, {2, 14}, {3, 13}, {4, 12}, {5, 11}, {6, 19}, {7, 18},
{18, 173, 19, 16}, {10, 15}} = 110, 4}, {1, 3}, {2, 14}, {5, 11}, {6, 19}, {7, 18}, {8, 17}, {9, 16},
{10, 15}, {12, 13}} = {{0, 4}, {1, 8}, 12, 14}, {3, 6}, {5, 11}, {7, 18}, {9, 16}, {10, 15}, {12, 13},

{17, 19}

5c Four possible answers: {0, 1, 2, ..., 21} = {10, 9}, {1, 3}, {2, 14}, {4, 21}, {5, 11}, {6, 19}, {7, 18},

5d.

Se.

{8, 17}, {10, 15}, {12, 13}, {16, 20‘}::{{0,9},‘1,8},{2,14},‘3,13},{4,12},{5,11},{6,10L
{7, 18}, {15, 211}, {16, 20}, {17, 19} } = {{0, 16}, {1, 8}, {2, 14}, {3, 13}, {4, 12}, {5, 11}, {6, 10},
{7, 93, {15, 21}, {16, 20}, {17, 19}} = {{0, 9}, {1 .8}, 12, 14}, {3, 6}, {4, 21}, {5, 11}, {7, 18},
{10, 15}, {12, 13}, {16, 20}, {17, 19}}

{0, 1, 2, ..., 37} = {{0, 1}, {2, 7}, {3, 22}, {4, 21}, {5, L1}, {6, 10}, {8, 28}, {9, 27}, {12, 37},
{13, 36}, {14, 35}, {15, 34}, {16, 33}, {17, 32}, {18, 31}, {19, 30}, {20, 29}, {23, 26}, {24, 25}}

10, 1,2, ..., 39} = {{0, 1}, {2, 34}, {3, 22}, {4, 32}, {5, 31}, {6 ,30}, {7, 18}, {8, 28}, {9, 27},
{10, 39}, {11, 38}, {12, 37}, {13, 36}, {14, 35}, {15, 21}, {16, 33}, {17, 19}, {20, 29}, {23, 26},
{24, 25}}

6. In questions 1, 4, and S above, it was demonstrated that for » = odd numbers 1, 7, 9, 11 through 39, the set

{0, 1, 2, ..., n} can be partitioned into square-sum pairs. It must be now shown that for n > 41, the set

{0, 1, 2, ..., n} is also partitionable into square-sum pairs. Proof by Induction: Assume for some k > 39
where £ is odd, {0, 1, 2, ..., k} can be partitioned into square-sum pairs, prove {0, 1, 2, ..., k, k+ 1, £+ 2}
can also be partitioned into square-sum pairs. By the theorem above, for n > 41 there exists an odd square, s,
such that n + 13 <s < 2n. Replacing #n with k + 2, implies that there exists an odd square, S, such that

k +15<S<2k+4.

Since k+ 15<8S<2k+4,13<S—-k—-2<k+2. Therefore, the set {0, 1, 2, ..., k, k+ 1, kK + 2} can be

partitioned into two sets: {0, 1,2, .., S-k-3}and {S-k-2,S—k-1,...,k+1,k+2}. Since
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S — k — 3 is an odd number > 13, the induction hypothesis states the set, {0, 1,2, ..., S -k -3}, 1s
partitionable into square-sum pairs and the set {S —k—2,S— k-1, .., k+ 1, k+2}'={{S—k-2,k+2},

{S—k—1,k+1}, .., {(S-1)/2,(S+1)/2}}, where all pairs add up to S.

7. The numbers in the set sum to 15, so you need two squares that sum to 15. The smallest possible square triple
sum is 4 and the largest would be 9. However, using these square numbers, the only sums possible are 8, 13,
and 18. Therefore, since there do not exist two squares that add up to 15, {0, 1, 2, 3, 4, 5} cannot be

partitioned into square-sum triples.

8. 40,1,2,3,4,5,6,7,8} = {10, 1, 3}, {2, 6, 8}, {4,5, 7}}

9. Twelve possible answers! : {0, 1,2, 3,4,5,6,7,8,9,10, 11} = {{0, 3,6}, {1,7, 8}, {2,5,9},
{4, 10, 11}} = {10, 3, 6}, {1, 7, 8}, {2, 4, 10}, 5.9, 11}} = {{0, 6, 10}, {1, 7, 8}, {2, 3, 4}, {5,9,
11}y = {10, 7, 9}, {1, 3, 5}, {2 .6, 8}, {4, 10, 11}} = {{0, 1, 8}, {2, 5,9}, {3 ,6, 7}, {4, 10, 11}} =
£10, 2, 73, {1, 4, 11}, 43,5, 8}, 16,9, 10y} = {10, 2, 7}, {1, 5, 10}, {3, 4,9}, {6, 8, 11}} = {10, 7, 9},
{1, 3,5}, {2, 4,10}, {6, 8, 11}} = {10, 2,7, {1, 6,9}, {3, 5, 8}, {4, 10, 11}} = {{0, 5, 11}, {1, 2, 6},
{3, 4,9}, 47,8, 10} } = {10, 3, 6}, {1, 4, 11}, {2, 5,9}, 17, 8, 10} } = {{0, 4, 5}, {1, 7, 8}, {2, 3, 11},
{6,9, 10}}
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Slides. Rolls, and Rolides

The Definitions

In this problem you will be investigating various polygons and circles moving clockwise inside a rectangle always
staying in contact with the rectangle. Three different movements will be considered:

Slides — In this movement, the orientation of the polygon will not change. The

polygon will move up, then right, down, and then left around the rectangle,

again always staying in contact with the rectangle.

Rolls — In this movement, the polygon will rotate about a vertex which is in contact

with the rectangle, “rolling around” the inside of the rectangle. The orientation
of the polygon will be constantly changing. The rotation of the polygon will
always be counter-clockwise, enabling the polygon to roll clockwise around the

rectangle. A circle will roll “without slipping.”

Rolides — This movement is a combination of slides and rotations. In this

movement the polygon slides into the next corner and then rotates 90°

clockwise, always keeping two points of the polygon in contact with the

rectangle, and then slides into the next corner and rotates again. In this
movement, a polygon will make one complete (360°) rotation in one trip around
the rectangle.

In a trip around the rectangle, whether by sliding, rolling, or roliding, the polygon must come back to its original

position and original orientation.

The Problems
Part A — Slides
1. Consider a rectangle ABCD “sliding around” inside a rectangle, prove that the distance traveled by vertex A is

equivalent for both starting positions shown in the figures below.

|
B C | Ci |

D \
A D B A
fig.1a fig.1b
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2. Consider a right triangle ABC, with CA =3, CB =4 and AB = 5, “sliding around” inside an 9 by 12
rectangle. How much further does vertex C travel in one trip around the rectangle, if it starts in the position in

figure 2a versus if it starts in the position in figure 2b?

C
AF\ ] /,\,\, .
C B A B
fig.2a fig.2b

3. Consider right triangle ABC, with integer length sides and right angle at C, “sliding around” inside a rectangle.
When positioned as in figure 2a above, the distance traveled by point C in a trip around the rectangle is 12
units longer than the distance traveled by C when the triangle is positioned as in figure 2b. Determine the
lengths of the sides of triangle ABC.

Part B — Rolls - 7711 S
Consider a unit square ABCD “rolling around” inside an 9 by 13 rectangle as in
figure 4. 6 fig.4
4a. How far does vertex A travel in one trip around the rectangle? B C
4b. How far does the center of the square travel in one trip around the rectangle? A D
Consider rectangle ABCD, with AB = 1 and AD = 2, “rolling around” inside a 6 by 12 rectangle. 12
5a. How far does vertex A travel in one trip around the rectangle, if it starts in ‘
|
the position in figure 5a? 6 fig.5a
B—C
A D
12
5b. How far does vertex A travel in one trip around the rectangle, if it starts in [ 1
th ition in fi 5b
e position in figure 6 fig.5b ‘
C—D !
B A o
Consider a circle whose diameter is 1 “rolling around” inside a ( + 1) by (3n+1) rectangle. 3rt]
6a. How far does the center travel in one trip around the rectangle? T T
mt1 fig.6

6b. How far does tangent point A travel in one trip around the rectangle, if it

starts in the position in figure 3? (Hint: “The length of a cycloid, from

cusp to cusp, is 4 times the diameter of the generating circle.” Sir
Christopher Wren, 1658)
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Part C — Rolides

7. Consider a circle whose diameter is 1 “roliding around” inside a 9 by 12 i
rectangle. How much farther does tangent point A travel than does the 9 fig. 7

center travel in one trip around the rectangle? A&
Consider a unit square ABCD (with point A starting in the corner), “roliding around” inside a 9 by 12 rectangle.

8a. How far does point A travel in one trip around the rectangle?

8b. How far does the center of the square travel in one trip around the rectangle?

Theorem: Consider a right triangle ABC with right angle at C “roliding around” inside a rectangle. As
segment AB moves around any corner, from position 1 to position 3, the locus of points traced out by

vertex C is a line segment whose length is 2c —a — b.

C
C B
a b
B ¢ A A
before the rotating during the rotating after the rotating

9. Consider a 3-4-5 right triangle with right angle at C “roliding around” inside a 9 by 12 rectangle,

starting as in position | above, how far does vertex C travel in one trip around the rectangle?
10. A right triangle, starting as in position 1 above, “rolides around” inside a rectangle. If b=a + 1 and
vertex C travels 48 cm less than either vertex A or B, what are the lengths of the three sides of triangle

ABC?

11. Prove the above theorem.
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The Solutions

1. Let W and L be the length and width of the large rectangle and w=AB and [/ = BC. The distance traveled
by point A in fig.1a is 2(W-w) + 2(L— /) and the distance traveled by point A in fig.1b is
2(W-1)+2(L-w) . Both when expanded equal 2W + 2L - 2w -2/ .

2. In fig.2a the distance traveled is 6 + 8 + 6+ 8 =28 . In fig.2b, using similar triangles, the altitude from vertex
C is 2.4. Therefore, the distance traveled is 6.6 + 7+ 6.6 +7 = 27.2 . Therefore, the difference is 0.8

3. The distance traveled in Fig.2a is D1=2(W —a+ L —b) . The distance traveled in Fig.2b is
D2=2(W-h+L —c¢).Thedifferenceis 12=D1—D2=2(h+c—-a—-b). Therefore, 6=h+c—a-b. Since
a,b,and ¢ are integers, h must be an integer. Using the area formula for the triangle, %(base)(height).
%ab = %h(' and so h= afl , 1.e., h must divide ab . If {a, b,c} is a primitive Pythagorean triple, i.e., a
Pythagorean triple with no common factors, & will not divide ab . To produce the desired results, multiply

the sides by c.

Looking at common primitive Pythagorean triples, the

following table is produced:

¢ 2
a b c ac bc & ab ab + ¢ —ac — be

3 5 15 20 25 12 2

5 12 13 65 156 169 60 8

8 15 17 136 255 289 120 18

7 24 25 175 600 625 168 18

20 21 29 580 609 841 420 72

Since in our problem ab + ¢* —ac —bc = 6 , the only possible triangle is a multiple of the 15, 20, 25 right triangle.
To produce ab + ¢ —ac —bc = 6 , a triangle with side lengths 45,60,75 would be needed.

4a. On each roll the center will travel ‘%ﬂ units. There will be a total of 40 rolls and so the center will travel

10/2 1 units.

4b. When the square “rolls” on vertex B, vertex A traces out a circular arc whose length ( % = Ezli ) is equal to 721 ;
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when the square “rolls” on vertex C, vertex A traces out a circular arc whose length is equal to ﬁ;—ﬂ ; when the

square “rolls” on vertex D, vertex A traces out a circular arc whose length is equal to 121 ; and when the square

“rolls” on vertex A, vertex A does not move. Starting with A in the lower-left corner, vertex B ends up in the

upper-left corner, vertex C in the upper right, and D on the lower right corner. There will be a total of ten rolls

on each vertex. Therefore, vertex A will travel 10(12-2-1'5) + 20(%) =(5/2 + 10)x units.

5. Again using arc length = % = EZL , when the square “rolls” on vertex B, vertex A traces out a circular arc whose

length is equal to 121 ; when the square “rolls” on vertex C, vertex A traces out a circular arc whose length is

equal to £z

> when the square “rolls” on vertex D, vertex A traces out a circular arc whose length is equal to

7; and when the square “rolls” on vertex A, vertex A does not move. Therefore, the total distance vertex A

travels in fig.5a is 6(%) + 6(%71)+ 6(m) = (9 + 3¥/5)n and the distance it travels in fig.5b is

2(121) + 6(-%11)+ 6(m) =(7+3/5)r.

6a. Ans: 8m

6b. Ans: 32

7. Ans: t When the circle slides from corner to corner, the center and vertex A travel the same distance. When
turning in each corner the center is stationary while vertex A travels a quarter of the circumference or E .

8a. Ans: 42. When roliding around the rectangle, vertex A is always in contact with the rectangle and never needs
to backtrack.

8b. Ans:46-— 442 . When sliding inside the rectangle, the center of the square will travel on an 8 by 11 rectangle
and when the square rotates around a corner, it travels 2— 2 units. Therefore, the total distance is
28+ 11)+42 - f2)=38+8+4)2 .

9. Ans: 34. Because side AB is always in contact with the rectangle when the triangle is sliding, vertex C travels
2(9 —5+ 12 —5) =22 units. While the triangle rotates in each corner, vertex C travels 2(5) -3 -4=3,
Therefore, the total distance traveled is 22 + 4(3) = 34 units.
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10. When AABC rolides around a rectangle with dimensions L by W, vertex A travels 2(L+ W) units, while
vertex C travels 2(W—c¢ + L — ¢) +4Q2c— a— b) units.
Therefore, 2W + 2L — 2W — 2¢ +2L —2¢ + 8¢ —4a — 4b) = 48 , which simplifies to a+ b —c=12. Since
b=a+1, a+b-c=12 reducesto 2a—c=11or ¢=2a—- 11. Substituting these equations into
a*+b’=c? yields a*+ (a+1)> =(2a - 11)°, which simplifies to a*>— 23a + 60 =(a —20)(a—3)=0. And
so or. If a=3 then AABC has sides of lengths 3,4, and -5, an impossibility. Therefore, a =20 and the
lengths of the sides are 20, 21,and 29.

11. Part i) Consider right AABC roliding around a corner in the general position in figure 11a. Since both
triangles ABC and ABO are right triangles with hypotenuse AB, ABCO is a cyclic quadrilateral (figure 11b).

Draw ray oC (figure 11c). £ COA is always equal to £ B (of AABC) since both angles intercept arc AC.
Therefore, vertex C will always travel on a line when roliding around a corner.

Part ii) When right AABC rolides into a corner, vertex B is in the comer and vertex C is a units from the
corner (figure 11d). As AABC rolides it eventually gets to the position in figure 11e, with the legs parallel to
the sides of the rectangle. Now vertex C is ¢ units from the corner and hence has traveled ¢ —a units in
going from figure 11d to figure 11e. As AABCcontinues to rolide, eventually it gets to the position in figure
11f and is ready to leave the corner. Vertex C is now b units from the corner and so in going from figure 11e
to figure 11f, vertex C has traveled ¢ —b units. Therefore, vertex C will travel a total of 2c —a — b units

when roliding around a corner.

