AMERICAN REGIONS
MATH LEAGUE
&
Power & Local Contests

2009 — 2014

Paul J. Karafiol
Thomas Kilkelly
Micah Fogel
Paul Dreyer

Edited By: Chris Jeuell



Cover by Heather Barry

ISBN 978-194309167-6

Copyright 2015 by ARML. All rights reserved.

Published by ARML. Website: http://www.arml.com/

Errata and additional material available at http://www.arml.com/books.

Printed in the United States of America.


http://www.arml.com/
http://www.arml.com/books

Contents

111



Preface: American Regions Math League

When I was a high school math student, in Chicago in the mid-1980’s, ARML was the contest.
From our local, somewhat esoteric tryout rituals to the experience of being at Penn State with
teams from dozens of other states and regions, there was nothing quite like ARML. What makes
ARML unique? The quirkiness of the format (the combination of traditional number-answer and
extended, proof-based problems, low-time-pressure team questions and high-pressure relays), and,
I'd like to think, the quirkiness and quality of the problems (I hope that others agree that certain
problems just “feel like” ARML problems) are contributing factors. But ultimately I think what
makes ARML special, as a competitor, coach, or author, is the joy of joining together with so many
other people, from around a “region” and around the country, for a day of exciting mathematics.
There’s nothing like it.

As a new teacher at Phillips Andover in 1996, I vividly remember when the previous head author,
Don Barry, suggested I help out by reviewing a draft of that year’s contest. Figuring that the contest
itself is about two and a half hours of math, I settled down one winter afternoon in front of the
fireplace and opened Don’s packet for what I expected would be a “three-hour tour” of intriguing
math. You can imagine my surprise when I discovered that, before the final version that I and
everyone else had seen at the end of May, Don would prepare three or four candidates for every
problem! That afternoon turned into an evening, and then several more; but I realized that as
challenging as it is to participate in the contest, the work of crafting it is even more difficult—and
even more rewarding.

ARML was founded in 1976 as the Atlantic Region Mathematics League. It was an outgrowth of
NYSML, the New York State Mathematics League, founded in 1973, and designed to serve as a
competition for the best of the teams in the math leagues in New York. Both were the joint vision of
Alfred Kalfus and Steve Adrian. Alfred served as the first president of ARML and Steve, along with
Joe Quartararo (from 1976 to 1982), did the organizational work, site preparations, and publicity.
Marty Badoian as vice president and Eric Walstein also played crucial roles in ARML’s early days.
The impetus for ARML came when Marty Badoian brought a Massachusetts team to NYSML in
1974 and 1975 and they did so well, losing by a point in 1974 and winning by a point in 1975,
that an expanded competition seemed desirable. ARML was conceived as an interstate competition
covering the eastern seaboard, formed through the joint action of the New York State Mathemat-
ics League, the New England Association of Mathematics Leagues, and leagues from New Jersey,
Pennsylvania, Maryland, and Virginia. But ARML is a great contest and it soon attracted math
students and math teachers from all over the country. By 1984 ARML was renamed the American
Regions Mathematics League. Currently, it takes place simultaneously at four sites, Penn State
University in State College, Pennsylvania, the University of lowa in Iowa City, Iowa, the University
of Georgia in Athens, Georgia, and the University of Nevada at Las Vegas. It brings together some
2200 of the finest young mathematicians in the United States and Canada. In the past teams from
Russia have competed and in the last few years teams from Taiwan, the Philippines, Columbia,
and Hong Kong have been taking part. Taiwanese educators even created a similar competition for
schools in Taiwan called TRML.
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Preface: American Regions Math League v

ARML is a competition between regions. A region may be as large as a state-there are teams from
Texas, Minnesota, and Georgia, it may be half a state—eastern and western Massachusetts field
teams, it may be a county such as Suffolk county in New York, it may be a city such as Chicago or
New York, or a region may even be a high school. Each team consists of 15 students and a region
may send more than one team.

The contest consists of 6 parts. First is the Team Round. A team’s 15 students are in one classroom,
they receive 10 problems, they have 20 minutes to solve them as a group, and up through 2008 they
could use calculators. Typically, problems are divided up so that every problem is being worked
on by at least one student, answers are posted, and hurried consultations take place if there is
disagreement. Next comes the Power Question. Teams are given 60 minutes to solve a series of in-
depth questions on one topic and/or prove a number of theorems on that topic. The teams’ papers
are graded by a hardworking group of teachers tucked away in a corner of the auditorium. Following
the Power Question, the teams come together in a large auditorium for the Individual Round. Here,
starting in 2009, students individually solved 10 questions, given in pairs, with 10 minutes for each
pair, right answer only. Neither calculators nor collaboration are allowed. Initial problems are
easier, but an easier problem is generally paired with a more difficult one. We try to write problems
so that 80-90% of the students can solve the first one and less than 5% can solve the last one.

The next round is the Relay Round. The teams of 15 are divided up into 5 groups of 3. Each 1%
2nd

person in a group gets the same problem, each person gets the same problem, and each 3™
person gets the same problem. The first person’s problem has all the information necessary to solve
it, but the second person’s problem requires the first person’s answer, and the third person needs
the second person’s answer. None of the three knows the other’s questions. A well-written relay
problem enables the second and third team members to do considerable work while waiting. They
may even be able to discover a candidate pool of likely answers to their problems.

Those four rounds are the only rounds that count for the Team and Individual competition. Scoring
is as follows: each correct answer on the Team Round earns 5 points. Sometimes a team gets all
50 points, but 40 or 45 has typically been the top score and the average for all the teams has been
between 20 and 25. The Power Question is worth 50 points; often one or more teams earn a perfect
score. Each individual problem is worth 1 point per contestant, meaning that the team can earn as
many as 10 - 15 = 150 points on this round. Generally, 100 is a great score. On the Relay Round,
only the third person’s answer is scored. If the group of 3 gets the problem correct within 3 minutes
they earn 5 points, if within 6 minutes they earn 3 points. Thus, each relay is worth a maximum
of 5-5 = 25 points; a score of 14 is quite good. The winning team’s score for the entire contest
usually lies between 225 and 250 points.

The Super Relay has followed the relay races the past few years. It is just for fun and is a relay
race for the whole team involving 15 questions. The team that gets the correct answer to the last
question is the winner, earning a round of applause and bragging rights ’til next year. To keep the
Super Relay from getting bogged down, we usually slip one or two problems into the relay that can
be solved without requiring the previous person’s answer. Students pass answers from both ends
into position 8. That student’s question requires two answers in order to be solved.
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The Tiebreaker Round follows the relays. Until 2006 ARML gave only 3 top individual prizes,
forcing a playoff took place between the top scorers. With increased sponsorship, ARML was able
to increase the number of awards to 20. The Tiebreaker is a dramatic moment. At each site the
contenders come to the front of the auditorium, they receive the problem at the same time that it is
flashed on an overhead screen. Each student is timed and the winners are determined by who gets
the correct answer most quickly. Three tiebreakers are now given. A site will give tiebreakers until
it either has 20 correct answers or has exhausted the problems and students. Afterwards times are
compared with the other sites.