C
B — B
0 A figure 11a figure 1lb O figure 11c
. B
B C
C
¢ b
a
B A figure 11d A figure 11e A figure 11f
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Pythagorean Triples
The Definition

A Pythagorean Triple (PT) is a set of three integers, {a. b.c}, in which a’+ b>=¢?. Therefore, a and b are the

lengths of the legs of a right triangle and ¢ is the length of its hypotenuse. The ancient Babylonians were

familiar with these triples for their famous cuneiform tablet, Plimpton322 (c 2000 BC), lists fifteen

Pythagorean triples. The author of this tablet apparently knew for any pair of integers, m and n (with m > n),

the set {2mn,m* —n?, m*+n} always produced a PT. (If m and n are relatively prime these formulas produce

a primitive PT, a PT with no common factors.)

The Problems
Part A — Generating Pythagorean Triples

Algorithm #1 For any pair of relatively prime integers, m and n (with m > n), 2mn,m*> —n*, m*+n*} is a PT.
la. Use the above algorithm to generate ten primitive PTs.
1b. Prove {2mn,m* —n® m’>+ n*} is always a PT.

Algorithm #2 Take any two consecutive even or odd integers and add their reciprocals. The resulting numerator

and denominator are a and b of a PT.
2a. Show this algorithm works for the numbers 13 and 15.
2b. Prove this algorithm always works.

Algorithm #3 Take any two fractions whose product is 2. Add 2 to each number and rewrite each as an improper

fraction. Cross-multiply to produce two numbers a and b of a PT.

3a. Show this algorithm works for the numbers -;l and %

3b. Prove this algorithm always works.
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Algorithm #4 Let a be any_rational number greater than 1. Find two numbers, » and ¢, that differ by | and

whose sum is a®. The resulting set { a, b, ¢} is a rational Pythagorean triple. Multiplying each member

of the set by the common denominator of a, b, and ¢ will produce a PT.

4a. Show this algorithm works for % .

4b. Prove this algorithm always works.

4c. The PT you found in part ‘a’ of this problem is the same PT which would have resulted if you had started

with -3-! In addition, both % and -’21 produce {28, 45, 53} and % and 7 both produce {7, 24, 25}. When

using this algorithm, for every fraction there exists a second fraction which produces the same PT. Looking at

patterns in the examples given, what other fraction will produce the same results as % ? Justify your claim.

4d. Using this algorithm, what rational number will produce the same PT as 1}11 ? Prove your conjecture.

Algorithm #5 Consider the Fibonacci numbers: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, ... Take any four consecutive
Fibonacci numbers. The product of the outer two terms and twice the product of the inner two terms will be a
and b of a PT. The value of ¢ in the PT will also be a Fibonacci number and its subscript will be half the
sum of the subscripts of the original four numbers! (Charles Raine)
5a. Show this algorithm works using the numbers 5, 8, 13, and 21.
5b. Prove this algorithm always works.

Part B — Properties of Pythagorean Triples

6. From your list of primitive PTs, notice that

a) either a or b is a multiple of 3.
b) either a or b is a multiple of 4.

¢) either a, b, or ¢ is a multiple of 5.

Prove each of these results.
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7. Pierre Fermat proved every prime of the form 4n+ 1 (that is, the primes 5, 13, 17, 29, 37, ... ) 1s the sum of
two squares in exactly one way, while a prime of the form 4n+ 3 (such as 3, 7, 11, 19, 23, ... ) is never the

sum of two squares. Find two PTs that contain the prime number 929.

8. For any PT, {a,b,c}, the expressions, ¢* +ab and ¢*>—ab, can both be written as the sum of two square

numbers.

a. Show this works for the PT { 12,35,37 }.

b. Prove this always works.

9. For any PT {a, b, ¢}, it is always possible to find positive integers r, s, @l t, such that a=r +s and

b=s+1 where r’+ s>+ 1" is a square number.
a. Show this works for the PT {8, 15,17 }.

b. Prove it always is possible to find r, s, and t.
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The Solutions

1. a. Here are 18 primitive PTs:

4
12

8
24
20

40
12

60
28

56
84

16

48

80

112

36
72

144

3b. Take any fraction,

3
5

15
7
21

9
35

11
45

33
13

63

55

39

15

77
65

17

qa
b

5
13

17
25
29

41
37

6l
53

65
85

65

73

89

113

85
97

145

2 2 22 2 22

Ib. Show (mn)~+(m~ -n”) =(m +n°)
Am*n?+ m* = 2m*n® +nt =
m*+2m*n? + 0 =

2
m*+n?) =

PO O . 2 2_ 2
2a. 13+ 13 = 105 and 287+ 195°=197".

2b, L+ L1_= 4
" n+2 pn +2n

@n+2)° + @2 +2n)° =
4n*+8n+4+n*+4n® +4n* =

n‘+4n’ +8n° +8n+4= (> +2n+ 2)2

3 4
3a. 5 3
K] 4
2+2 3+2
Z 10
2 3

Tx3=21...... 2x10=20

20°+21°=29° andso {20,21,29} isa PT.

. Divide 2 by it to produce the second fraction 2b Adding 2 to each fraction will result

a

in a_-l;;le and 24—2—212 . Cross-multiplying produces a®+ 2ab and 2ab +2b" .

(a* +2ab)° +(2ab + 26"’ = a*+4a’b +8a’b* + 8ab’ + 4b* = (a® + 2ab + 2b%)* .

=1
4a. a 3

-149y,1_-29 41 20 29 _
c=i@hH+4=% 9-{2.%0, 2% = (21,20,29}
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4b. Let a=4 . Then c—b=1land c+b=Uy.
h

Py

Solving this system, ¢ = -L(m-_;z-) +d= 11124-}1: and b= l(m;-) 1= m;;ﬂ—_ )
2°n 2 2n 2n 2 2n

Therefore, 2n?- {d “%-;U—_ m-?'t-}ﬁ} = 2mnm* —n?, m*+n?}, a PT.
’ n

n’
4¢. Ans: -133 . If & is one fraction, the the other is %—"_‘—% .

4d. In 4b. above it was shown that a= ’,111 produces the PT, {2mn,m*> —n* m*+ n*}, so it must be shown that

a= M+ produces the same PT.
2 2

{a.b.cy={xa, Lazn 1 lazn’s

- (mtn (m+n)’—(m-n’ (m+n)’ +(m——n)2}
mem 2>m-n)’ ' 2A>zm-n)’

.}

m.d-_n’ .
m=n" 2m-n)"" 2m-n)"

={

2 2

IS .
M= (m=n)" (m-n)°

}

={(m-n)(m+n), 2mn, m*+n?}

={m?—n?, 2mn, m’+n?},the same PT (witha and b interchanged).

S5a. Fs=5 Fo=8 Fi=13 Fs=21
$G+6+7+8)=13  Fiy=233
Fs-Fs=5-21=105 2.Fs-F1=2-8-13=208
1052 + 2082 = 11025 + 43264 = 54289 = 233>

5b. -%(k+k+1+k+2+k+3)=2k+3. Therefore it must be shown that {Fk- Fi+3, 2 -Fk+1-Frs2, Fars3}is

a PT.
Let Fk=m—n and Fi+1=n, then Fre2=m and Fis3=m+n.

Fe-Fisz=(m—n)(m+n)=m?*—n® and 2- Fi+1 - Fis2=2 mn.

Therefore, it must be shown that Fax+3 =m?+n°>.
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Proof: Fi=m-n
Firi=n
Fii2=m
Fivz=m+n
Fiva=2m+1In=F-m+F2-n
Fivs=3m+2n=Fs-m+Fs-n

Fivo=5m+3n=Fs-m+Fis-n...
Fivi=Fu=Fc1-m+Fi-2-n

Fusi=Frez-m+ Fer1-n
Fuaxss=m-m+n-n

Fass=m*+n?

6a. Let a=2mn and b=m* -n*. If m or n is a multiple of 3, then a is a multiple of 3. Otherwise,
m=1mod3or m=2mod3. In either case, m>=1mod3 . The same is true for n, n>=1 mod3 .

Therefore, m*>—n>=0mod3 and b must be a multiple of 3.

6b. Again, let a=2mn and b=m*-n’>. If m or n is a multiple of 2, then a is a multiple of 4. Otherwise,
m=1mod 4 or m=3mod 4. In either case, m*=1 mod4 . The same is true for n, n’=1mod4 .

Therefore, m*— n*=0 mod4 and b must be multiple of 4.

6¢c. Again, let a=2mn and b=m? —n*>. If m or n is a multiple of 5, then a is a multiple if 5. Otherwise,
m=1lmodS, m=2mod5, m=3mod 5, or m=4mod 5. In the outer two cases, m*>= 1 mod 5 and, in the
inner two cases, m>=4 mod5 . The same is true for n . There are four possible combinations of these cases:
m’=1mod5 and n*=1mod5, m*>=1 mod5 and n>=4 mod5, m>*=4 mod5 and n*=1mod5 , or
m*=4 mod5 and n*=4 mod5 . In the outer two cases, m>—n*=0 mod 5 and so b would be a multiple of

5. In the inner two cases, m>+n?=0mod 5 and so ¢ would be a multiple of 5.

7. Since 929 is prime and equal to 4(232) +1 , it must equal to m”+ n” . The easiest way to find the two squares
that add up to 929 is to type y] =V (929 — x2) into your calculator and search the table for the integer solution.
Since 929°=23"+20%, m=23 and n=20. So a=2(23)20) =920 and b=123"-20" =129 . Therefore,

{920, 129,929} is a PT. 929 can also equal m*>—n?. Since m”>—n’= (m—n)(m + n)and 929 is prime,
m—n=1and m+n=929, resulting in m =465 and n=464 , producing the PT {929,431520, 431521} .
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8a. 377+ (12)35) =1789=5+42". (1789 is a (4k + 1) - type prime!)
377 (12)(35) =949 =7"+30. (Also, 187 +25° works.)

8b. Notice that 12+35+37=84, 12-35+37=14, -12+35+37=60, and 12+35-37=10. (These

patterns are even more apparent if the theorem is applied to more PTs.) Therefore, it must be shown that

2 T Iy S _(a+b)2+2('(a +b)+ ¢t (a+b)2—2c(a +b) +¢?
c+ab =( 5 ) +( 5 ) = 7] + 1

_2a°+4ab+2b"+2c* _4ab+4c% _ ;L 2
4 4

cz—abz(a_g'“')z+(ﬂa +2b+(')2 _ (a—b)z+2;'(a—b)+cz+(—a+b)2+22(—a+b)+c2
_2a’—4ab +2b* +2c* _4ab—4c _ o
4 4
9a. 8=r+s I15=s+1 ri+sies’

=147 =7+8 1’+7°+8°=114

=2+6 =6+9 27 +67+97=121**
=345 =5+10 3°+5°+10°=134
=4+4 =4+11 4 +4+11’=153
=5+3 =3+12 5°+3+12°=178
=6+2 =2+13 6°+2°+13°=209
=7+1 =1+14 T +17+14°=246

Therefore, r=2,5s=6,and t=9.

9b. Looking at a few more examples:
{8,15,17} —> r=2,5=6,1=9
{3.4,5y - r=1,5=2,1=2

{5,12,13} > r=1,5=4,1=8

{72425} > r=1,5=6,1r=18

Therefore, it seems r=c—band t =c —a and since a=r+s, s=a+b—-c.

Hence, it must be shown that for any PT {a, b,c},

(c-b)l+@+b-0)"+(c-a) isa square number.
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E=2bc+b +@+b)’-2ca+b)+cr+ct=2ac +d°

3¢ —4be —dac +2a’+2ab +2b°

For this to be a perfect square, the coefficient of ¢ must be a square. Since ¢’ =a’ + b’ , the expression can be

rewritten as:  4¢’ —4c(b+a) +a’>+2ab + bt = 4c° —4dc(a+b) +(a + b)2 = Qec—(a+ b))2 .
The Extensions
1. InaPT, is either a, b,a— b.or a+ b always a multiple of 7.
2. Is ¢ always of the form 4n+ 1 ?

3. What numbers never occur in a primitive PT?

4. In an ordered primitive PT {a, b,c} with a<b <c, is ¢ alwaysequalto b+ 1, if a is odd, and equal to

b+2 ,if a iseven?

5. Determine all triples {a, b,c} such that 3“+4"=5°.

6. Determine all triples {a, b.c} such that -L_- + ;)]'_7 = -L_y .
a ¢

7. How do you generate all the Pythagorean Quadruples i.e. {a, b,c. d} such that a*+ b +c=d?

8. Define D, the distance between two PTs, equal to |¢;— 2| and H, the height of a PT, equal to ¢ —b . Let

{ao, bo,co} be a PT of height H, D be a positive integer, and § = g . If Bao and B—é) are integers, then
BD BD .
arei=ai+D,  biv1=Pai+bi+ S G = Bai+ci+ =5 are recursive formulas that produce all PTs of

height H and the distance between each pair is precisely D. In the case of H =1, {av, bo,co} ={3, 4,5} .

More about this theorem can be found in The College Mathematics Journal , Vol. 30, No. 2, March 2000..
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Cevians

The Definitions and Theorems

A cevian is a segment which joins the vertex of a triangle with a point on its opposite side (or its extension.)

Throughout this problem set, unless it is stated to the contrary, the three cevians of AABC will be labeled

A_D, BE , and CF .
/P
F/ \ N

~,

TR
P

V7 ~

N

D C

Some cevians have special names like altitudes, medians, and angle bisectors. Sometimes, AD, BE ,and CF are
concurrent at point P, while other times they form an interior cevian triangle, called A PQR. When concurrent,

oftentimes, point P has a special name like orthocenter, centroid, incenter, or the Nagel, Gergonne, Lemoine, or
Miquel point.

Triangle A DEF is called the inscribed cevian triangle. The orthic and medial triangles are special inscribed cevian

triangles. The orthic triangle is formed when the cevians are altitudes while the medial triangle is formed by
medians.

A
)
The following three theorems may be useful in solving this problem set:
¢ b
x
Stewart’s Formula: The length of a cevian, x, and the sides of a triangle are
p m _n N
B 4D C

related by the following formula: ¢*n + b’m = x*a + mna

> - i AD  BE ~F i i AEF . BD . CE _
Ceva’s Theorem: The three cevians, AD, BE , and CF, are concurrent if and only if %8 DC EA= 1
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Routh’s Theorem: If Kasc is the area of AABC, then the area of the interior cevian triangle POR is

_ (rst -1)2 )
Kror = Gi+s+D)r+i+ Drs+r+1) Kase

and the area of the inscribed cevian triangle DEF is

Kper = It

GrDU+DesT  Kasc, where

The Problems

Part A — Cevian Length and Concurrency

. P T_ 2
1. Show that the length of the median from vertex C of AABC, x= —%— .

Show that the length of the altitude from vertex C of AABC,

= Ha+b-b+c-alcra—bla+b+
2¢ :

Show that the length of the angle bisector from vertex C of AABC,

_Na-bla+b—-c)a+b+0¢)
X = .
a+b

. If the altitude, median and angle bisector from vertex C ofa AABC divide £ ACB into four equal angles.
Find the degree measures of £ A, £ B, and £ ACB.