ARML is quite an undertaking. It brings together great students, it is one of the few mathematics
contests that involves exciting travel, meeting lots of other students, and renewing friendships
established during summer programs. It relies on the work of a large number of dedicated adults
who do all the organizing and spend hours finding or writing problems to use in practice sessions. It
is a contest that promotes and demands creativity and imagination. The students who take part in
ARML are very experienced problem solvers, quick and insightful. Those of us who write problems
for ARML respect the abilities of our participants and, consequently, we spend hours developing
problems that spring from high school mathematics, yet are out of the ordinary, problems that can’t
be attacked in rote fashion. We don’t just take a theorem and write a problem that employs it. We
ask questions, we imagine situations we’d never thought of before, we try out this idea and that
possibility, we run into dead-ends, and we occasionally stumble across a really neat idea and that’s
the one that makes it into an ARML competition. There are many different topics on each year’s
ARML, but more important, there is a wide variety of ways of thinking.

This publication makes available the problem sets and solutions for the 2009 to 2014 ARML con-
tests. Five earlier publications contain ARML problems from its beginning in 1976 to 2008 and
NYSML problems from its beginning in 1973 to 1992. The first was NYSML-ARML Contests 1973-
1982, published in 1983 by Mu Alpha Theta. The second was NYSML-ARML Contests 1985—1988
by Gilbert Kessler and Lawrence Zimmerman, published by the National Council of Teachers of
Mathematics in 1989. The third was ARML-NYSML Contests 1989-1994 by Lawrence Zimmer-
man and Gilbert Kessler, published by MathPro Press in 1995. The fourth was American Regions
Math League & ARML Power Contests by Don Barry and Thomas Kilkelly, published by ARML
in 2003. The fifth was American Regions Math League €& Power & Local Contests by Don Barry,
Paul Dreyer, and Thomas Kilkelly, published by ARML in 2009.

ARML has an executive board that organizes each contest. Alfred Kalfus was president from 1976
until 1989 when Mark Saul of Bronxville High School, NY took over. Mark retired in 2001 and Tim
Sanders, director of the Great Plains Mathematics League, took over. In June of 2004, J. Bryan
Sullivan became president. In June of 2013, Paul Dreyer became president. Current board members
include Steve Adrian, Marty Badoian, Linda Berman, Barbara Chao, Steve Condie, Mike Curry,
Paul Dreyer, Matthew Schneider, and Don Slater.

It has been my privilege to serve as a co-author of the contest since 1998, and as head author
since Don Barry’s retirement from the contest in 2008. In that time, we have made a few minor
adjustments to the contest. After much discussion, the committee decided to add two questions to
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the individual round in order to reduce the number of students receiving zeroes without lowering the
difficulty of the problems themselves. And, after even more discussion, the committee decided to
eliminate calculators from the contest entirely—even though as mathematicians we heartily endorse
using whatever technology is available. That last decision is less of a contradiction than it may seem.
We saw the disparities between teams’ technological arsenals grow rather than shrink, and we found
more and more problems for which the elegant solution we intended shrank into irrelevance next
to sheer number-crunching. One last adjustment that (unlike the others) received little feedback
from coaches was an update of the list of “Some Mathematical Ideas Used in the Competition,”
to include updated notation and a few cautions for the inexperienced. (The number one is now
explicitly excluded from the list of primes, because it is a unit.)

While writing and solving math problems is of course a great source of excitement, the prob-
lem committee meetings themselves are greatly enlivened by the good spirits and collaborative
energy of a tremendous team of problem writers, solvers, and editors. These tremendously hard-
working, creative, and dedicated people are a testament to ARML’s power to inspire terrific math-
ematics: almost all of them are former ARML competitors. The problem committee consists of
Paul Dreyer, Edward Early, Zuming Feng, Benji Fisher, Zac Franco, Chris Jeuell, Winston Luo,
Andy Niedermaier, George Reuter, Andy Soffer, Eric Wepsic, and of course myself. Given the col-
laborative nature of our processes of question selection, editing, and rewriting, it’s safe to say that
every problem on the contest is the work of many minds. One of the joys of working on the contest
these last years has been getting to spend so much time with these people, and to learn so much
from them; for their patience, boundless energy, and passion for getting young people to encounter
terrific mathematics, they have my thanks.

There are literally hundreds of other people who should be acknowledged here, including the dedi-
cated coaches who spend days of unpaid time (and often hundreds of their own dollars) making sure
that students arrive safely and ready to do terrific mathematics. My own mathematical journey
began in fifth grade, when my father (himself not a mathematician) took me to the local book-
store to show me that “real math” looked totally different from the subject I hated in school; it
continued under the auspices of four great teachers, Steve Viktora, Arnold Ross, David Kelly, and
Paul J. Sally, Jr., whose names have a way of materializing in Power Questions. Don Barry brought
me into the contest, and did me the great honor of asking me to succeed him as head author; even
afterwards, his advice and counsel have been invaluable. Co-author Chris Jeuell has stepped into
the (largely informal, and now formal) role of head editor and proofreader; the contest owes much
to his thoughtful, exacting eye, which has caught many errors (despite my predilection for inserting
them in late drafts). Longtime author Leo Schneider (1937-2010) and indispensable coach Marlys
Henke (1943-2014) became friends of mine by their friendship to ARML, and are terribly missed.
But most of all, I'd like to thank and dedicate this book to my wife, Allison, and my three children,
Emma, Jonah, and Helen, who have put up with hundreds of hours (and now something like 17
after-Memorial-Day weekends) of mentally- and physically-absent parenting so that the contest can
get done, and get done well. My gratitude for their love and support is, if not measureable, at least
unbounded.

Paul J. Karafiol



Preface: ARML Power Contest

In 1994, under the leadership of its president, Mark Saul, ARML introduced the ARML Power
Contest. Modeled on the Power Question which involves, as Mark noted, “cooperative effort in
exploring a problem situation through the solution of chains of related problems”, ARML began to
offer a competition by mail. In November and February, each participating team receives a set of
problems based on a major theme. Some of the problems require a numerical answer, some require
justification, while others require that a proof be written. The mathematics of the problems has
been geared so that students in an honors class, a math club, or on a math team can have a unique,
challenging, yet mostly successful problem solving and mathematics writing experience. There is
no limit to the size of the team, but the time for solving the problem set is limited to 45 minutes.
Currently, the team’s solutions are mailed to the author where they are graded by the author and
some of his colleagues. There are 40 points per contest; the team score is the sum of the scores
of the two contests. A team may represent a region, not just a school, but the contest must be
taken by all members of the team at the same time and place. The contest has grown steadily. The
contest boasts teams from single schools as well as from regional ARML teams, and competitors
represent almost all 50 states, Canada, and Colombia. An agreement with the Mu Alpha Theta
mathematics honor society to grant a few of its chapters free entry to the contest has spurred even
more interest as teams return after their free year to keep their students engaged in the challenging
and fun mathematics.

The Power Question and the Power Contest are both designed to simulate actual mathematical
research activity. This is not easy. As Mark noted,

“Power Contest problems are difficult to write. They must provide meaningful prob-
lem situations both for the novice and veteran mathletes. They must attract schools
with strong traditions in mathematics competitions, yet offer experiences for students
new to such events. Thus, they must build mathematically significant results out of
mathematically trivial materials.”

The idea for a Power Contest question usually starts off quite small and simple, such as a special
case of a theorem the author has just read in a journal or an extension of another problem. The
idea then grows and the parts take shape, leading students through simple calculations, explana-
tion, and examples to deeper, more powerful results. The goal is to make the mathematics inviting
to all participating teams yet also challenge and discriminate amongst the top mathematical talent
in the competition, while keeping it assessable by the graders. Creating the problems is as much a
challenge for the author as solving them is to the students!

For the majority of its existence, through the 2012-2013 competition, Thomas Kilkelly was the
main author, coordinator, and grader for the ARML Power Contest. In developing the problems he
has been assisted at times by Andy Niedermaier, a former ARML contestant from Minnesota, and
by Ivaylo Kertezov from Sofia, Bulgaria. Many others have contributed ideas, and helped proof-
read and grade the contest. Starting with the 2013-2014 competition, stewardship of the contest
passed to Micah Fogel of the Illinois Mathematics and Science Academy. His goals are to maintain

Viil
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the quality of the contest while modernizing the administration by creating electronic registration,
distribution, and scoring systems. Please visit the contest on the Web at www.armlpower.com.

The current Power Contest author wishes to thank the ARML Board for entrusting him with the
work, Thomas Kilkelly for making the contest what it is today, the Illinois Mathematics and Science
Academy for supporting the work, and the students and coaches who provide wonderful feedback
and encouragement. We also wish to thank Rileigh Luczak for typesetting the Power Contests in

BTEX.

Thomas Kilkelly
Micah Fogel


www.armlpower.com

Preface: ARML Local

ARML Local was created to offer schools an opportunity to either practice for ARML or to take
part in a contest similar to ARML at a local site. If a school is not already taking part in ARML,
we hope that if it finds ARML Local to be a valuable experience, a school will be encouraged to
support its students to participate in ARML. A team consists of up to 6 students. The local site
administrator downloads the problems on the date of the contest, administers the test, corrects the
problems, and enters the team’s results online. The answers to all problems are numerical, there
are no proofs to correct.

ARML Local consisted of four parts until 2014, when it dropped to three.

The Team Round consisted of 10 questions until 2014, at which point it expanded to 15
questions. The team of students works together for 45 minutes to find the answers to
the problems.

The Theme Round takes 60 minutes and consists of around ten questions based on a
common topic. Unlike the Power Question at ARML, the Theme Round does not in-
volve proof. The reason for this is that it would be impossible to ensure consistency of
grading across so many different sites. This round was discontinued in 2014.

The Individual Round consists of 10 questions given in pairs with 10 minutes allowed
for each pair.

The Relay Rounds depart from the approach used at ARML to some degree by taking
advantage of the fact that teams consist of 6 members. First of all, there are three
rounds not two. Secondly, the first relay is for three teams of two, the second is for two
teams of three, and the third is for one team of all six students. The times allotted for
the relays are 6, 8, and 10 minutes respectively.

More information about the contest is available at http://arml.com/arml_local/.

Over the period of 2009 to 2014, ARML Local has been written by Paul Dreyer who is also the
head coordinator of ARML Local as well as Andy Niedermaier, Richard Olson, and George Reuter,
and has been edited by Oleg Kryzhanovsky and Ryan Martin.

Paul Dreyer


http://arml.com/arml_local/

Sponsor and Supporters of ARML
Sponsor: D.E. Shaw group (http://deshaw.com/)

The D.E. Shaw group is a global investment and technology development firm. It employs a sub-
stantial number of top-notch computer scientists and mathematicians, many of whom joined the
firm directly from leading university math and science programs. A number of them are former
ARML competitors. Given the nature and challenges of its work, D.E. Shaw has a particular inter-
est in promoting excellence in mathematics. It is especially proud of its years-long association with
ARML and of its current sponsorship of this national competition.

Supporters:
American Mathematical Society http://www.ams.org/
Canada/USA Mathcamp http://www.mathcamp.org/
Design Science http://www.dessci.com/
Expii http://www.expii.com/
John Wiley & Sons http://www.wiley.com/
Mathematical Association of America http://www.maa.org/
Mu Alpha Theta http://www.mualphatheta.org/
Penguin Group http://www.penguin.com/services-academic/
Pi Mu Epsilon http://www.pme-math.org/
Princeton University Press http://www.press.princeton.edu/
PROMYS http://www.promys.org/
Star League https://www.starleague.us/
Texas Instruments http://www.education.ti.com/
Wolfram Research http://www.wolfram.com/
Yu’s Elite Education http://www.yuselite.org/
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contest in I TEX.

Writers: Paul Dreyer, Edward Early, Zuming Feng, Zachary Franco, Chris Jeuell,
Paul J. Karafiol, Andy Niedermaier, Leo Schneider, Andy Soffer, and Eric Wepsic

Reviewers: Benji Fisher and Chris Jeuell
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Paul J. Karafiol, Winston Luo, Andy Niedermaier, Leo Schneider, Andy Soffer, and Eric
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Reviewers: Benji Fisher and Chris Jeuell
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Wepsic
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Prize Winners
ARMI Prize Winners 2009-2014

2009 Team Competition

Division A Division B
1. Lehigh Valley Al: Fire ........ 215 1. Thomas Jefferson B1 ..........
2. Phillips Exeter A1l: Red ....... 201 2. Phillips Academy Andover B1 .
3.SFBAA ... 197 3. Lehigh Valley B1: Ice .........