. In AABC, the median AD, the altitude BE , and the angle bisector CF are concurrent. Show that.

2

Q

<+

>
[
>

?

IS}

. In AABC, point D is on BC and half way around the triangle from vertex A , i.e., AC+ CD=AB+ BD, and

E is on AC and half way around the triangle from vertex B, and F is on AB and half way around the

triangle from C. Prove that the cevians AD, BE , and CF are concurrent.

. Prove that the orthocenter of AABC is the incenter of its orthic triangle A DEF .
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Part B — Areas of Cevian Triangles

8. The sides of AABC have lengths 14,25.and JT49. The three cevians divide each side in the ratio 3:5 and

form an interior cevian triangle A POR . Find the area of A POR.

9. The cevians of a triangle partition the sides into segments whose ratios are 1:1, 4:1, and 7:1, consecutively. If

the area of the inscribed cevian triangle is 28, what is the area of the interior cevian triangle?

10. The cevians of a triangle partition the sides into segments whose ratios are each 1:n. Find a simplified rational

in terms of n .

- . . Kror
function which expresses
Kasc

Part C — Symmedians

If two cevians from the same vertex of a triangle are symmetrical with respect to the angle bisector of that angle,

i.e. £ D'AT= £ DAT in figure below, they are said to be isogonal and form a pair of isogonal conjugates.

The Isogonal Theorem: If AD and AD' are cevians with point P on AD and point Q on AD' , then AD and
AD are isogonal if and only if the ratio of distances from Pto AB and AC are inversely proportional to the

ratio of the distances from point Q to AB and AC. (A?" bisects angle BAC.)

PX_QY
PZ -~ OW
B C C

11. Prove, if the cevians ﬁ), BE , and CF are concurrent, then so are their isogonal conjugates, AD, BE', and
A symmedian is a cevian which is isogonal to a median. Since medians are concurrent at the centroid, from problem

1 above, the symmedians of a triangle must also be concurrent. (Their point of concurrency is called the

Lemoine point of the triangle.)
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AM is the median and AX is the angle bisector.

\ L DAX= ZXAM
~_ So AD is a symmedian !

M C

12. Prove P is a point on symmedian AD if and only if the ratio of the distances from P to AB and AC is

i AB
proportional to ac

[}

13. Prove if AD is a symmedian, then BD _ & .
DC AC

In AABC let E be apointon AB and F apointon AC. If AAEF=A ABC then EF is a_parallel of side BC
of AABC and if AAFE~A ABC then EF is an antiparallel of side BC of AABC .

A A

BL, s C B [ C

14. In AABC we know the median AM bisects every parallel of side BC. Prove the symmedian AD bisects
every antiparallel of side BC .
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The Solutions

1. Using Stewart’s Formula, a’m+ b’n =x’c + mnc, let m=n=%& 2 Then a°f2—+b ‘2- X+ Lé—c =
(N S Gy R ) l2a‘+2b'—<'2 _
SrEEreg e 4 = 2 =X

2. Area of the triangle, K= %cx =x= Z(K .

Area of the triangle, K= fs(s— a)(s —D)(s— ¢) where s = a—'*'-g—"'—f-

K= /@+127+c)(a+127+c_a)(a +§+c_b)(g¢2L+_c_ )
K= a+12>+{~)(b+5—a)(a+c2'—b)(a+§—4’)

K= Na+b+cXb+c—a)a+c—-D)a+b—c)
- 4

_ g Ja+b+cXb+c—-a)a+c—-b)la+b—c)
=(%) 7

X

/(a +b+c)b+c—a)a+c —b)(a+b—ﬁ
2¢

3. By the Angle Bisector Theorem, & = L and m+n=c. Therefore, m = —12‘— and n=—&—  Plugging these

n a +b a+b

. ) . . 2 b 2 _ b( abc(atb) _ abc’
into Stewart’s Formula yields: a i +b —Lb x’c +- —“—+ 53¢ = Tt h x’c+ m
— b gl ab(a+b) —abc’ — x? ab((a+b) —c) — 2 = Iab(a+b—()(a+b+c)

(a +b) (a+ b) (a+b) a+b

C.
4. AM=MB and so AH+HM=HB -HM . x| N
Therefore, Fig. 4
htan x + htan 2x = htan 3x — A tan 2x h
tan x + 2tan 2x = tan (x + 2x)
tan x + 2tan 2x = 1 — tan x tan 2x / - \
A H D M B
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tan x —tan” xtan 2x + 2tan 2x - 2an x tan” 2x = tan x + tan 2x =
—tan” xtan 2x +tan 2x— 2tanx tan” 2x=0= —tan" x +1 —2tan x tan 2x=0 =

4tan’ x

—tan2x+1—l—_y— =0= tan'x—-6tan’x+1=0 = tanx=V3+2/2 = x=tan '3£22 =
—tan x

x=225%°0r 67.5° = x=22.5°. Therefore, L A=67.5°, L B=22.5°,and £ C =90°.

’ AD BM . CH _ i i idpoi BM _ . ; D g
5. By Ceva’s Theorem, SE MC A 1. But since M is a midpoint, I and since CD is an angle

MC
i AD _b CH_a = = = =—b_
bisector, SE=a- Therefore, A= Let CH=at and HA=bt, then ar + bt =b , or ¢ -
By the Pythagorean Theorem, BH = AB’ — HA® | so / .
2 2 2 2 M Flg 5
BH?=c>-b’t" and BH’=BC’- CH’ ,so BH’=a’-a’r’ . /2>\\\&\\
2 2.2 2 2,2 2 2_ 2 . . *77\*/-/‘—“ >
Therefore, ¢*—-b"t"=a”—-a*t " and 1" = a°_1‘1 . Substituting for /\/ C
a-b \
2 2 2 ////LH
2 7
t, (;L) =4 =C andso __,h_z_=a+b.
+ b. a‘—-»b a —-c¢ a-b A A

R\\ Fig. 6

6. Let s = the semi perimeter of AABC, then AE =5 — ¢, EC =5 —q,
CD=s-bDB=s—-—c¢,BF=s-a, and FA =s-b.

/ /;\
AE . CD BFE _s—¢c .s=bh.s=a_ (;_/// \\

EC DB FA s—da ' 's—c s_p B D

Therefore, the cevians are concurrent. This is known as Geronne’s Point.
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7. A DEF is the orthic triangle of
A ABC, with P the ortho center,
the intersection of the altitudes.
AAFP=ACDP and so
L FAP= £ DCP.
Since quadrilateral AEPF has two
right angles it must be cyclic. The
same is true for quadrilateral
CDPE .

Because they intercept the same
arc, L FAP = / FEP and
£ DCP = ZPED . Therefore,

/ FEP = Z PED .
Fig. 7

The same reasoning can be used to show £ EDP = Z FDP and £ DFP= £ EFP and so 1)_/'4, E_I'i’ and F—C" are
bisectors of the angles of A DEF and so P is the incenter of ADEF .

8. By Hero’s Formula the area of AABC is Kasc = {5(s = 18)(s— 25)(s — f149) where s = 13%119 .

_ /(7751 +395(7m +11)(77§1 -115(39-773751 _N(39°-149(149— 117) _ /7R456 _ :
= > 5 5 5 = T == =49 . Using

3 2
=1
Routh’s Theorem, the area of A PQR is Kpgr = ﬁsz% K apc= —4(; 49 =4 .
=] +=+1
5 5

9. Using Routh’s Theorem for the inscribed cevian triangle,

OICWY - 28. =
28 B0 MBC = 28 80AABC = 80 =AABC

_ o o _ (28-1)° e _ 216
Let K = the area of the interior cevian triangle, K = WA D+ T+ DA 80 = T
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10. 1 (:13_”2 ﬂ ‘

mn+n+D(n"+n+Hm +n+1)
Kpox _ (n=D(n*+n+ 1))2
Kasc — n*+n+1)’

Kror (n—l)2 _(112—211+ 1)

Kase ~ (" +n+1) ~ (" +n+1)

Kpor = K anc

11. Let cevians AD, BE. and CE be concurrent at point
P and let O be the intersection AD' ad BE’, the
isogonal conjugates of AD and BE . Let the
distances from P to sides BC, AC, and BC be
a’,b’,and ¢’ respectively, and the distances from Q

to the sides BC, AC, and BC be a”.b”,and ¢,

respectively. Using AD and AD’ and The Isogonal
Theorem, éb-,’z-lgé . Using BE and BE’ and The
Isogonal Theorem, ‘a—: = (Zé,’ Combining the two

equations using multiplication yields

” ”

b Jd_c” a”
’ 2 ” ”
¢ a b, .
—_a
a b

Let CF’ be a cevian from C through point Q. By The Isogonal Theorem, CF and CF must be isogonal.

Therefore, isogonals of concurrent cevians are concurrent.

12. = Assume P is a point on symmedian AD. By
the Isogonal Theorem, -5 = Ii‘ . Because M is a
midpoint, Kasm = Kacm and %ct = %bu . Therefore.
c-u L =C
5=4 and so y=5-

& Assume -5 = [f; and M is the midpoint of BC.

Using the same area logic as above, (b; = Ii‘ and g
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13.

14.

so, by The Isogonal Theorem, /ﬁJ(A_D) and AM are isogonal. Since AM isa median, AD must be a

symmedian.

Let AD be a symmedian and let BD =m and A

DC=n . From problem 12 above, -% =1§ . \
/Q Fig. 13
v
D

B they share th ltitude, =,
ecause they share the same altitu Kone n

Kasp
But KAB[) ‘LX( and KAD(‘ = l\’b So

o)

B=3=0E) =) =5

Consider AABC with DE , a parallel to side
BC and A_J'( , the angle bisector (Figure 14a).
Let D’E’ be the reflection of DE through AX.

Using congruent triangles, it is easy to prove / \
that AADE=A ADE' and so / /l// \
— C

ZADE=/ ADE'. Therefore, D’E’ is an / P
/

antiparallel to side BC. ('»X Fig. 14a

Using Figure 14b, since the median AM bisects DE

at G and the fact that the reflection transformation

preserves distances, its reflection through AX will
bisect the reflection of DE through AX. h

Therefore, the symmedian from A bisects any DD G \QE
antiparallel to BC . / /k/\F

z X Fig. 14b
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Insane Tic-Tac-Toe

The Definitions

In the game of Tic-Tac-Toe (also called Naughts and Crosses) two players, one using X’s and the other using O’s,
take turns placing their X’s or O’s in a 3 by 3 grid. The winner of the game is the first player to get three X’s
or three O’s in a row horizontally, vertically, or diagonally. The game of Insane Tic-Tac-Toe (IT3) is played on
a 3 by 4 grid, but on any turn a player may place either an X or an O in the grid. Again the winner is the
first player to complete three X’s or three O’s in a row horizontally, vertically, or diagonally.

Consider the following game board (a partially played game):

It can be inverted (by interchanging all X’s and O’s), reflected through a horizontal line, reflected through a vertical

line, or rotated 180° to become the following boards.

—

%240
X

i

Since the strategy for winning on any of these boards is equivalent, we will say these four boards are equivalent.
Therefore, any two boards are equivalent if one can be changed into the other by any combination of inversion,

horizontal or vertical reflection, or rotation.
A death cell on the IT3 board is a cell in which putting any mark, either an X or an O, will allow the opponent to

win on his or her next move. The death cells have been shaded in the game boards above.

In analyzing the game of IT3, a round will be considered a move (or turn) by player A followed by a move (or turn)
by player B. We will assume in all problems that each player is trying to win and playing smart. A person
playing smart will not provide the opponent a winning opportunity (2 of 3 X’s or O’s in a row) unless forced

to do so. Because of the play smart rule, the following boards will never happen:

ol o e ol | (It would be impossible for two O’s to be in a

X X X row as on these boards, if the players are
X 0]

X 0 playing smart.)

I
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The Problems
In the following problems you can refer the a game board using a 3 by 4 grid and/or 11213 4
refer to the individual cells using the following format: Cutting and taping 56 8
grids from the grid sheets provided may make your work more readable. 91101112
Set A
1. Determine all the boards that are equivalent to each of the following game boards
a. ¥ b. X
O O X

0]

2. After the first round, if the players play smart, how many nonequivalent game boards are possible? Justify your
answer.

3. Determine five nonequivalent game boards that have seven death cells. Be sure to shade in the seven death cells.

Set B

When Ann told her sister Beth about Insane Tic-Tac-Toe. Beth was a little suspicious, especially when Ann said,

“You can always go first!” Beth said, “I’ll play, but you must go first.” After a few games Beth realized a
simple non losing strategy. Every time it was her turn, unless she could win she would simply do the
opposite of what Ann did--in other words, rotate and invert Ann’s last move. This is an example of how the

first rounds might go:

Ann Beth Ann Beth
Round 1 Round 2

Throughout the problems in set B, Beth will use this copy-cat strategy.

4. After the first round, if both players are playing smart, how many nonequivalent game boards are there? Justify

your answer. Make a representation for each game board and shade in all death cells.

5. After the second round, if Beth has not already won and both players are playing smart, there are eight
nonequivalent game boards. Prove this and make a representation for each game board and shade in all death
cells.

6. For each of the game boards in problem 5 above determine how many rounds Ann will last if Beth continues
this strategy.
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Set C

After awhile Ann complained because she was never winning. So in an effort to make the game more fair, they

decided that Ann would be allowed to place two X’s or two O’s on the first turn. Beth’s original strategy no

longer worked. Soon Ann was winning every game!

Throughout the problems in set C, Ann will make two X’s on her first turn.

7. How many nonequivalent opening moves does Ann have, if Ann plays smart? Justify your answer.

8. If both players have played smart, how many nonequivalent game boards are there after the first round? Justify
your answer. Be careful of double counting!

Ann determined that if she always started with X’s on cells 4 and 6, she could always win!

Assume that she always used this opening move answer the following questions to prove she

] — can always win regardless of how smart Beth plays. In each proof, you may stop when all

the remaining cells are death cells. Careful!! After some moves, some death cells come back
to life!

9a. If Ann always started with the above opening move and both players played smart, how many nonequivalent

game boards are there after the first round? Justify your answer.

9b. If Beth’s first move was an O in cell 1, then Ann’s second move was an O in cell Y] X
11. (Likewise, if Beth’s first move was an O in cell 11, Ann’s second move was an X
O in cell 1.) Prove that Ann can always win when starting off this way. L ’ O

9c. If Beth’s first move was an O in cell 3, then Ann’s second move was an O in cell 9.

[
B
B

(Likewise, if Beth’s first move was an O in cell 9, Ann’s second move was an O in

cell 3.) Prove that Ann can always win when starting off this way. ‘ ’
0
[~ 1
9d. If Beth’s first move was an O in cell 2, then Ann’s second move was an O in cell 10. o -
(Likewise, if Beth’s first move was an O in cell 10, Ann’s second move was an O in ‘ X ‘
cell 2.) Prove that Ann can always win when starting off this way. o
L 1O | |
9e. If Beth’s first i 11 5, then Ann’ Oi 11 7. T
e . e ' S 1'rs move was an O in cell 5, .en nn’s second move was an O in ce ' 7 | X
(Likewise, if Beth’s first move was an O in cell 7, Ann’s second move was an O in ‘ olxl o
cell 5.) Prove that Ann can always win when starting off this way. | i
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9f. If Beth’s first move was an O in cell 12, what must Ann’s second move be to

guarantee a win? Show this move guarantees a win regardless of where Beth moves X

and that Beth could win if Ann chooses any other second move. X

9g. If Beth’s first move was an O in cell 8 and Ann’s second move is in cell 12, a win
can be guaranteed for either Ann or Beth depending on whether Ann plays an X or an
O. Show this is true.