2009 Individual Competition D.E. Shaw Winners

1. AlexSong ................ Ontario West
2. Warut Suksompong ....... Phillips Exeter
3. Qinxuan Pan ............. Montgomery
4. Chong Gu ................ NYC
5. JunuBae ........... 0L Western Penn
6. David Yang ............... Southern California
7. Bayley Wang ............. San Francisco Bay Area
8. Zhifan (Ivan) Zhang ...... Southern California
9. Aki Hogge ................ Montgomery
10. Robert Yang .............. Utah
2010 Team Competition
Division A Division B
1. Lehigh Valley: A1 ............. 204 1. Nassau County: B1 ...........
2. Southern California: A1 ....... 192 2. Montgomery: B1 ..............
3. San Francisco: A1 ............. 190 3. Minnesota: B1 ................

2010 Individual Competition D.E. Shaw Winners

1. Ben Gunby ............... Georgetown Bl

2. Bobby Shen .............. Texas Al

3. Thomas Lu ............... North Carolina Al
4. George Xing .............. Southern California A1l
5. Lyndon Ji ........... .. ... Indiana A1

6. Allen Liu ................. Upstate NY

7. Peter Cha ................ New York City Al
8. Bryce Taylor ............. North Carolina A1
8. Neil Gurram .............. Michigan A1l

8. Kerrick Staley ............ lowa A1l

8. Kirin Sinha ............... Georgetown Bl

8. Peter Rassolov ............ South Carolina A1l
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2011 Team Competition

Division A
. Lehigh Valley: A1 ............. 232
2. Exeter: A1 .................... 225
. North Carolina: A1 ........... 222
Division B
. Michigan: B1 ................. 169
2. Florida: B1 ................... 145
. Connecticut: B1 ............... 137

2011 Individual Competition D.E. Shaw Winners
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Zhou Qun (Alex) Song ....
Shyam Narayanan
Spencer Kwon ............
Calvin Deng ..............

Michigan Al
Kansas B1

Exeter Al

North Carolina A1l

Lewis Chen ............... San Francisco Al
Ben Alpert ............... Colorado Al
Che-Cheng Lien .......... Washington Al
Jiagi Xie ...l Florida A1
Bryan Cai ................ Lehigh Valley Al
Allen Liu ................. Upstate NY Al

Jong Wook Kim
Seung In Sohn ............
Edward Park
Eric Schneider ............
Victor Wang ..............

Phillips Academy A1l
Thomas Jefferson Al
Georgia Al

Lehigh Valley Al
Missouri Al

Tim Wu .................. Georgia Al
Douglas Chen ............ San Francisco Al
Adam Hood .............. Thomas Jefferson Al

San Francisco B1
Michigan A1

Brandon Tran
Tiangi (David) Lu ........



XVvi Prize Winners

2012 Team Competition

Division A
1. North Carolina A1 ............ 223
2. Lehigh Valley A1 .............. 213
3. SFBA/Norcal A1 .............. 211
Division B
1. WWP CML Legends B1 ....... 173
2. ALTERNATE 2 B1 ........... 136
3. Western Pennsylvania B1 ...... 126

2012 Individual Competition D.E. Shaw Winners

1. Allen Liu ................. Upstate New York Al
2. Shyam Narayanan ........ Kansas B1
3. Lewis Chen ............... SFBA /Norcal A1l
4. Thomas Lu ............... North Carolina Al
5. Andre Arslan ............. New York City Al
6. Anderson Wang .......... Lehigh Valley Al
7. Max Schindler ............ Missouri Al
8. Alex Song ................ PEARL Al
9. Robi Bhattacharjee ....... San Diego Al
10. Thomas Swayze .......... San Diego Al
11. Richard Yip .............. New York City Al
12. Calvin Deng .............. North Carolina Al
13. Alexander Smith ......... Montgomery Al
13. Spencer Kwon ............ PEARL Al
15. Brian Wagner ............ Phillips Academy Andover Al
16. Mark Sellke ............... Indiana Al
17. Brice Huang .............. WWP CML Legends Bl
18. Dai Yang ................. PEARL Al
19. Seungln Sohn ............. Thomas Jefferson Al

20. George Du ................ San Diego Al
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2013 Team Competition

Division A
1. SFBA/NorCal A1 ............. 234
2. North Carolina A1 ............ 219
3. WWP A1 ... 216
Division B
1. Toronto Math Circles B1 ...... 122
2. Lehigh Valley B1 .............. 117
3. Minnesota B1 ................. 114

2013 Individual Competition D.E. Shaw Winners

Allen Liu ................. Upstate New York Al
Eric Schneider ............ Lehigh Valley Al

Yang Liu ................. Missouri Al

Alan Zhou ................ Eastern Massachusetts Al
Darryl Wu ................ Washington Al

Andrei Arsian ............ New York City Al

Ben Taylor ............... West Virginia Al

Brice Huang .............. WWP Al

Calvin Deng .............. North Carolina Al

James Tao ................ Chicago Al

Mark Sellke ............... Indiana Al

Robin Park ............... Thomas Jefferson Al
Zachary Polansky ......... Eastern Massachusetts Al
Thomas Swayze .......... San Diego Al

Michael Ma ............... Texas Al

David Xing ............... Georgia Al

Akshaj Kadaveru ......... Fairfax Math Circle A1l
Brian Gu ................. Washington Al

David Stoner ............. South Carolina A1l

Jerry Wu ... ool SFBA /Northern California Al
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2014 Team Competition

Division A
1. PEARL A1 ................... 260
2. SFBA/NorCal A1 ............. 242
3. New York City Math Team A1 238
Division B
1. WWP BT ... 152
2. Howard County B1 ............ 132
3.OHIOBT ..................... 125

2014 Individual Competition D.E. Shaw Winners
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Darryl Wu ................ Washington Al
Yannick Yao .............. PEARL

Andy Wei ................ PEARL

Mark Sellke ............... Indiana A1
Shyam Narayanan ........ Kansas Al
James Lin ................ PEARL

SFBA / NorthCal Al
Eastern MA Al
SFBA / NorthCal A1l

Jack Gurev
Zack Polansky
Brian Burks

Alex Song ................ PEARL

Ravi Jagadeesan .......... PEARL

Dennis Zhao .............. Montgomery Al
Akshaj Kadavevu ......... Fairfax

Richard Chen ............. South Carolina Al
Haoquing Wang .......... Florida A1l

South Carolina Al
Michigan A1 Reals

David Stoner
Zachary Obsniuk

Owen Goff ................ Washington Al
James Shi ................ SFBA / NorthCal A1l
Ben Wei .................. Toronto Al

Prize Winners
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ARML Power Contest Prize Winners

XixX

1. Long Beach Math Circle

1. Wayzata High School

3. Academy for the Advancement
of Science and Technology

1. Wayzata High School
2. Western Washington ARML
3. Lynbrook High School

1. Western Washington ARML Seattle, WA
2. Towa City West High School

2. Wayzata High School

1. Lynbrook High School
2. Long Beach Math Circle
2. San Diego Math Circle

1. Western Washington ARML
2. Indus Center for Academic Excellence
2. Long Beach Math Circle

1. Lynbrook High School
2. Bergen County Academies

San Jose, CA
Long Beach, CA Coach: Kent Merryfield
San Diego, CA

Seattle, WA
Lathrup Village, MI Coach: Dr. Raghunath Khetan
Long Beach, CA

2008-09

Long Beach, CA Coach: Kent Merryfield
Plymouth, MN  Coach: Bill Skerbitz
Hackensack, NJ  Coach: Joe Holbrook

2009-10

Plymouth, MN Coach: Bill Skerbitz

Seattle, WA Coach: Ming Hu
San Jose, CA  Coach: Rita Korsunsky
2010-11

Coach: Ming Hu
lowa City, IA  Coach: Joye Walker
Plymouth, MN  Coach: Bill Skerbitz

2011-12
Coach: Rita Korsunsky

Coach: David W. Brown

2012-13

Coach: Ming Hu & Monica Sung

Coach: Kent Merryfield

2013-1/

San Jose, CA
Hackensack, NJ

2. West Windsor-Plainsboro HS North Plainsboro, NJ

2. Western Washington ARML

Seattle, WA
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ARML Local Prize Winners

Prize Winners

Archimedes Division

1. AAST Mu AAA ...

2. Math Zoom Green ...
3. Thomas Jefferson A ..

Bernoulli Division

2009 Competition

.. 136 Hackensack, NJ Joe Holbrook/Ken Mayers

123 Irvine, CA Kevin Wang
117 Alexandria, VA  Jen Allard

1. Odle Middle School .. 90 Bellevue, WA  Lon-Chan Chu
2. Nashoba High School . 68 Bolton, MA Mary Redford
Individual Winners
Brian Hamrick .......... 10 Thomas Jefferson A Alexandria, VA
Mitchell Lee ............ 10 Thomas Jefferson C Alexandria, VA
Daniel Li ............... 10 Thomas Jefferson A Alexandria, VA
Matt Mayers ............ 10  AAST Mu AAA Hackensack, NJ
In-Sung Na ............. 10 SK Telecom Bergen County, NJ
George Xing ............ 10 Math Zoom Green  Irvine, CA
David Yang ............. 10  Math Zoom Green  Irvine, CA
2010 Competition
Archimedes Division
1. San Diego A .......... ... ..... 141 San Diego, CA  David Brown
2. Hwa Chong Institution Team A 137 Singapore Lai Chiang Ang

3. Thomas Jefferson A

Bernoulli Division

1. Albany High ...............
1. Waterford ..................

... 132 Alexandria, VA Pat Gabriel

74 Albany, CA  Margaret Buck-Bauer
74  Sandy, UT Thomas Brennan/Tihomir Asparah



Prize Winners xx1

Individual Winners

Pooja Chandrashekar! ......... 10 Fairfax Math Circle Fairfax, VA
Tian Nie ........... .. ... . ... 10 Hwa Chong Institution Team A Singapore
Linfeng Xu .................... 10 Hwa Chong Institution Team A Singapore

Fan Yin ...... ... ... ... ... 10 Massey SL2 Windsor, ON
David Yang ................... 10 Math Zoom Green Irvine, CA
Casey Fu ...................... 10 San Diego A San Diego, CA
Adam Hood ................... 10 Thomas Jefferson A Alexandria, VA
Sin Kim ....................... 10 Thomas Jefferson A Alexandria, VA
Allen Park .................... 10 Walton High School Marietta, GA
Edward Park .................. 10 Walton High School Marietta, GA

2011 Competition

Archimedes Division

1. AAST Mu A ............... 151 Hackensack, NJ Michael Abramson
2. Thomas Jefferson 3 ......... 146 Alexandria, VA Pat Gabriel
3. San Diego A ................ 145 San Diego, CA  David W. Brown

Bernoulli Division

1. Albany High ............... 102 Albany, CA  Marguerite Buck-Bauer
1. Ax SSA —Tucson ........... 102  Tucson, AZ Nizamettin Yildiz

Individual Winners

Joshua Clark®.................. 10 Mentor Cardinals Mentor, OH

2012 Competition

Archimedes Division

1. Ax — Chen Chen Chen ...... 148 Sunnyvale, CA  Alper Halbutogullari
2. Bergen1 ........... .. ... 129 Hackensack, NJ Michael Abramson
3. FMC Black ................. 124 Fairfax, VA Jane Andraka

'Poola Chandrashekar was the only student to answer the tiebreaker question correctly.
2Joshua Clark was among 41 students who scored a perfect 10 on the individual round. Six of these students
answered the tiebreaker correctly and Joshua correctly answered the tiebreaker the fastest.



xxii Prize Winners

Bernoulli Division

1. Ax — Sonoran Science Academy — Tucson 82  Tucson, AZ [smail Koksal
2. AMSA 65 Marlborough, MA Matt Vea

Individual Winners

Pooja Chandrashekar? ......... 10 Thomas Jefferson High School 3 Alexandria, VA
Jongwhan Park ............... 10  Bergen 1 Hackensack, NJ
Eugene Chen .................. 10 Ax — Chen Chen Chen Sunnyvale, CA

2013 Competition

Archimedes Division

1. Ax Chen Chen Chen ....... 136 Santa Clara, CA Ali Gurel
2. Bergen Sun ................. 115 Hackensack, NJ  Michael Abramson
3. Math Zoom Blue ........... 114 TIrvine, CA Kevin Wang

Individual Winners

Zach Markos .................. 10 Math Zoom Green Irvine, CA
Jongwhan Park ............... 10 Bergen Sun Hackensack, NJ

2014 Competition

Archimedes Division

1. Star League A-Star Chen ... 124 Santa Clara, CA Ali Gurel
2. BCA AJ ARML Local ...... 122 Hackensack, NJ  Michael Abramson
3. OCMC Team Alpha ........ 116 Irvine, CA Kent Merryfield

Individual Winners

Tomas Choi ................... 10 Star League A-Star Chen Santa Clara, CA
Paolo Gentili .................. 10 San Diego Math Circle A San Diego, CA

3Poola Chandrashekar correctly answered the tiebreaker question the fastest. Jongwhan Park also correctly
answered the tiebreaker question.