X
0

Set D

Now on the losing end of the stick every time, Beth is no longer willing to give Ann two X’s or O’s on the first

move. Instead they return to the original rules but draw the game board on a torus so that the top of the grid is
connected to the bottom of the grid and the right side of the grid is connected to the left side. Now there are no
edges and every cell is adjacent to eight cells.

10. If Ann opens with an X in cell 1, prove Beth must play an O.

11. Prove Beth will always win on a torus!
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The Solutions

la. There are seven:

N

all

" | 1b. There are three: {O—(Ti‘ | o
ox ~ x|o] 1 0 x]tﬂ %0

EIRES 0

2. After the first round the game board must contain two different marks or two of the same marks.
Case 1-Two different marks. The X can be in one of four cells: a corner cell, a long side cell, a short side cell, or a

center cell.

{& 0| 0| 0| Ifplaced in a corner cell, there are eleven possible locations for the O. [11]

0/0/0|0
0O 0/ 0|0 Ifplaced in a long side cell, there are eleven possible locations for the O but four of these are

|

inversions of a board already counted. [7]

0X 00 . : : . . —
00 oo If placed in a short side cell, there are eleven possible locations for the O but eight are inversions
| 0\6—070 of boards already counted. [3]
If placed in a center cell, there are eleven possible locations for the O but all but one are inversions
010 of boards already counted. [1] X X
0|0 e
0|0 - ~ Clxl x
Case 2 - Two marks the same. Again the first X can be placed in one of four cells:|__|
— If placed in a corner cell, there are only five locations for the second X.
0 ; 0,00 Remember they play smart! [5] ol
0 X/ 0|0 < ”
10.0/0]0 If placed in a long side cell, there are four possible locations for the second X X
but one of these is an inversion of a board already counted. [3]
If placed in a short side cell, there are seven possible locations for the second X but all but x| %
one of these is an inversion of a board already counted. [1] E I
If placed in a center cell, there are only two possible locations for the second X but both of —— 7

these are inversions of a boards already counted. [0]

adl

Therefore, there are 31 nonequivalent game boards after the first round.
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3. Obvious the board must contain an X and an O for there to be any death cells. Furthermore, it s easy to see
that the board must contain a second X or O. Consider a board with one O and two X’s. There are only four
possible locations for the O: a corner cell, a long side cell, a short side cell, or a center cell. If O is in a corner
cell, there are only six possible death cells and, if O is place in a short side cell, there are only four possible
death cells. If O is in a long side cell, there are eight possible death cells and, if O is place in a center cell,
there are nine possible death cells. Therefore, the O must be in a long side or center cell. 1f O is in a long side

cell, there are only two arrangements of the X’s, while if O is in a center cell, there are three arrangements for
the X’s

7

X
7h 50 Bt Y/ /n n .

X?/’/{,%i
%0 1

N\

NS

RN

4. Again the X can be in one of four cells: a corner cell, a long side cell, a short side cell, or a center cell. The O
must be in the “opposite” corner cell, long side cell, short side cell, or center cell.

%X % | 75
X|0
: i gl
| %ol | Y%
5. Again because of the symmetry of Beth’s second move and the fact that it is the inversion of Ann’s second

move, we only need to worry about where the next X goes. In each of the diagrams below, the light X’s
represent the possible locations for the second X for each of the first round game boards.

i x| gl x| X x[x
X x (¥ x0lx X% 2% o
 |x%o ik |x x|/ x| x

The first board produces these four nonequivalent game boards:

/ s . X
%{%ﬂ * 2 0

X

The second board produces only two new nonequivalent EAER, ,
it ’ | Ty
game boards (e and f): e. £ [0 X[ o'%
s e
| | D%
And the third produces two new nonequivalent game
boards (g and h): ?/,} XW/ :‘
While the fourth produces no new nonequivalent game g ' h. o f,.f/ é X
boards. ] 4 0%
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6a. Game board (a) at the end of round three is at the right: Because only death cells remain,

Beth will win on the next (fourth) round.

TR
09/ x| x

6b. Game board (b1) at the end of round three is to the right: The bl.
board after round four (b2) is to its right. Because only death cells

remain, Beth will win in round five.

6¢. The two possible third rounds of board (c) are vertical reflections. Beth will win on the
next (fourth) round.

6d. Although there are four non death cells in

board (d), there are only three possible pairs

o
[\8)
SR
S
R
-

of moves for the third round. In each of

7o

these, only death cells remain after the third

round. Beth will win in the fourth round.

6e. In board (e) rounds three and four can be played in any order but the results are the same.
Beth will win in the fifth round.

b2. | ¢

.
-

XEEEE X
W
075 0

X x| o
0

6f., 6g. Only death cells remain in boards (e) and (f). Therefore, Beth will win in round three on both of these

boards.
6h. Game board (h) at the end of round three is at the right. Again, all of the remaining cells

are death cells so Beth will win in round four.

Therefore, Beth will always win if she uses this strategy!

o
|

&\x

0

>

7. As was shown in problem A2, case 2, there are nine ways for Ann to put two X’s on the game board while

playing smart:

X x| X X X| x|

X

365



ARML Power Contest — February 2002 — Insane Tic-Tac-Toe

8. In board (a), Beth could put a O in cells 2, 5, 6, 9, or 10 to produce non-equivalent boards. [5]
In board (b), Beth could put a O in any of the open cells or an X in cell 10. [11]
In board (c), Beth could put a O in cells 2, 3, 4, 7, or 8. [5]
In board (d), Beth could put a O in any of the open cells. [10]

In board (e), Beth could put a O in any of the open cells or an X in cell 8. However, having an X’s in cells 1,
8, and 10 has already been counted in board (b) [10]

In board (f), Beth could put a O in any of the open cells or an X in cells 8 or 11. [12]
In board (g), Beth could put a O in any of the open cells or an X in cells 5, 9, or 11. However, having X’s in
cells 2, 8, and 5 or having X’s in cells 2, 8, and 9 has already been counted in board (f) and having X’s in cells

2, 8, and 11 was already counted in board (b). [10]

In board (h), Beth could puta O incells 1, 5, 6,9, 10 or an X in cell 5. However, having X’s in cells 2, 11,
and 5 has already been counted in board (f) [5]

In board (i), Beth could put a O in cells 1, 2, or 6. or an X in cell 2. However, having an X’s in cells 5, 8§,
and 2 has already been counted in board (f) [3]

The total number of nonequivalent game boards after the first round is 71.
9a. As shown in board (d) above, Beth can only use O’s in any of the ten open cells.

9b. On her second move, Beth must put an O in cell 8 and Ann can put a X in cell 12,
leaving only death cells.

9¢. On her second move, Beth must put an O in either cell 8 or 12. In either case, Ann

responds by putting an O in the other one, leaving only death cells.

9d. On her second move, Beth must put an O in either cell 5 or cell 8. Whichever one she |t [
. mustp . . %o x
choses Ann will put an O in the other cell, leaving two non death cells, 7 and 12, which o xxlo
must be filled with X’s. Whichever one Beth choses for her X, Ann will put an X in the EZ “20 % X

other, leaving only death cells.
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9e. Two cells, 8 and 10, are available. Beth must put an O in one of them and Ann counters {g;gt:??\ %
with an O in the other. This frees up cell 12 in which Beth must put an X. This in turn V.JE)TﬁX fo‘ 0
trees up cell 2 in which Ann puts an O, leaving only death cells remaining open on the ?ﬁ’b 15%37)5

board. wn Y

9f. Although there are five cells available, cells 1, 3, 5, 8, and 9, only cell 9 guarantees Ann
a win!
Case 1 Show cell 9 guarantees a win. If Ann puts an O in cell 9, only cells 3 and 8 are
available. Beth must put an O in one of them; Ann will put an O in the other, leaving
only death cells.

Case 2 Show the other four starts could force Ann to lose.
a) If Ann puts an O in cell 1, Beth could counter with an O in cell §,which would

force Ann to put an X in cell 11. Beth could counter with an O in cell 10, leaving only
death cells for Ann.

b) If Ann puts an O in cell 3, Beth counters with an X in cell 9, leaving only cells 0
5 and 8 available. Ann must put an O in one of them and Beth counters with an O in the X[ o
other, leaving only death cells for Ann. o

¢) If Ann puts an O in cell 5, Beth counters with an O in cell 8, forcing Ann to put

an O in cell 3. Beth counters with an X in cell 9, leaving only death cells for Ann.

d) If Ann puts an O in cell 8, Beth counters with an O in cell 5, leaving only death
cells for Ann

9g. Case | Ann places an X in cell 12.

Beth must counter with an O in one of the eight remaining circular cells.

T [7r - [
Ann counters with an O in the “opposite” cell of the circle. Beth now must /ﬁgﬁ X 0 %yo X
put an O in one of the two remaining safe cell; Ann counters with an O in ;,) )ig(,’),//g A}Lﬁo
the "opposite” safe cell, leaving only death cells. Ann wins. Ji@ iz X‘ Ry @B

Case 2 Ann place an O in cell 12.

Beth counters with an O in cell 1. Ann must play an X in cell 11 and Beth counters
with an O in cell 10, leaving only death cells. Beth wins.
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10. The easiest way to think of the game board on a torus is to

imagine that the board repeats itself on each side and each

corner. From the original board, if Ann plays an X in cell 1,

Beth cannot play an X in cells 2, 3, 5,9, 6, or 11. Looking

11213 1|4
at the expanded game board, cells 7, 12, and 1 form a slel7 s
downward diagonal of three cells and cells 8, 1 and 10 form an 9 1o 111 iz

upward diagonal of three cells. Therefore, Beth cannot play an
X in cells 7, 8, 10, or 12. Cell 4 is on the left of cell 1 and
hence is not a smart play for an X. Therefore, Beth must play
an O.

11. In problem D1 above, it was shown that every cell is in a row of three with every other cell. Prior to Ann’s
second turn, the board contains an X and an O. Since every cell is in a row of three with the cell containing the
X and every cell is in a row of three with the cell containing the O, all remaining cells are death cells and Beth

will win.
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Three Addition Problems

The Definitions

Consider the following alphameric addition problem:

ABC
+DEF
GHI

where ABC, DEF, and G H I represent three three-digit numbers with ABC+D EF=GH I. In this
problem A, B,C,D,E,F.G,H, and I are distinct digits from the set {1,2, 3,4,5.6,7, 8.9} .

235
+78i is a solution to this problem.
—i_
245 352 215
Likewise, +% , "‘%-1@-3— , * ‘61 gg are also solutions to this problem. Notice that in each of these

-l - — il - —-iv -

solutions two of the addend digits total more than ten and so a carry digit must be added to the column on its
left.

Although each of these three new solutions is unique from the original solution #, only the last one iv will be
considered a solution independent of the original solution. In this problem, two unique solutions,

anb,c,di, ey, fi,gi, h, i and as, b2, ¢2,d>, es, f, g2, h2, iz, are considered independent if and only if the
set {{al. dn}, {b 1,e1}, {c,, f1}} # the set {{ax, dz}, {b :,e:}, {c2. 2§} (Note:. The order elements are listed in a

set is insignificant.) For example, in the solutions cited, solutions i, ii, and iii are not independent because

the set {{2,7), {3.4}, {5.6}} = the set {Q2.7p. {4.33. {5.6)} = the set {{3.4}.{5.6}. {2.7)}, but

solution 7 is independent of solution iv because the set {{2, 7}, {3,4}, {5.6}} # the set

{97 583

So how many unique solutions are there to this problem? In this problem,
A+B+C+D+E+F+G+H+1=45 and by considering whether there are zero, one, or two carry digits, it
can be shown that G + H+1=18. (Can you verify this?) Therefore, {G, H, [} must be one of the following:

{1,8.9}, {2,7,9}, {3,6,9}, {3,7,8}, {4,5,9}. {4,6,8}, or {5,6,7}. (Can you verify this?)

Each of these produces one, two or three independent solutions, totaling 21 independent solutions. (This also could
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be verified by examining each of the above seven cases. For example, {1, 8, 9} produces these three
independent solutions: 234 + 657 = 891, 235 + 746 = 981, and 324 + 657 = 981. Notice that in these

solutions, {{2,6}, {3.53. {&. T3} # {L2. 7. 3.43. {5.633 # {3.6). {2.53. {4.733.)

Furthermore, each of these twenty-one independent solutions produces eight unique solutions since the order of each

of the three pairs of addend digits can be permuted in (2)3 = 8 ways (Compare solutions i and ii on page 1).

In addition, in each of these eight unique solutions, the first column can always be interchanged with the last

pair of columns (Compare solutions i and iii on page 1), producing another eight unique solutions.
Therefore, there is a total of 21(8)(2) = 336 unique solutions to this problem!
Although alphameric problems usually have a solver trying to find a single unique solution, the alphamerics in this

ARML Power Contest have many unique solutions where the solvers must determine a method to find the total

number of unique solutions.
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The Problems

Since the order in which elements are listed in a set is irrelevant, for ease of correcting and checking independence,

please always list the elements of a set in numerical order, smallest to largest.

1. Consider the following alphameric addition problem:

1b.

1d.

2a.

ABC
+DEF
GHI1J

where A BCand D EF represent two three-digit numbers with ABC + DEF = G H1J, a four-digit
number and A, B,C,D,E,F,G,H, 1, and J are distinct digits from the set {0. 1,2,3,4,5,6,7,8, 9} . (Note:
A, D, or G cannot be zero.) In this problem, two unique solutions, a,b 1, ¢1.d1, ey, fi, g1, hi, i1, ji and

axnbz,c2.d2 e, p.ga ha iz, o, are considered independent if {{ai, diy, {b1.ep. {c1, [P} #

oo 3. o2 e 13}

. Make two quick observations about the digits 0 and 1. Justify your conjectures.

It is obvious that there is one carry digit from the hundreds column to the thousands column. Prove there can
be either one carry digit or three carry digits, but not two carry digits, in this problem. Then show that the
only possible sets equal to {G, H, I, J} are {0, I, 2, 6}, {0, 1, 3, 5}, and {0, 1, 8, 9}.

. For each of the three sets above, find all independent solutions, i.e., find the possible sets for {{A, D}, {B, E},

{C, F}}.
Determine the total number of unique solutions to this problem. Justify your answer.

Consider the following alphameric addition problem:

A

BC

+DEF
GHIJ

where A is a one-digit number, B C a two-digit number, and D EF a three-digit number with
A+ BC + DEF = GHIJ,afour-digit number and A, B,C,D,E,F,G,H, I, and J are distinct digits from

the set {0. 1,2,3.4,5,6,7,8, 9} . (Note: B,D,or G cannot be zero.) In this problem, two unique solutions,

anbi,ci,di, e, fi, g, h, i, i and as, b2, cr,d2, ey, f, g2, h2, i2, po, are considered independent if

Lav o Fy, e @) # av o Py ooy @33

Determine all the possible four-element sets that are equal to {G, H, I, J}. Show your work.
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2b. For each of the sets from 2a above, determine all the independent solutions, i.e., find the sets which would
equal {{A, C, F}, {B,E}}.