ARML Awards

The Alfred Kalfus Founder’s Award is given each year for long-term service to ARML. Al Kalfus
was the founder and first president of both NYSML and ARML. He was devoted to his students
and dedicated to excellence. Some measure of the man can be found in a preface that he wrote
to the first book of ARML problems covering the 1976 to 1982 contests: “Meanwhile, enjoy the
problems given in these pages. Remember, they were posed not to stump you, but to provoke your
mathematical ingenuity, to guide you to clever tricks and new methods of attack, to open new
facets of topics to the uninitiated, and to offer you the unique joy that only the solving of a truly
challenging problem can bring.” This award was first given in 1985.

The Samuel L. Greitzer Coach Award is given each year for outstanding service to a regional team.
For many years Dr. Samuel Greitzer, a professor at Rutgers University, coached the United States
IMO team. He also served as the editor for Arbelos, a small journal designed for high school stu-
dents that was full of challenging mathematics problems and investigations. The award was first
given in 1987.

The Harry and Ruth Ruderman Award is awarded at ARML to the winning team of the ARML
Power Contest. Harry Ruderman influenced and inspired generations of students and teachers. He
was a prolific writer, problem poser, and lecturer. For over a decade, he served as a contributor and
reviewer of ARML questions as well as being the head judge. It was first awarded in 1996.

xxiil
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2009 Contest



T-1.

T-2.

T-3.

T-6.

T-7.

T-8.

2009 Team Problems

Let N be a six-digit number formed by an arrangement of the digits 1,2, 3,3,4,5. Compute
the smallest value of N that is divisible by 264.

In triangle ABC, AB = 4, BC = 6, and AC' = 8. Squares ABQR and BCST are drawn
external to and lie in the same plane as AABC'. Compute QT

The numbers 1,2, ...,8 are placed in the 3 x 3 grid below, leaving exactly one blank square.
Such a placement is called okay if in every pair of adjacent squares, either one square is blank
or the difference between the two numbers is at most 2 (two squares are considered adjacent if
they share a common side). If reflections, rotations, etc. of placements are considered distinct,
compute the number of distinct okay placements.

An ellipse in the first quadrant is tangent to both the x-axis and y-axis. One focus is at (3,7),
and the other focus is at (d, 7). Compute d.

Let A1AsA3A4A5AgA7Ag be a regular octagon. Let u be the vector from A; to Ay and let
v be the vector from A; to Ag. The vector from A; to A, can be written as au + bv for a
unique ordered pair of real numbers (a,b). Compute (a,b).

Compute the integer n such that 2009 < n < 3009 and the sum of the odd positive divisors
of n is 1024.

Points A, R, M, and L are consecutively the midpoints of the sides of a square whose area is
650. The coordinates of point A are (11,5). If points R, M, and L are all lattice points, and
R is in Quadrant I, compute the number of possible ordered pairs (z,y) of coordinates for
point R.

The tazicab distance between points (x1, 41, 21) and (29, Y2, 22) is given by

d((@1, 91, 21), (T2, Y2, 22)) = |21 — @2| + |11 — Y| + |21 — 22|
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T-9.

T-10.

The region R is obtained by taking the cube {(z,y,z) : 0 < x,y,z < 1} and removing every
point whose taxicab distance to any vertex of the cube is less than % Compute the volume
of R.
Let a and b be real numbers such that

a® —15a> +20a —50 =0 and 8b* — 606 — 2900 + 2575 = 0.
Compute a + b.

For a positive integer n, define s(n) to be the sum of n and its digits. For example,
s(2009) = 2009 +2+4+ 0+ 0+ 9 = 2020. Compute the number of elements in the set

{s(0),s(1),s(2),...,5(9999)}.



2009 Team Answers

T-1. 135432

T-2. 210
T-3. 32
49

T-4. —
3

T-5. (24 v2,1+V2)
T-6. 2604

T-7. 10

T-8.

T-9. —

T-10. 9046



T-1.

T-2.

T-3.

2009 Team Solutions

Note that 264 = 3-8 - 11, so we will need to address all these factors. Because the sum of the
digits is 18, it follows that 3 divides N, regardless of how we order the digits of N. In order
for 8 to divide N, we need N to end in O12, 052, E32, or E24, where O and E denote odd
U+W+Y)—(V+X+2)is d;lgk%gy_ll_ Because the sum of the three largest digits is
only 12, we must have U + W +Y =V + X + 7 =9.

Because Z must be even, this implies that V, X, Z are 2,3,4 (in some order). This means
Y # 2, and so we must have Z # 4 = Z = 2. Of the three remaining possibilities, £32 gives
the smallest solution, 135432.

Set m/ABC = x and mZTBQ = y. Then x + y = 180° and so cosx + cosy = 0. Applying
the Law of Cosines to triangles ABC and TBQ gives AC? = AB?> + BC? — 2AB - BC cosx
and QT? = BT? + BQ? — 2BT - BQ cosy, which, after substituting values, become 8% =
42 + 62 — 48 cosz and QT? = 4% + 62 — 48 cos y.

Adding the last two equations yields QT? + 82 = 2(4? + 62) or QT = 2/10.

Remark: This problem is closely related to the fact that in a parallelogram, the sum of the
squares of the lengths of its diagonals is the equal to the sum of the squares of the lengths of
its sides.

We say that two numbers are neighbors if they occupy adjacent squares, and that a is a friend
of bif 0 < |a — b| < 2. Using this vocabulary, the problem’s condition is that every pair of
neighbors must be friends of each other. Each of the numbers 1 and 8 has two friends, and
each number has at most four friends.

If there is no number written in the center square, then we must have one of the cycles in the
figures below. For each cycle, there are 8 rotations. Thus there are 16 possible configurations
with no number written in the center square.

211 1|3 3|1 ]2
4 | —| 5 o | — |4
6 |8 |7 718 |6

Now assume that the center square contains the number n. Because n has at least three
neighbors, n # 1 and n # 8. First we show that 1 must be in a corner. If 1 is a neighbor of n,
then one of the corners neighboring 1 must be empty, because 1 has only two friends (2 and
3). If ¢ is in the other corner neighboring 1, then {n,c} = {2,3}. But then n must have three
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more friends (nq,n9,n3) other than 1 and ¢, for a total of five friends, which is impossible, as
illustrated below. Therefore 1 must be in a corner.

—1 1 |c

ny|n N9

ns

Now we show that 1 can only have one neighbor, i.e., one of the squares adjacent to 1 is empty.
If 1 has two neighbors, then we have, up to a reflection and a rotation, the configuration
shown below. Because 2 has only one more friend, the corner next to 2 is empty and n = 4.
Consequently, m; = 5 (refer to the figure below). Then 4 has one friend (namely 6) left with
two neighbors my and ms, which is impossible. Thus 1 must have exactly one neighbor. An
analogous argument shows that 8 must also be at a corner with exactly one neighbor.