2¢. Determine the number of unique solutions to this alphameric problem. Justify your answer.

3. Consider the following alphameric addition problem:

Am‘t'lve
Birweive

C Drwel\'e

F Giwelve

+ H I Jiweive
K L leylve

where A and B are one-digit base twelve numbers, C D and F G are two-digit base twelve numbers, and H 1 J
and KL M are three-digit base twelve numbers with A + B+ CD +FG + HlIJ = KLM and
A,B,C.D,F.G,H.1,J,K,L.and M are distinct digits from the set {O. 1,2,3.4,5,6.7,8,9,T, E} , where T

represents the digit ten in the base twelve system and E represents the digit eleven. (Note: C,F,H,or K

cannot be zero.) In this problem two unique solutions, ai.b1, ¢1.d1, fi, g1, h1, iy, ji,kv, [1,m; and

axnbz, c.dz, f2, 82 ho,i2, j2,k2, I2,m, are considered independent if {{al, bl,dl.gl.ﬁ},{('],fl, il}, {h1}} +

{{az, b2, d2, g1, jz} {Cz, 1 iz}, {h:}} .

3a. It can easily be shown that the sum of the carry digits must be even in this problem. Using this fact, find the
twenty possible sets equal to {K, L, M}. Show your work.

3b. Pick one of the {K, L, M} sets from 3a and list all the independent solutions for that set. Then determine the

number of unique solutions for this set of independent solutions.

BONUS (Not part of this competition) Prove there are 108,960 solutions to this problem!
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The Solutions

la. G must be 1. It must be produced as a carry digit and A + B is at most 17, causing a carry digit of 1.

1b.

Ic.

CorF cannotbe 0. IfC=0,thenF =J andif F=0,thenC=1J. AorD cannotbe 0. If A =0, then D

must be 9 and H would have to be at least 2, implying that B + E > 30, an impossibility. There is a similar
argument if D = 0.

Case 1 Only [ carry digit: G=0,C+F=J,B+E=1,and A+D=10+H. Since the carry digit is

produced in the hundreds column, H= 0. A+B+C+D +E+F + G +1+J=45. Substituting produces:
1041+J+0+1+1+J=45 = 2J+2[+11=45 = J+1=17. Therefore, {1.1}:{8.9} and

{G.H, I.J}z{O. 1.8.9}
Case 2 Exactly two carry digits: Whether the second carry is produced in the units or the tens column makes
no difference. G=1,C+F=10+J, B+E+1=1, and A+ D=10+ H. Since
A+B+C+D+E+F+G+1+J=45= 10+H+I-1+10+J+1+H+1=45 =

2H +21 +2J+20=45 = H+1+J=12.5.....impossible!
Case 3 Three carry digits: G=1,C+F=10+J, B+E+1=10+1, and A+ D+ 1=10+H. Since

A+B+C+D+FE+F+G+1+J=45= 9+H +9+1+10+J+H+1=45 = 2H+2]1 +2]+29=45 =
H+1+J=28. One of these three variables must be 0 because 2+ 3 + 4> 8 . Therefore, {G, H, I,J}:

{0,1,2,6} or {G,H,[,J}={0,1.3,5>.

Case | {G, H,I,J} = {0, 1.8.9}

This case produces two possible values for the four-digit number GHIJ , either 1089 or 1098 with
{A. B,C,D, EF} = {2.3,4,5.6,7}. If GHIJ = 1089, then C+F=9,B+E=8,and A+ D=10.

Therefore, {C, F} = {2, 7. {3.6), or {4, 5}.

Case la: {C, Fy={2. 7). then {B.E}={3.5) and {A, D} = {4, 6}, producing this solution:
432+657=1089 and {{A.D}.{B.E}. {C. F}} ={{4.6}.{3.5). 2.7}}.

Case 1b: {C,Fy={3.6}, then none of the remaining numbers add up to 8. Therefore, {C. F} = {3.6).
Case Ic: {C,Fp={4.5), then {B.E}p={2,6} and {A, D} = {3.7}, producing this solution:

324+765= 1089 and {{A. D}. {B.E}. {C. F}} ={{3.7).{2.6}. {4.5).

All solutions for 1098 can be found by interchanging sets {C, F} and {B,E}.

Case 2 {G, H,I,J} = {0, l,2,6>

This case produces six possible values for the four-digit number GHIJ, either 1026, 1062, 1206, 1260, 1602 or
1620 with {A, B,C,D,E, F} = {3, 4,5,7,8, 9}.
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Case 2a: 1f GHIJ = 1026, then {A,B.C.D.E.Fy ={3.4.5.7.8,9. C+F=16,B+E=15.and A+ D=9,
producing this solution: 437+ 589=1026 and {{A. D}.{B.E}. {C. F}}={{4.5).{3.8}.{7.9}}.
All solutions for 1206 can be found by interchanging sets {A. D} and {B.E}.
Case 2b: If GHIJ = 1062, then C+F=12.B+E=15.and A+ D=9 . Therefore, {C. F}={3.9}. {4.8}.or
6.7

Case i: {C, F} = {3. 9} , then {B, b} ={7.8} and {A. D} ={4, 5} producing this solution:
473 +589=1062 and {{A. D}. {B.E}. {C. F}} ={{4.55.{7.8}. {3. 9}

Case ii: {C.Fp={4.8p or {5.7p, then none of the remaining numbers add up to 15. Therefore,
{C.Fp={a8por {57}

All solutions for 1602 can be found by interchanging sets {A, Dy and {B, E}.

Case 2¢: If GHIJ = 1260, then C+ F=10,B+E=15,and A+ D=11. Therefore, {C, F}: {3,7} but none

of the remaining pairs of digits add up to 11 or 15. Likewise, there are no solutions for 1620.

Case 3 {G,H,I,J} = {0, 1.3,5}

This case produces six possible values for the four-digit number GHIJ , either 1035, 1053, 1305, 1350, 1503,
1530 with {A,B.C,D.E.F} ={2.4,6.7.8,9.

Case 3a: If GHIJ = 1035, then C+F =158 +E = 12,and A+ D=9. Therefore, {4, Dy = {2.7% and so
{B.E}={4.8} and {C.F}={6,9}. producing this solution: 246 + 789 = 1035 and

G0 (5.E3. .1y 4. (0.5, 46.9.

All solutions for 1305 can be found by interchanging sets {4, Dy and B, E}.

Case 3b: If GHIJ = 1053, then C+ F=13,B+E =14,and A + D=9. Therefore, {A, D} = {27} and so
{B.Ey={6.8 and {C,F}={4,9). producing this solution: 264+789=1053 and

Q0. Dy (8. 3. 4C. FY =2, Ty 4655 6.9

All solutions for 1503 can be found by interchanging sets {A, Dy and {B, E}.

Case 3c: If GHIJ = 1350, then C+F =10,B+E = 14,and A + D= 12. Thercfore, {A, Dy = 4,8} but none

of the remaining pairs of digits add up to 10 or 14. Likewise, there are no solutions for 1530.

1d. In lc six independent solutions were found:

432 324 437 473 264 246
657 765 589 589 789 789
1089 1098 1206 1062 1053 1035
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In each solution two columns can be interchanged to produce another set of solutions:

423 342 347 743 624 426
675 756 859 859 879 879
1098 1098 1206 1602 1503 1305

In each of these ten solutions the pairs of addend digits in any column can be permuted to produce 23 = § unique
solutions. Therefore, there are 6 X 2 X 8 = 96 unique solutions.

2a. It is easy to verify that the following must be true: G = 1,H =0,and D =9. As in problem 1, the carry digits
must total to an odd number. A+ C+F>22+3+4=9, but J#9. Therefore, A+C+ F>10 and
B+ E+carry digit=210. So A+C+F=J+10, B+E+1=1+10, G=1, H=0,and D=9. Since

A+B+C+D+E+F+G+1+J=45= J+10+1+9+9+1+0+/+J=45 = 2J+2[+29=45 and
so J+1=8.

Therefore, {G.H.I.J} = {0. l,2,6}0r {0, 1,3,5}.

2b. Case 1 {G,H.I..l}z{O, 1.2,6}

This case produces two possible values for the four-digit number GHIJ , either 1026 or 1062 with
{A.B,C.E.F} ={3.4.5.7.8) and D=9.

case la: If GHIJ = 1026, then A+ C+ F=16 and B+ E=11. Therefore, {B.E} = {3,8} or {4.7}.
If {B.E}={3.8), then {A, C.F} ={4,5,7p, producing the solution, 4+ 35 + 987 = 1026, with
0. C.Fy. (B By = 0.5 T3 .53,
If {B, E} = {4, 7}, then {A. C, F} = {3,5, 8}, producing the solution, 3 +45 + 987 = 1026, with
0. C. By (BB = 0.5 85, 6T,
case b: If GHIJ = 1062, then A+ C+ F=12 and B + E=15. In this case {B. E} = {7 8} and

{A. C.F} ={3.4.5), producing the solution, 3+ 74 +985= 1062, with

{4 C.Fy. {B.ERy = {{3.4.5). {1.8})-

Case2 {G.H,1.J}= {0. 1,3,5

This case produces two possible values for the four-digit number GHIJ , either 1035 or 1053 with
{A,B,C.E.F} = {2.4,6,7. 8 and D =9.

case 2a: If GHIJ = 1026, then A+ C+ F=15 and B + E=12. Therefore, {B, E} = {4, 8} and
{A.C,F}y ={2,6,7), producing the solution, 2+ 46 + 987 = 1035, with

A C.13. (B.EY = (2.6, G4.83).
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case 2b: If GHIJ = 1062, then A+ C+ F=13 and B + E = 14. Therefore, {B, E} ={6.8p and

{A. C.Fy ={2.4. 7). producing the solution, 2+ 64 + 987 = 1053, with

G C B (B EY = (2.4 T 083,

2c. In each of the five independent solutions found in 2b., the digits A, C,and F can be permuted in 3! = 6 ways

while the digits B and E can be permuted in 2! = 2 ways with each permutation producing a unique solution.

Therefore, there are 5x 6 X 2=60 unique solutions.

3a. Case 1: If there are two unit carry digits, then A+B+C+D+F+G+I[+J+K+L+M =66 with
A+B+D+G+J=12+M, C+F+1+1=L+12. and H+1 =K. Substituting, produces:
R+M+11+L+K-1+K+L+M=66 = 2M+2L+2K+22=66 = M + L+ K=22. Therefore,

{K.L.M}y={1.T.E}p, 2.9.Ep, (3.8.Ep, {3.9.T}, {4.7.Ep, {4.8.T}, {5.6,E}, {5.7.T}, {5.8.9}. or
{6.7.9}.

Case 2: If there is a carry digit of | and a carry digitof 3, then A+ B+ C+D+F+G+I1+J+K+L+M =66
with A+B+D+G+J=36+M,C+F+1+3=L+12, and H + 1 = K. Substituting, produces:
36+M+9+L+K-1+K+L+M=66 = 2M +2L+2K+44=66 = M + L+ K=11. Therefore,

(K, LMY= {0, 1,75, {0,2,9), {0.3.8), 0,4, 7). {0,5.65. {1,2.8), 1.3, 7, {1.4.65. {2.3,6).0r
{.4.5).

3b. (The solution to this problem is long because I have included all ten cases.)

{1, T, E}: five independent solutions:

7 8 8

6 6 6
85 54 35 25 36
43 73 24 43 42
902 902 910 960 950
TI1E TI1E TI1E T1E TI1E

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first two solutions and 3! ways in the last three solutions. Therefore, there are
2% 2! x5!+ 3 x 3! x5! =2640 unique solutions.
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{2, 9, E}: sixteen independent solutions:

8 7 7 T 6 7 8
5 6 6 5 4 6 6 6 6
74 84 T5 74 83 85 T4 T5 84
63 53 34 63 71 43 73 83 73
T08 T01 801 801 T50 T10 150 140 150
E29 E29 92E 92E E92 E29 2E9 2E9 29E
6 T
4 6 7
T3 74 TS TS 35 74 65
71 53 74 63 41 53 41
850 810 130 140 860 T10 130
9E2 92E 29E 29E 92E E29 E29

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first four solutions and 3! ways in the last twelve solutions. Therefore, there are
4x2! x5+ 12 x3! x5! =9600 unique solutions.

{3, 8, E}: twelve independent solutions:

7 7 9 T 7 7 9
6 6 6 6
94 TS5 TS 94 92 95 74 74
52 94 42 52 61 42 62 51
To1 201 701 701 T40 T10 Ti0 120
E38 38E 83E 83E E&3 E38 E38 E38
T 9 T
5 7 6
T4 94 T6 95
71 71 51 42
250 260 240 710
3E8 3E8 38E 83E

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first four solutions and 3! ways in the last eight solutions. Therefore, there are
4x2! x5!+ 8 x3!x5!=6720 unique solutions.
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{4,7, E}: fourteen independent solutions:

8 9 6 8 8 9 9 T
5 6 5 5 6 5 6 6
93 T5 93 92 93 33 83 95
62 82 82 61 52 62 51 82
T01 301 T10 T30 Tio T10 T20 310
E47 47E E74 E74 E47 E47 E47 47E
T
6 8 9 5 3
T5 92 93 83 T2 92
61 81 52 51 91 81
320 350 610 620 630 650
47E 4E7 T4E 74E TE4 TE4

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first two solutions and 3! ways in the last twelve solutions. Therefore, there are
2x 2! x5!+ 12 x3! x5! =9120 unique solutions.

{5, 6, E}: eleven independent solutions:

7 8 T 9 8 9 8 9
4 4 7 8 4 4 7 4
93 93 93 T3 93 83 92 83
82 72 82 72 72 71 4] 72
T01 T01 401 401 Tio 120 130 T10
E65 E56 S6E 56E E65 E65 E56 E56
T
8 9
93 83 T2
72 71 91
410 420 430
56E 56E SE6

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first four solutions and 3! ways in the last seven solutions. Therefore, there are
4x 2! x5!'+7x3!'x5!=6000 unique solutions.
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{3, 9, T}: nine independent solutions:

7 7 E E 8 E
5 5 5 6 7 5 6 7 6
E2 E4 74 74 ES 84 ES E6 84
61 26 62 51 61 71 84 51 71
840 810 810 820 240 260 210 240 250
9T3 93T 93T 93T 3T9 3T9 39T 39T 39T

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted

3! ways. Therefore, there are 9 x 3! x 5! = 6480 unique solutions.