112 | —

3 | n | ms

my| ma

Therefore, 8 and 1 must be in non-opposite corners, with the blank square between them.
Thus, up to reflections and rotations, the only possible configuration is the one shown at left
below.

1 8 1|18
m 2/3(4/5|6/7
3/2(5/4|7/6

There are two possible values for m, namely 2 and 3. For each of the cases m = 2 and m = 3,
the rest of the configuration is uniquely determined, as illustrated in the figure above right.
We summarize our process: there are four corner positions for 1; two (non-opposite) corner
positions for 8 (after 1 is placed); and two choices for the number in the square neighboring
1 but not neighboring 8. This leads to 4 - 2 -2 = 16 distinct configurations with a number
written in the center square.

Therefore, there are 16 configurations in which the center square is blank and 16 configurations
with a number in the center square, for a total of 32 distinct configurations.

d+3
2 9
ellipse is the line y = 7, and the minor axis is the line x = %. The ellipse is tangent to the

See the diagram below. The center of the ellipse is C' = ( 7). The major axis of the
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coordinate axes at T, = (42,0) and T, = (0,7). Let F}; = (3,7) and F, = (d, 7). Using the

=
locus definition of an ellipse, we have F\T, + 5T, = FiT, + F»T,; that is,

d— 3\
2\/(7) +7?=d+3 or /(d—3)2+142=d+3.

Squaring both sides of the last equation gives d? — 6d 4 205 = d? 4 6d + 9 or 196 = 12d, so

_ 49
d=14

T-5.  We can scale the octagon so that A; A, = /2. Because the exterior angle of the octagon is
45°, we can place the octagon in the coordinate plane with A; being the origin, Ay = (v/2,0),

and Ag = (1,1).
As As
A?/—\ As

As As

Al 1
Then Az = (1++v/2,1) and Ay = (1 + /2,1 + v/2). It follows that u = (v/2,0), v = (—1,1),
and
A A = <1+¢§,1+\/§> :a<\/§,0>+b<—1,1> - <a\/§—b,b>.
Thus b=+v2+1land avV2—b=+v2+1, or a =2+ V2, so (a,b) = (2—|—\/§,\/§—|—1).

Alternate Solution: Extend A;A,; and A5 A4 to meet at point Q; let P be the intersection of
A;Q and AgAs. Then A1 A, = ||ul|, AP = ||ul| v2, and PQ = |ul|, so 4;Q = (2+ V2) ||u].
Because A1QA4 is a 45°—45°—90° right triangle, A4Q = fi}g) = (V2+1)|ull. Thus
AlA; = Alcﬁ + QA;, and because ||u]| = [|v||, we have (a,b) = (2 + v/2,v2 + 1).
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T-6.

T-8.

2009 Team Solutions

Suppose that n = 2Fp{* - - - p@ where the p; are distinct odd primes, k is a nonnegative integer,

and ay, ..., a, are positive integers. Then the sum of the odd positive divisors of n is equal to
r r paﬁ_l
[T +pi+-+pf) = IIZ L1021 =2,
i=1 =

Note that 1+ p; +--- + p;* is the sum of a; + 1 odd numbers. Because the product of those
sums is a power of two, each sum must be even (in fact, a power of 2). Thus, each a; must be
odd.

Because 1+ 11 + 112 4 113 > 1024, if p; > 11, then a; = 1 and 1 + p; must be a power of 2
that is no greater than 1024. The possible values of p;, with p; > 11, are 31 and 127 (as 5
divides 255, 7 divides 511, and 3 divides 1023).

If p; < 11, then p; can be 3, 5, 7. It is routine to check that a; =1 and p;, =3 or 7.

Thus a; = 1 for all 7, and the possible values of p; are 3,7,31,127. The only combinations of
these primes that yield 1024 are (1 +3)-(1+7) - (1 +31) (with n=2%-3.7.31 =651 - 2¥)
and (1+7) - (14 127) (with n = 7127 = 889 - 2¥). Thus n = 651 - 22 = 2604 is the unique
value of n satisfying the conditions of the problem.

Write x = 11 +cand y = 5+ d. Then AR? = 2+ d*> = % -650 = 325. Note that
325 = 182 4+ 12 = 172 + 62 = 152 + 102. Temporarily restricting ourselves to the case where c
and d are both positive, there are three classes of solutions: {c,d} = {18,1}, {¢,d} = {17,6},
or {c,d} = {15,10}. In fact, ¢ and d can be negative, so long as those values do not cause x
or y to be negative. So there are 10 solutions:

(cd) | (x.p)
(18,1) | (29,6)
(187 _1) (297 4)
(1,18) | (12,23)
(—1,18) | (10,23)
(17,6) | (28,11)
(6,17) | (17,22)
(_67 17) (57 22)
(15,10) | (26,15)
(10,15) | (21,20)
(—10,15) | (1,20)

For a fixed vertex V' on the cube, the locus of points on or inside the cube that are at most %
away from V form a corner at V (that is, the right pyramid VIW;W,W3 in the figure shown
at left below, with equilateral triangular base W;W,W3 and three isosceles right triangular
lateral faces VW, Wy, VIWo W3, VIV3W;). Thus R is formed by removing eight such congruent
corners from the cube. However, each two neighboring corners share a common region along
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T-9.

their shared edge. This common region is the union of two smaller right pyramids, each similar
to the original corners. (See the figure shown at right below.)

w-

Wse

V

i

We compute the volume of R as
1/3\° 1/1\° 179
1-8-=-1(= 12-2-- (=) =—.
6 (5) + 6 (10> 250

Each cubic expression can be depressed—that is, the quadratic term can be eliminated—Dby
substituting as follows. Because (a — p)® = a® — 3ap + 3ap? — p3, setting p = —% =5
and substituting ¢ + p = a transforms the expression a® — 15a2 + 20a — 50 into the equivalent
expression (c+5)* — 15(c+5)? +20(c + 5) — 50, which simplifies to ¢* — 55¢ — 200. Similarly,
the substitution d = b — g yields the equation d® — 55d = —200. [This procedure, which is
analogous to completing the square, is an essential step in the algebraic solution to the general
cubic equation.]

Consider the function f(x) = 2® —55z. It has three zeros, namely, 0 and 4-+/55. Therefore, it
has a relative maximum and a relative minimum in the interval [—v/55,v/55]. Note that for
0<x<55, |f(z) <]z’ <5.5% =166.375, and for 5.5 < x < /55 < 8, we have

|f(z)] = |2* — 552] < z|x* — 55| < 8(55 — 5.5%) = 198.