{4, 8, T}: thirteen independent solutions:

E 6 7 7 7 E 6
5 5 5 6 6 5 5 6
93 E3 E3 E2 ES 73 E3 ES
62 72 61 51 32 61 92 32
701 910 920 930 910 920 710 710
84T T84 T84 T84 T48 T48 8T4 84T
9 7
6 7 6 6 6
15 25 13 15 52
72 61 52 92 71
3E0 3EO0 790 3EQ 390
48T 48T 84T 4T8 4T8

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first solution and 3! ways in the last twelve solutions. Therefore, there are
1 x2! x5!+ 12 x3! x5! =8880 unique solutions.
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{5, 7, T}: seventeen independent solutions:

8 8 E 8 8 E 8 9
4 6 3 6 6 4 4 4
E3 E2 82 E3 E4 83 E3 E3
62 41 61 42 31 61 92 81
910 930 940 910 920 920 610 620
T75 T75 T75 T57 T57 T57 7T5 7T5
9 E 8 9 9 E
3 8 8 8 6 6 8 6 8
92 E3 E4 92 E3 E3 E3 93 92
81 42 31 41 92 81 62 82 61
640 610 620 630 410 420 410 410 430
7TS 75T 75T 75T 5T7 5T7 57T 57T 57T

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. Therefore, there are 17 x 3! x 5! = 12240 unique solutions.

{5, 8, 9}: twelve independent solutions:

E T T T
4 6 6 4 3 6 7 6
T3 E3 E4 E2 T2 E3 E2 T2
62 42 31 61 61 71 61 71
701 710 720 730 740 420 430 430
859 859 859 895 895 598 598 598
T E
6 7 6 7
E3 E3 T3 T2
72 61 71 61
410 420 420 430
589 589 589 589

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first solution and 3! ways in the last eleven solutions. Therefore, there are
I1x2!'x5!'+ 11 x3!' x5! =8160 unique solutions.
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{6, 7, 9}: eleven independent solutions:

E T T E T T E
4 4 5 4 4 5 4 5
T3 E3 E2 T2 E3 E3 T3 T2
82 51 41 51 52 41 51 41
501 820 830 830 810 820 820 830
679 976 976 976 967 967 967 967
T E T
4 4 8
E3 T3 E2
82 81 41
510 520 530
697 697 679

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways in the first solution and 3! ways in the last ten solutions. Therefore, there are
1X2!' x5!+ 10 x3! x 5! =7440 unique solutions.

{0, 1, T}: two independent solutions:

4
6 6
27 27
38 38
95E 94E
TI10 TO1

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted

2! ways. There are 2 x 3! X 5! = 1440 unique solutions.
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{0, 2, 9}: seven independent solutions:

4 3 4
6 5 5 S 5 6
37 37 36 47 16 17 17
48 58 7T 6T 3T 4T 3T
1ET ITE 18E 18E 87E 86E 85E
290 290 290 290 920 920 902

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. There are 7 X 3! x 5!=5040 unique solutions.

{0, 3, 8}: ten independent solutions:

4 4 4 1 4 4 4 2 1 4
6 5 5 5 6 5 5 4 5 5
17 17 16 49 57 67 16 19 29 19
59 69 7T 6T 19 19 2T 5T 4T 2T

2ET  2TE  29E 27E  2ET 2TE 19E 76E 76E  76E
380 380 380 380 380 380 830 830 830 803

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. There are 10X 3! x 5!=7200 unique solutions.

{0, 4, 7}: nine independent solutions:

2 2 1 1 2 3 2

6 5 6 5 8 5 5

19 18 18 28 29 19 18 18
2T 59 6T ST 6T 3T 29 3T
36E 3TE 39E 39E 38E 65E 6TE 69E
407 470 470 470 470 704 740 740

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. There are 8 X 3! X 5!=5760 unique solutions.
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{0, 5, 6}: two independent solutions:

2 1

7 7

18 28
39 39
4ET 4TE
560 560

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. There are 2 X 3! x 5!= 1440 unique solutions.

{0, 5, 6}: two independent solutions:

7 7
18 28
39 39

4ET 4TE
560 560

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
3! ways. Therefore, there are 2 x 3! x 5! = 1440 unique solutions.

{1, 2, 8}: two independent solutions:

3 3

4

49 59
6T 6T
I10E J0E
812 821

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
in only 2! ways ( I must be 0). There are 2 x 2! X 5!=480 unique solutions.
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{1, 3, 7}: six independent solutions:

4 4
6 5 5 5
49 48 58 69 29 29
6T 79 9T 8T 8T 8T
20E 20E 20E 20E 60E 60E
317 371 371 371 713 731

The digits in the units column can be permuted in 5! ways while the digits in the twelves column can be permuted
2! ways. There are 6 X 2! x 5! = 1440 unique solutions.

{1, 4, 6}: nine independent solutions:

2 3 2 3 2 7 7

5 7 8 7 4
29 58 79 29 39 28 37 2T 2T
8T T9 8T 8T 7T E9 T8 SE 3E
30E 30E 30E S0E S0E S0E S0E 380 580
416 461 461 614 614 641 641 461 641

In the first seven solutions, the digits in the units column can be permuted in 5! ways while the digits in the
twelves column can be permuted only 2! ways. In the last two solutions, the digits in the units column can be
permuted in 5! ways while the digits in the twelves column can be permuted 3! ways. There are
7Xx 2! x5!'+2x%x3!x 5! =3120 unique solutions.

{2, 3, 6}: ten independent solutions:

5 4 5 4 4
7 8 7 7 5 7 8 7 7 8
49 59 48 T8 79 18 49 E8 49 19
8T 7T E9 59 8T T9 7T 19 8T 4T
10E 10E 10T 10E 10E S0E S0E 0T 30R STE
236 236 263 263 263 623 623 632 632 632

In the first nine solutions, the digits in the units column can be permuted in 5! ways while the digits in the twelves
column can be permuted only 2! ways. In the last solution, the digits in the units column can be permuted in
5! ways while the digits in the twelves column can be permuted 3! ways. There are
9% 2! x5!+ 1 x3!'x5!=2880 unique solutions.
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{2, 4, 5}: six independent solutions:

6 3 6 1

7 7 7

38 69 38 69 18 69
T9 T E9 8T T9 8T
10E 10E 10T 10E 30E 30E
245 245 254 254 425 452

There are 6 x 2! X 5! = 1440 unique solutions. WHEW!!
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Number Theoretic Functions

The Definitions, Symbolism, and Theorems

Number theory is a branch of mathematics that deals with the properties of positive integers. This problem will

deal with six functions that are used to state some of these properties. They are defined as follows:

1(n) = the number of positive integral divisors of n. For example, T(12) = 6 because 12 has six divisors,
namely 1, 2, 3, 4, 6, and 12.

o(n) = the sum of the positive integral divisors of n. For example, 6(12) = 28 because
1+2+3+4+6+12=28.

@(n) = the number of positive integers less than » and relatively prime to #. @(12) = 4 because 1, 5, 7, 11
are relatively prime to 12. Two integers, a and b, are relatively prime if and only if their greatest common

factor is 1 (or symbolically gef(a, b) =1 or simply (a, b) = 1).

The fundamental theorem of arithmetic states that any positive integer, n, can be written as a product of primes in

A

. a a a . e .
only one way, i.e., n=p,' - p,>- py’ -...-.p,* , where p/s are primes and a/s are positive integers. For

example, 12=2%-3".
Amy= (= D)2 T 4nd A1) = 1. Therefore, A(12) = (-1)@FD = 1.

K(n) = 0 if any aj is greater than 1, otherwise p(n) = (-1)* and p(1) = 1. Therefore, u(12) = 0.

0(n) = number of ordered pairs (a,b) such that (a,b) = | and ab = n. (12) = 4 for the pairs (1, 12), (3, 4),

(4, 3), and (12, 1) have no common factors. The pairs (2, 6) and (6, 2) are not relatively prime.

It is amazing that such functions with such distinctive properties can be related in interesting ways but later in this
problem it will be shown that for any prime number, n,, o(n) + @(n) + A(n) + W) + 6(n) =n- °(n). But first,

here are some symbols and fundamental theorems regarding these functions.

Symbols:

d|n means d is a divisor of n.
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Y. f(d) means sum up all the values of f{d) where d | n. For example, t(n) = % 1 and ofmn) = %d.

dn

w ”;:l J(d) means sum up all the values of f{d) where d is relatively prime to n. For example, @(n) = un2>:1 1

H f(d) means multiply together all the values of f(d) where d | n.

Useful Theorems:

1. A function, f, is called multiplicative if for any positive integer, #n, where n=a - b and (@b) =1,
f) =fla-b) =fa)- f(b). All six functions are multiplicative. For example, @a-b) = ¢a) - ¢(b) .

2. If a is a non-negative integer and p is a prime number, then ...

a) 1p9) =a + 1. d) Mp9) = (-1)2.

a+1 _ 1 — ] = l
b) o(p?) = pP— - e) u(p) = { Ol,,;ft:em'ise> )
o) = po(1-1). ) 8(p) = 2.

3. If n=pi' - ps?- pst-.-pi*, then ...
a)tn)=(aj +1)(apr +1)...(ap + 1).

a+]_1
b) o(n) = plTn[gp_—r—

wa=nﬂ0—a.

In math class you probably learned about the composition of two functions, f(g(x)) , sometimes denoted as

/ °g(% . In number theory two functions can be combined by a method called the_convelution of two

functions, often denoted as f*g(n) . It is defined as f*g(n) = % fd)- g(fli) .

The following chart may be useful in solving the problems of the contest.
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Number Theoretic Function Table
prime

n factorization T(n) o(n) om) A(n) um) 6m)
1 1 1 1 1 1 1
2 2 2 3 1 -1 -1 2
3 3 2 4 2 -1 1 2
4 22 3 7 1 0 2
5 5 2 6 4 1 1 2
6 (2)3) 4 12 2 1 1 4
7 7 2 8 6 -1 -1 2
g 23 4 15 4 -1 0 2
9 32 3 13 6 1 0 2
10 @)5) 4 18 4 1 1 4
1 11 2 12 10 -1 -1 2
12 22)3) 6 28 4 -1 0 4
13 13 2 14 12 -1 -1 2
14 ) 4 24 6 1 1 4
15 3)5) 4 24 8 1 1 4
16 24 5 31 8 1 0 2
17 17 2 18 16 -1 -1 2
18 2)(32) 6 39 6 -1 0 4
19 19 2 20 18 -1 -1 2
20 22)(5) 6 42 8 -1 0 4
21 3)7) 4 32 12 1 1 4
22 @)11) 4 36 10 1 1 4
23 23 2 24 22 -1 -1 2
24 @33) 8 60 8 1 0 4
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The Problems

Part 1
1. Find the value for each of the six functions when n = 72.

a+l_l

2. Prove, if a is a non-negative integer and p is a prime number , then o(p) = p?]— .

3. For what values of n is @(n) = 121 ? Prove your conjecture.

4. For what values of n does @(n) = @(2n) ? Prove your result.
Part 2

5. For each of the following expressions:

i) Find its value when n = 24. Show your work.

ii) Experiment with enough other values of n (No need to show your work here.) which will allow you to
make a conjecture about the expression that is true for all n. (All conjectures will involve a single

number theoretic function or a constant.)

a. o*1n).

b. A*60(n).

c. %'c(dz)p(g) .
d. ¢o*on).

e X (@)’ .

6. For what values of n does @(n) + o(n) =2n ?

7. For what values of n does ;1 Mdy=172

Part 3
8. Find all values of » for which @(n) =24 . Show your work.

9. If o(n) =2n , then n is called a perfect number.
a. Show 6, 28, 496, 8128 are perfect.
b. Show if 2" — 1 and » are prime, then 2" (2" — 1) is perfect.

c. Show X 211,- =2 ifand only if n is perfect.

10. Prove, if n is prime, then 6(n) + @(n) + M(n) + w(n) + 6(n) = n- °wn) .
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The Solutions

Part 1

1. 72=2"-3and the factors of 72 are 1, 2, 3,4, 6, 8,9, 12, 18, 24, 36, 72.
©(72) = 3+ 1)(2 + 1) = 12, the number of factors of 72.

o(72) = (%)(33;:71): 15-13=195 or

o(7)=1+2+3+4+6+8+9+12+18+24 +36+72=195.
=21 -L)3*1 — L) =8(L1)9(2)=4 - 6= 51
0(72) =2'(1 2)3 (i 3) = 8(2)9(3) =4 - 6=24, the number of elements in the set
{1, 5,7, 11, 13, 17, 19, 23, 25, 29, 31, 35, 37, 41, 43, 47, 49, 53, 55, 59, 61, 65, 67, 71}.
A7) =(-DP=(-1)’=-1.
wi2)=0.
0(72) =4, the number of elements in the set {(1, 72), (8, 9), (9, 8), (72, 1)}.
2. The only factors of p* are 1, p.p* p°.....p°.
Therefore, 6(p?} =1+ p+ p?+ p’+ ...+ p*, an infinite geometric sequence, whose sum is M .

1-r

l(]_pa+!) :pa+l_l .

Therefore, o(p?) = > >

3. onm)= ZZL iff n is a power of 2.
N —_—— 1 = a = a - l = a l = n
Proof: <== If n is a power of 2, then n=2. @29 =2 (1 2) =2 (2) =4

==> 2@(n) =n . Therefore, n has a factor of 2. Assume there are other prime factors, i.e.,

20(n) =21 p“2-p“3- ... p"*. Then
I R S IR

271 (1 - .Pl].) (1 _ _1%) (1 _ -!n(-) =2 | If pa, ps.....p: exist then the left side is less than the right

side...a contradiction. Therefore, # must have no prime factors other then 2.
4. o(n) =@@2n) iff n is odd.

Proof: <==1If n is odd then (2, » ) =1 and so @(2n) = @2) - e(n) =1- @(n) = ¢(n) .

==> Suppose Q(n) = @(2n) and n is even, i.e.,, n=2"- p? .p3"3. ... p“% and
on) = 2"1(-%)-p2“2 (1 —-1;2-);03“3 (1 - ;],; . ...'pk”"(l —711-) . Then 2n=2°""1. p,"2. "% . . p° and

o(2n) = 2"”‘(%)' p*? (1 - -Il—)-p,z” (1 - 717_5) nf'"(l - -’%) , which equals
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@@2n) =2"" '(-ZL) m? (l - —);)-p{” (l - '#) pA"‘(l - 7!7) , which equals

o(2n) = 2(2"(—%)- m? (1 - -[%2-)'[)3"3 (l - ‘;1); C ~pk"‘(l - -,%)) =2@(n). But then ©(2n) =2¢(n), a

contradiction.
Part 2

sa. ¢*124)= % od)- 1() . The divisors of 24 are 1,2, 3,4, 6,8, 12, and 24.

So ¢* 124) = (1) - U24) + 9(2) - W12) + 9(3) - TUB) + P(4) - U6) + P(O) - T(4) +
98 - 13) + 0(12) - 12) + ¢(24) - (1) .
=1(8) + 1(6) + 2(4) + 2(4) +2(3) + 4(2) +4(2) + 8(1) .
=8+6+8+8+6+8+8+8=60.
Therefore, @ * ¥(n) = 6(n) . Other examples should verify this.

5b. A *0(24) =A(1) - 6(24) + A(2) - 8(12) + A(3) - B(8) + A(4) - 6(6) + A(6) - O(4) +
M8) - 03) + A(12) - 8(2) + A(24) - 6(1) .
=14+ D)@ + CD)Q + 1@ + D)@ + EDQ + CD)@ + 1D .
=4-4-2+4-2+2-2+1=1.
Therefore, A * @(n)=1 . Other examples should verify this.
Se. 3 d’)- u(Z;‘n) =1(1) - (24) + T(4) - W(12) + T(9) - u(8) + (16) - W(6) +

1(36) - u(4) + ©64) - u3) + t(144) - n(2) +1(576) - u(l).
= 1(0) + 3(0) + 3(0) + 5(1) +9(0) + 7(-=1) + I15(-1)+ 21(1).
=0+0+0+5+0-7-15+21=4.
Therefore, E‘t‘:(dz) . ”(Zf) =0(n). Other examples should verify this.

5d. @* o(24) = (1) -6(24) + 0(2) - 6(12) + @(3) - o(8) + ®(4) - 5(6) +®(6) - 6(4) +
08) - 6(3) + 9(12) - 8(2) + ¢(24) - o(1)
= 1(60) + 1(28) + 2(15) + 2(12) + 2(7) + 4(4) +4(3) + 8(1)
=60+28+30+24 +14+16+12+8=192.
Probably not enough to make a conjecture yet and so more examples are needed:
o*o()=1, o*c2)=4, o*c6(3)=6, 9p*c4) =12, ¢* (5 = 10, and
Therefore, @ * o(n) = nt(n).

Se. (d) =142’ +27 43 447+ 47467+ 87 =900, Again probably not enough to make a conjecture and
4

so more examples are needed: ;2 @] =1°+2°=9, X [x@)] =1°+2%=9,
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All the answers are squares...but squares of what? Observe that 1;" (td) = (az;’ ’r(d)) ?
6. Examples: ¢(2) +6(2) =4, ¢3) +06(3) =6, 04) +06(4) =928, ¢5) +0(5) =10, @6) +c(6) =14 %12 ..If n
is prime then @(n) +6(n) =2n.

7. Examples: ; M)y =1, ; Md) =0, ; Md) =0, % Mdy=1.1If nis a square then ; Md)=1.

Part 3

8. o(n =24 =n[l;! (l - I-L-)

ay

=ittt (=) (-0 ) e (- &
=p L (=D =D - 1) - (1)

Therefore, if p is a prime factor of # , then (p —1) must be a divisor of 24 and so (p —1) could be 1, 2, 3, 4, 6, 8,
12, or 24. Therefore, the only possible prime factors on could be 2, 3, 5, 7, or 13.

@(13) = 12,9(7) =6, 9(5) =4.9(3) =2, ¢(3)=6.9(2) = 1, 02°) =2.9(2") =4.and ¢(2*) =8.
All other powers of these primes produce @-values which are not divisors of 24. Since @(n) is multiplicative

and equal to 24, the following are the only possible values forn :

24 = (12)(2) : ®(13) - 0(3) =n=39
o(13) - ¢(22) =n=52
24 =(12)(2)(1): 0(13)-93)- 02  —=n=78
24 = 8)3): not possible...all @-values are even except ¢(1) and @(2) .
24 =(6)(4): o) - ©(5) =>n=35
o) - 92 =n=56
0(3%) - 9(5) =n=45
03%) 929 =n=72
24 = (6)(4)(1): o(7) - 9(5) - 0(2) =>n=70

032)-0(5) 92 =n=90

24=(6))(2: o7 - 93) 92>  =n=84

9a. 6=2-3 and (2,3)=1,500(6) =0(2)6(3) =3 - 4= 12 = 2(6).
28=4-7 and (4,7) =1,500(28) =6(4)0(7) =7 - 8 = 56 = 2(28).
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496=16-31 and (16,31)=1,5006(496) = c(16)c(31) =31 - 32 =992 = 2(496).
8128=64-127 and (64,127)=1,s5006(8128)=c(64)c(127)= 127 - 128 = 2(8128).
9b. 2"—lisoddand 2" ' iseven. Therefore, 2"—1.2" D=1 andso cQ2" 'Q"- 1) =c(2" ) -6Q"-1).

By Theorem 2b, o(2" ") = 22”7_1]- . Since the only factors of a prime, p, are 1 and p, 6(p) = p+ | and so

o(2"-1)=2". Therefore, (2" 'Q"- 1)) =(2"-1) ) =20Q" Q" -1)=2n.

. Therefore, 2’1:"1; b and 2= X 1.

9c. <== If nis perfect, 6(n) =2n. But o) = §1d= 2 (ljl=n %] &

din

U QU

=> X é: 2 and multiplying both sides by » produces: n ];” =2n, which equals 1% 5 =2n and so

dln

o(n) =2n .

10. If » is prime , it has only two divisors, 1 and #n, so ©(n) =2 and 6(n) =n +1 . All the numbers less than n
are relatively prime ton , and so @#n) =n —1 and AMn) =—1, pmn)=-1, and 6(n) = 2. Therefore,
o(n) + ©(n) + AMn) + W(n) +6(n) =n-n) is equivalentto (n+ 1)+ (m-1)+ 1)+ (~1)+2 = n-2 which

is true. (Note: The converse is also true but more difficult to prove.)
Further Notes

» Euler went on to prove that all perfect numbers are of the form 2" '(2"-1), where 2" lis prime. Primes
of the form 2" — | are known as Mersenne primes. If 2"~ 1 is prime then # must be prime but the
converse is not true for 267 — 1 is composite. As of this writing there are only 39 known perfect numbers.

In November 2001 it was proven that 213466917 _ | i prime. Its corresponding perfect number has

8,107,892 digits! No one has yet found an odd perfect number but much is known about them! Euler

proved that any prime factor of an odd perfect number must be of the form 4n +1 and more recently it has
been shown that an odd perfect number must have at least eight prime factors, one being greater than 1018,

* An n- gon can be drawn using a compass and straightedge if and only if @(n) is a power of two.

* In Lure of the Integers, Joe Roberts states that o(n) < Qn@ for all values of n , except 2, 3, 4, 6, 8, and 12;

(n) < ¥n” except when n is 2, 4, 6, 12; and ©(n) > f7i except for 2 and 6.

» More investigation and discussions about number theoretic functions can be found in An Introduction to

Arithmetical Functions, by P. J. McCarthy.

393



ARML Power Contest — November 2003 — Errors in Math Reasoning

Errors in Mathematical Reasoning

In this contest problem you will be exploring errors in mathematical reasoning that ultimately lead to correct

solutions. Do the errant methods work some of the time, all of the time, or just in one isolated case?

The Problems

1. Sometimes fractions can be reduced by canceling out digits. For example, %g = é'?; = 3':

Find the other two fractions that can be reduced in a similar manner, 1.e. gl(l = g{ = ‘gz, where fl 1s a reduced

fraction with a<c.

2. While the distributive property of multiplication over addition, a- (b+c¢)=a- b +a- ¢, always works with any
set of real numbers, the “other” distributive property of addition over multiplication,

a+(b-c)y=(a+b)- (@+c),is less successful. The “other” distributive is valid for the following example:
S+(2e3)=(5+2)e(5+3)=(7)e(8)=.56 and .5+.2e.3=.5+.06=.56. Under what conditions

for a,b,and ¢, does a+ (b-c)=(a+b) - (@a+c)?

3. Anna incorrectly solved the following inequality but came up with the correct answer:
x| +]x-1]<2
[2x—1] <2 (Ingeneral, |a+b]| # |a|+|b|)
2<2x-1<2

-1 <2x<3
Sered
Under what conditions for a, b,and ¢ with a<b and ¢ >0, is|x—a| +|x - b]| <c¢ the same as

[2x—(a+b)|<c?
4. Ning was asked to solve the following problem:
Solve for x: X+ fx—a =4, where a 20.
Remembering the difference of squares identity, he proceeded as follows:

(F+m—a)(x-—a)=x-(x-a)=a.

Therefore, (fx- fx—a)= Hax—_a) .

And so, (fx- m):g.
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Adding (/x+ =) =4 and (f/x- m):gf, he got 2/x =4+ 4

4

2/ = Lot
et g
x—(2+f§)2

When a=4, x= 245 a correct solution. When ¢=8,x=9, and when a=16,x = 16. Both of these are also

correct solutions to this problem. However, when a=32,x =36 and this is not a correct solution to the

problem! Where, if any place, is the flaw in Ning’s solution?

5. Oftentimes, due to carelessness, log (b") and (logh)" get interchanged in a problem. For what positive values

of b and positive integer values of n will this interchange not create a wrong answer to the problem, i.e., under
these conditions, when does log (p") = (log )" ?
2
N 3
6. Simplify: =
53

Method 1: Change to improper fractions and divide:

Method 2: Eliminate fractions by errantly multiplying by 1 (in this case -}-% ):

2
5 343515 346 o _3
52 5+3 5+%.15 5+10 ©°5

b
- dr . .
Under what conditions does d—e reduce to the same fraction using both methods?
7

7. To add fractions, sometimes Siu Hin errs and adds the numerators together and then adds the denominators
; 6 . -5 _6+(5) _
together, which generally produces a wrong answer. However, he finds Tt /TS " AT

produces a correct solution! Under what conditions for a, b, ¢, and d, does % + ?I = -g—_‘:'—é— ?

8. Paul used the following algorithm to factor a quadratic: ax® + bx+c.
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Remove the leading coefficient and multiply the constant term by it .
X2+ bx+ac

Factor the resulting quadratic into linear factors.
(- -s)

Divide both r and s by a.

(- £)(-3)

Reduce the fractions, if possible.
A Y (N
(- L) -+

Remove the fractions by multiplying the factors by «’ and a”, respectively.
(@x-)(a"x-s")

For example.

6 —7x-3 — X*-Tx—18 — (x-9@x+2) — (x—%)(x+%) - (x—%)(x+%) — (2x-3)Bx+1)

Although this method is seemingly full of algebraic errors, it worked in this example! As a matter of fact, any
factorable quadratic can be factored using this method!! Prove this is true.

9. Mr. Kilkelly wrote on the board a quadratic equation in the form x> —Ax+ B =0 and asked the students to

10.

1.

quickly solve it. In copying the problem, Sindhuja erroneously transposed the two digits of B as well as the
plus and minus signs. However, she still got one of the correct roots. If A and B are integers, what was this
root? What were the two possible equations Mr. Kilkelly wrote on the board?

Using the formula for the sum of an infinite geometric series, Hwa-Sheng produced:

x+x2+x3+x%+ ... =% and 1+%+-]2+J7+--~=_L=
X x 1L x-

=7 Adding these two equations

T

resultedin: 1+x+L+x?+L+xd+ L+ = 4 X
x X x 1-x x-1

=k =X
l-x 1-x
=0

However, if x is positive, the left side sums to a positive number! Where is the error in his reasoning?
Although each step of the following proof seems justified, the final result would cause Peano to rise from his
grave! Where is the flaw?

G+1)’=x242x+1 = G+ =QCx+D=x? = +1)°=QCx+1)-x2x+ D =x*—x2x+1) —>
2 2 2 2 2
Ce+1)"— et (1 +0) + (221 =x2—x(2x+1)+(2-x—g—]-) = (v+1-2u21) =(x—ZL2-l'—l-) -

x+1—2%l:x—2-%l. Therefore, x+1=x !!
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The Solutions

Watb-a — [0a +bc=10ab+a —> Yac +be = 10ab —> ¢ = L0ab_
10b+c¢ ¢ 9a + b
Therefore, 9a + b must evenly divide 10ab . This is always true when a= b = ¢ and in four other situations:
a=1.b=6,c=4;a=1,b=9,c=5a=2,b=6,c=5,a=4,b=9, =8, producing
6_1 19_1 26_2 49_4 , 4
54~ 953’ 65-% 08-% (The last one is not acceptable because 3 1s not reduced.)
2. a+(boy=@+la+c) — a+bo)=a’+ac+ab+bc — a-a'-ab-a =0 — a(l —a-b-0)=0

sa=0ora+b+c=1.
3. Witha<b,let f(x)=|x-al|+|x—>b| and g(x) = |2x— a— b|. The graphs below show that the functions are

identical when y > b —a. Therefore,c>b-a

y=-2x+a+b /

=2x+a+b
y=2X-a-b yooerrd

y=2x-a-b
A

y=b-a

Jx) g(x)

4. Ning’s method of solution is correct. However, since the square root of a number is always positive, the greatest
x can be is 16. Therefore, all values of x between 4 and 16, inclusively , solve the equation. (a must be
between 0 and 16, inclusively.)

5. log @) =nlog (b)) . Let x=log (h) . Therefore, nx=x" — O0=x"-nx — O0=x(x""'-n)

. x=0 or x"'=n. This implies log(h) = 0 or (logb)" '=n

Case 1: log(b) = 0, implies b =1 and n is any positive integer.

Case 2 : n =1 implies x° =1, which is true for any positive x. So, if 7 =1, b is any pesitive number and

n-1
if n>1then b=10 ﬁ (The exponent of 10 can be positive or negative if » is odd.)
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a +b

L . . b .
6. Method 11 52 - = _ S HB o, GX T _axh
) Td+ & dfte ddf +ce T d+ € d+ce’
7oL 7
Therefore, agf +bf _a+bf — acdf + bdf + ac’ef + beef = acdf +ace +bed f* + beef  —>

af +ce ” d+ce

ac’ef —ace =bed [P —bdf —> ace (¢f —1) = bdf (¢f — 1) — ace = bdf .

d,c al +be a +bc _ . g 2,2 )
b+d - o . Therefore, i b+d.And so, abd +bed =abd +ad”+b°c+bcd —>
ad® +b*c=0.

8. Start with a quadratic that is factorable: (ax + b)(cx +d) = acx® + (@ + bc)x+ bd and follow the algorithm:

axP+@ +box+bd — xX+@ +box+abd > (x+al)x+b) - (x+&yx+ ) -

a+dyx+8) = (cx+d)(ax+Db).

9. Board’s equation: x> -Ax+ 101+ u =0; Sindhuja’s equation: x* + Ax—10u —¢t =0 Let r;and r» be the

10.

1.

roots of the first equation and r; and r3 be the roots of the second. Then r; +r; =Aand r; +r; =-A,
implying ri+r3==2r;. Also r;-r,=10f +u and r, - r;=-10u —¢, implying ryro+rr3=9r-9u.
Therefore, ro{r +79 =9¢ —u) — r2r)=9(-uw) —» —2r>=9(t—u). Therefore, 2 =3 and

t—u=-2. Therefore, the possible values for the constant term of the original equation are 13, 24, 35, 46,
57, 68, and 79. But the only ones that are divisible by 3 are 24 and 57, implying r; is either 8 or 19.

Therefore, the original equation was either x> —11x+24=0 or x>-22x+57=0.

a+a +ar*+ar +..= l—a—r , provided |r| < 1. Only one of the two equations can be correct because either

x| <1 or Hr-l < 1, but not both.

If a2=b>, then a=b or a=-b . Therefore, the penultimate line should read:

(x+l—2-3'-2="—]-)2=(x—z-ﬂ"2¢]-)2 - x+1—24\’—éu-=x—2-1—2‘|'—]- or x+1—u—;—]-=—x+2121]-. The left

solution implies x =x+ 1, an impossibility; while the right solution implies 0 =0, affirming that the original

equation is always true!
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Mathematical Strings

The Definitions

A mathematical string is any ordered list of symbols, where a symbol can occur more than once. While strings
occur in probability theory, topology, combinatorics, set theory, and other branches of mathematics, they are
also very commonplace in today’s world. Words, phone numbers, license plate codes, UPC symbols are all

examples of strings. Using the letters from a set, such as {a, b,c}. this problem set will look at strings such

as ama ,ababba , and bbccbechb. The length of a string, n, is equal to the number of symbols in the string.

The Problems

la. Using the set of symbols, {a. b,c, d, ¢}, how many strings of length » can be made? Justify your answer.

1b. Using the set of symbols, {a, b,c, d, ¢}, how many palindromic strings of length » can be made? (A
palindromic string is the same when read forwards or backwards, like abba, ccc, and bacab.) Justify your
answer.

lc. Using the set of symbols, {a, b,c,d, ¢}, how many strings of length n (n>2) can be made that contain

exactly 2 a's ?

Using an ordered set of symbols, {ai, a;, as, ....ax}, where a,<a; < as <...<a;, many nondecreasing strings of

length n can be made. (A string is considered nondecreasing if for each pair of adjacent symbols in the string,
the symbol on the left side of the pair is less than or equal to the symbol on the right.) For example, using an

ordered set of symbols, {a, b}, where a < b, there are three nondecreasing strings of length two (az, ab, bb )
and four nondecreasing strings of length three (am , aab ,abb, bbb ). In general, using an ordered set of
symbols, {a, b}, where a < b, the number of nondecreasing strings of length » that can be made is n+ 1 .

2a. Using an ordered set of symbols, {a, b,c}, where a < b < ¢, how many nondecreasing strings of length n can

be made? Justify your answer.
2b. Using an ordered set of symbols, {a, b,c, d}, where a <b < c¢<d, how many nondecreasing strings of length

n can be made? Justify your answer.
2¢. Using an ordered set of symbols, {ai, az. as, ...,ar}, where a;<a> < as <...<ay, how many nondecreasing

strings of length n can be made? Justify your answer.

The string abc has six substrings: a, b, c,ab,bc, and abc. Using the symbols in the set {a, b}, abbaa is a
string with four substrings of length two: ab, bb, ba, and aa. With a length of five, aabba is an example of
the longest string with no repeated substrings of length two and aaabbbabaa  is an example of the longest

string with no repeated substrings of length three.
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3a.

3b.

3c.

3d.

Using the symbols in the set {a, b}, how long is the longest possible string with no repeated substrings of

length four? Give an example of such a string.
Using the symbols in the set {a, b.c}, give an example of the longest possible string with no repeated

substrings of length two. How long is your example?
Using the symbols in the set {a, b,c, d}, give an example of the longest possible string with no repeated

substrings of length two. How long is your example?
Using the set of distinct symbols {ai, as. as, ....a;}. how long is the longest possible string with no repeated

substrings of length m? Justify your answer.

In many games, such as tennis, volleyball, ping-pong, and ultimate frisbee, you must win by two points. For

example, in a high school volleyball game, generally the first team to reach 15 points is the winner. However,
the game can not end with a score of 15 to 14. Therefore, the score must have been tied at 14 all and
“overtime” must be played. If a represents Team 4 winning a point following the 14-14 tie, and b represents
Team B winning a point, a string of a's and b’s could represent the “overtime” portion of the game. The
strings bb and abbaaa could be strings representing the overtime, while abbaa and abaaaa could not

represent an overtime.

4a. List all the “overtime” strings of length 6. How many are there?

4b. Determine a formula for the number of “overtime” strings of length n, where n is any positive even integer.

4c.

If two teams are evenly matched, what is the average or expected length of an overtime string? Show your

work, justifying your answer.

A string consisting of two a's and three b’s could represent the counting of ballots in an election where candidate

A receives two votes and candidate B receives three votes. The ten different arrangements of these a's and b’s
(aabbb , ababb ,abbab , abbba , baabb , babab , babba , bbaab , bbaba , bbbaa ) ) could represent the ten different

ways of the counting the five ballots. Notice that in only two of the ten countings, namely bbaba and
bbbaa , candidate B is always ahead of candidate 4 at each step in the count. If N(A), the number of votes for

candidate 4, equals 2 and N(B), the number of votes for candidate B, equals 3, the probability that candidate B

is always ahead in the count is 2/10 or !/s5.

Sa. If N(A)=3 and N(B) =4, how many different arrangements of a's and b’s are there?

5b. If N(A) =3 and N(B) =4, make a list of the strings where candidate B is always ahead of candidate 4

throughout the counting of the ballots.

Sc. In general, if N(A) represents the number of votes for candidate 4 and N(B), the number of votes for

candidate B, with N(B) > N(A), what is the probability, in terms of N(A) and N(B), that candidate B will

always be ahead of candidate 4 throughout the counting of the ballots? Justify your answer.
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The Solutions

la. 5" There are five choices for each of the » spots.

n+1

Ib. Ifniseven,5%and.if nisodd, 577 . There are five choices for only half of the spots.

lc. The two spots to place the a’s can be selected in (’2’) ways. There are 4 choices for each of the remaining n -2

spots. Therefore, there are (g) @"-? strings with exactly two a's.

2a (n+Dn+2) n k=3
) 2 1 3 -a b, ¢
2 6 -aa, ab, ac, bb, bc, cc
3 10 - aaa, aab, aac, abb, abc, bbb, bbc, acc, bee, ccc
4 15 - 1(3) + 3(2) + 6(1)
... The triangle numbers!
_n_ k=4
n+Dn+2)(n+3 1 4 -a b c d
I A ) 2 10 - aa, ab, ac, ad, bb, be, bd, cc, cd, dd
3 20 - aaa, aab, aac, aad, abb, abc, abd, acc, acd, add, bbb,
bbc, bbd, bce, bed, bdd, ccc, ced, cdd, ddd
4 35 - 1(10) + 2(6) + 3(3) + 4(1) (From n=3, g can preceed
all strings beginning with g, both g and b can
preceed all strings beginning with b, etc.)
‘ ...The tetrahedral numbers!!
k
2c. -
¢ Al—{](nﬂ) ta, b) 2 n+1
(k-1)!
{a, b, ¢} 3 ('H'l)zﬂ
or
ta. b, ¢ d) 4 (n+1)(n-;-2)(n+3)
(n + k— 1)
n
ta, b c d el 5 (n+1)(n+2;(:+3)(n+4)

3a. aaaabbbbabbaababaa

length=19
3b. aabbacchce
length=10
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3c.

3d.

4a.
4b.

4c.

aabbccddacbdcadb
length=17
aat;} aaab a
m mogn 3 . : aa aa a
k" +m-1 (Thereare k" strings of length m using k different abb abb a
symbols ( k choices for each of the m spots) and, with proper 2 II;b b If bb bb
a

arrangement and staggered alignment, the letters in each column are bab b f,' b b

identical. The first symbol in each row is used to form the string, aba aba a
baa baa b aa

along with the remaining m — 1 symbols of the last string. (See

diagram at the right and discussion about this problem following the solution to problem 5.)

There are eight: ababaa, ababbb, abbaaa, abbabb, baabaa ,baabbb, babaaa, bababb .

To form all the overtime strings of length n, tack an ab or ba onto the beginning of all the overtime strings

of length n-2 .
Therefore , Tn=Tn-2%2, where T:=2 or t(n)=2§ for all positiveven n.

If two teams are evenly matched half of the the overtimes will be represented by strings of length two, a fourth
by strings of length four, an eighth by strings of length six, and so on. The expected length of a overtime
period would be the sum of all possible overtimes, each multiplied by the probability that the overtime goes
that long:  2(Y%2) + 4(Va) + 6('s) + 8(Nie) + 10(¥32)+ 12(Hes) + ... =1+ 1+Ts+ P +Te+T2+...
Separate this sum into some partial sums:
=1+ +Ua+s +he+ 2+ ...
+ W+ Ya+ s+ e + U2+ ...
+ s+ s + e+ U2 +...
+ s+ e + U+ ...
+ e+ 2 + ...
+ U+ ...

+ ...

Since each sum is an infinite geometric series, each has a finite sum:

=l+h+ s+ Us+ e+ 2+ ...= T /":2
+]/2+1/4+1ls+1116+1/32+...=11_22=1
N e b
+1/8+1/16+ll32+...=11_8 2=;]4-
+We+ U2+ .= 11_]62=‘2];'
| _ o _ 1
+ 132+...—1_ > =16

+ ...
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The sum of these finite sums again forms an infinite geometric series with a finite sum:

=2+ 1 +'"h+"ls+ s+ hot .= l—_27;=4.
5a. From the seven possible spots, select 3 spots to be represented by a vote for 4. This can be done in G) ways.

Fill in the remaining four spots with votes for B. G) =35.

5b. There are five: bbbbaaa, bbbabaa, bbbaaba, bbababa, bbabbaa

Sc. Collect more data:
A string of N(4) a’s and N(B) b’s can be thought of as a

N(4) N(8) P - “northeast path” on a lattice grid from (0,0) to
i (N(B), N(A)), where a means “go up” and b means “go
1 ‘ 2 \ b right”. The path representing the string bbabbaa from
I 3 “ =t part 5b is shown below:
2 3 Jo=1s
2 ‘ 4 Yis=7 NA)¢ = o o o Goo o
2 5 =1 T .
3 4 Ys=b daf oo :
3 5 | Yse = s 3at -
2a
la ¥ =
1b 2b 3b 4b Sh 6b b 8b 9b ... N(B)

- N(B)-N(A)

Notice that: P = m

Since there are (I\IJVSX)TNASBI;)')! arrangements of N(4) a’s and N(B) b’s, this also represents the number of

“northeast paths” from (0, 0) to (N(B), N(A)).

For candidate B to always be ahead of candidate 4 in the ballot counting, the sting of a’s and b’s must start with a
b and N(B) must be greater than N(4). All the strings starting with a b can be represented by a path going to
the right first. The number of such paths is equivalent to the number of paths going from (15, 0) to

V@A) +(NB) - D)!
NCAY(N(B) - 1)!

(N(B), N(A)). There are such paths.

However, for candidate B to always be ahead of candidate A4 in the ballot counting, these paths cannot cross the
diagonal line from (0, 0) to (15, 1a) to (24, 2a) to (3b, 3a), etc. For each of these paths, starting at (15, 0) and
crossing the diagonal, there exists a dual path formed by taking the portion of the path from (15, 0) to (mb,ma),
the point where the “northeast path” first crosses this diagonal, and reflecting this portion across the diagonal.

The following illustrations show an example of a path and its dual for strings of a’s and b’s:
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N) N(A)
4q (RN 4a t
3af o < A - e S 3a t
2a e 5] g ‘ : o | - I IS 2a - L 3 o [N
la{ 2 I NI S T la // . I = T SR o
Ib 2b 3b 4b 5b 6b 7b 8b 9% ... N(B) 1b 2b 3b 4b 5b 6b Tb 8b 9b ... N(B)
bbaabaabbb it’s dual

These duals represent all the northeast paths from (0, 0) to (N(B), N(4)) going through (1a, 0). The number of such

(NvA) - 1) + NB))!

N~ DINCB)! of these

paths is equal to the number of paths from (1a, 0) to (N(B), N(A)) and there are
paths.

Therefore, in a string of N(A) a’s and N(B) b’s representing ballot counting, the probability that candidate B will

always be ahead of candidate A would be:  (V(A) + Ve -10)! (VA -1 +NB)!
NANB -DT  ~(NA-DNB)!

SN(A) + N(B)!!

(V(A) + N(B) - 1)IN(B) — (N(A) + N(B) - 1)IN(A) _ (N(A) + N(B) - )I(N(B) - N(A)) _ (NA) + N(B)- )!(N(B)- N@&)) _
(N4 + NB)! - (V&) + N(B)! T VA +NBYINA) +NB) -

N(B) = N(A)
N(A)+N(BY

Solution to #3 continued.

Although many teams may have solved #3 using a “guess and check” method, the following methods may appear
useful and instructive. Given a set of k different letters or symbols, the length of the longest string containing
no substrings of length m is k™ +m—1 . This is because there are k™ strings of length m using the §
different symbols. They overlap each other, with the initial letter of each substring being forming the
consecutive letters of the desired string. However, the last substring has m — 1 more letters to be attached to

the end of the desired string.

The longest string using {a, b} with no repeated substrings of length 5:
aaaaababbbababaabaaabbabbaabbbbbaaaa
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The 32 substrings of length 5 from {a, b} showing how they overlap (Decimal equivalents of the binary numbers

represented by the strings with a =0 and b = 1):
aaaaa 0
aaaab 1
aaaba 2
aabab 5
ababb 1
babbb 23
abbba 14
bbbab 29
bbaba 26
babab 21
ababa 10
babaa 20
abaab 9
baaba 18
aabaa 4
abaaa 8
baaab 17
aaabb 3

aabba

abbab 13
bbabb 27
babba 22
abbaa 12
bbaab 25
baabb 19
aabbb 7
abbbb 15
bbbbb 31
bbbba 30
bbbaa 28
bbaaa 24

baaaa 16
Therefore, the length of the longest possible string with no repeated substrings of length m is known, but how does

one arrange all the substrings to form this string and is it always possible to do so? Euler circuits and graph
theory give us the answer!
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In problem 3, you were given the longest string of a's and b’s with no repeated
substrings of length 2 or 3. Here is a method from graph theory for finding the

second one when you know the first one. Let the vertices of the graph be all the

strings of a's. and b’s of length 2. (There are four of them.) Vertex ab is

connected with an arrow to vertices bu and bb, forming directed edges aba and  ba 4 — ab
abb, respectively. (These are the only substrings of length 3 that start with ab . V\(aba) /
Notice that they end with ba and bb.) Now do this to the other three vertices: (bba) K (abb)
a is connected to ar and ab, forming directed edges an and aab; ba is bb
connected to v and ab, forming directed edges baa and bab; bb is connected / k
to ba and bb, forming directed edges baa and bbb. Since this is a connected (bbb)
graph and very vertex has an even degree of 4, Euler proved that this graph has an (aa)
Euler circuit, i.e., starting at any vertex you can travel each of the edges without W
having to ever retrace your path. Here are the graphs for some of the other strings
in problem 3: ( aaaa) (aa) (ab) < > (ba)
b
(baaa) w) \ u
(baab) (b% (ac) (bb)
baa _ (ab)  (ca)
ZW A({aba) (b:\

bab (cb)
(bbaa) (abab) < >(b aba) (aabb) (bb) (cc)

bbab \\\sz; by

b (abba)

(bbba) (abbb)
bbb

(bbbb)

(3a)
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ARML is like no other mathematics contest. After months of planning and
preparations, tryouts and practice sessions, busloads of students stream onto three
college campuses, turning sedate institutions into beehives of excitement and
anticipation. New friendships are made; old ones are renewed. Superb
mathematics students from across the country are drawn together by their love of
mathematics, eager to measure their abilities against other talented students as
well as against a collection of truly challenging non-routine problems. ARML is
distinguished by the fact that it creates communities of mathematics students and
teachers. ARML's format provides for a variety of problem-solving situations and
the fine problems that distinguish ARML provoke and promote mathematical
insight and inventiveness. This book contains problems and solutions from the

1995 to 2003 ARML contests.

In 1994 ARML introduced the ARML Power Contest, a competition by mail.
Modeled on the Power Question, it asks teams of high school students to explore
mathematical ideas through solutions to sequences of related problems. This

book contains the problems and solutions from the 1994 to 2004 Power Contests.
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