Because f(z) is an odd function of z (its graph is symmetric about the origin), we conclude
that for —v/55 <z < /55, |f(z)| < 198. Therefore, for constant m with |m| > 198, there is
a unique real number zy such that f(xy) = m.

In particular, since 200 > 198, the values of ¢ and d are uniquely determined. Because f(x)

is odd, we conclude that ¢ = —d, or a + b = 175

Alternate Solution: Set a = x — b and substitute into the first equation. We get
(z —b)* — 15(z — b)* +20(z —b) =50 =0

—b® + b*(3x — 15) + b(—32” + 302 — 20) + (2* — 1527 4+ 20z — 50) = 0

8% + b?(—24x + 120) + b(242® — 2402 + 160) — 8(2° — 152 + 20z — 50) = 0.
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T-10.

2009 Team Solutions

If we equate coefficients, we see that

—24z + 120 = —60
242% — 240z + 160 = —290
—8(x® — 1522 + 20z — 50) = 2575

are all satisfied by = = % This means that any real solution b to the second equation yields
a real solution of 12—5 — b to the first equation. We can follow the reasoning of the previous
solution to establish the existence of exactly one real solution to the second cubic equation.
Thus a and b are unique, and their sum is (2 —b) + b = 2.

If s(10z) = a, then the values of s over {10240, 10z+1,...,10x+9} are a, a+2, a+4, ..., a+18.
Furthermore, if z is not a multiple of 10, then s(10(x + 1)) = a + 11. This indicates that
the values of s “interweave” somewhat from one group of 10 to the next: the sets alternate
between even and odd. Because the s-values for starting blocks of ten differ by 11, consecutive
blocks of the same parity differ by 22, so the values of s do not overlap. That is, s takes on
100 distinct values over any range of the form {100y + 0,100y + 1,...,100y + 99}.

First determine how many values are repeated between consecutive hundreds. Let y be an
integer that is not a multiple of 10. Then the largest value for s(100y + k) (0 < k < 99) is
100y + (s(y) —y) +99 + s(99) = 100y + s(y) — y + 117, whereas the smallest value in the next
group of 100 is for

s(100(y +1)) = 100(y+ 1)+ (s(y+1)—(y+1)) =100y + (s(y) +2) — (y+ 1) + 100
= 100y + s(y) — y + 101.

This result implies that the values for s(100y + 91) through s(100y + 99) match the values of
s(100y + 100) through s(100y + 108). So there are 9 repeated values.

Now determine how many values are repeated between consecutive thousands. Let z be a
digit, and consider s(1000z 4+ 999) versus s(1000(z + 1)). The first value equals

1000z + (s(2) — 2) + 999 + s(999) = 1000z + z + 1026 = 1001z + 1026.

The latter value equals 1000(z+ 1)+ (s(z+1) —(2+1)) = 1001(z+1) = 10012+ 1001. These
values differ by an odd number. We have overlap between the 982,983, ...,989 terms and the
000,001, ...,007 terms. We also have overlap between the 992,993,...,999 terms and the
010,011, ...,017 terms, for a total of 16 repeated values in all.

There are 90 instances in which we have 9 repeated terms, and 9 instances in which we have
16 repeated terms, so there are a total of 10000 — 90 -9 — 9 - 16 = 9046 unique values.



I-2.

[-3.

I-4.

I-5.

I-6.

[-8.

I-10.

2009 Individual Problems

Let p be a prime number. If p years ago, the ages of three children formed a geometric
sequence with a sum of p and a common ratio of 2, compute the sum of the children’s current
ages.

Define a reverse prime to be a positive integer N such that when the digits of N are read in
reverse order, the resulting number is a prime. For example, the numbers 5, 16, and 110 are
all reverse primes. Compute the largest two-digit integer N such that the numbers N,4 - N,
and 5 - IV are all reverse primes.

Some students in a gym class are wearing blue jerseys, and the rest are wearing red jerseys.
There are exactly 25 ways to pick a team of three players that includes at least one player
wearing each color. Compute the number of students in the class.

Point P is on the hypotenuse EN of right triangle BE'N such that BP bisects ZEBN.
Perpendiculars PR and PS are drawn to sides BE and BN, respectively. If EN = 221 and
PR = 60, compute ﬁ + ﬁ.

Compute all real values of = such that log,(log, x) = log,(log, x).

Let k be the least common multiple of the numbers in the set S = {1,2,...,30}. Determine
the number of positive integer divisors of k£ that are divisible by exactly 28 of the numbers in
the set S.

Let A and B be digits from the set {0,1,2,...,9}. Let r be the two-digit integer A B and
let s be the two-digit integer B A, so that r and s are members of the set {00,01,...,99}.
Compute the number of ordered pairs (A, B) such that |r — s| = k? for some integer k.

For k > 3, we define an ordered k-tuple of real numbers (z1,zs,...,x) to be special if, for
every i such that 1 <7 <k, the product z1 -z - ...z = 2. Compute the smallest value of
k such that there are at least 2009 distinct special k-tuples.

A cylinder with radius r and height A has volume 1 and total surface area 12. Compute % + %

If 6tan~! z + 4 tan~!(3z) = 7, compute 2.

13



2009 Individual Answers

[-1. 28
[-2. 79
[-3. 7

[-4. —

5. V2
-6. 23
7. 42
-8, 12

[-9. 6

15 — 8/3

[-10.
33

14



I-1.

[-2.

I-3.

I-4.

I-5.

2009 Individual Solutions

Let x, 2z, and 4x be the ages of the children p years ago. Then x+2x+4x = p, so Tx = p. Since
pis prime, x = 1. Thus the sum of the children’s current ages is (1+7)+(2+7)+(4+7) = 28.

Because N < 100, 5- N < 500. Since no primes end in 4, it follows that 5- N < 400, hence
N <79. The reverses of 5-79 = 395, 4 - 79 = 316, and 79 are 593, 613, and 97, respectively.
All three of these numbers are prime, thus 79 is the largest two-digit integer N for which N,
4-N,and 5- N are all reverse primes.

Let r and b be the number of students wearing red and blue jerseys, respectively. Then either
we choose two blues and one red or one blue and two reds. Thus

() () () -
rb(b —1) N br(r —1)

=25
2 2

= ro((r—1)+(b—-1)) =50
= rb(r+b—2) =50,

Now because 7, b, and r + b — 2 are positive integer divisors of 50, and r,b > 2, we have only
a few possibilities to check. If » = 2, then b* = 25, so b = 5; the case r = 5 is symmetric. If
r = 10, then b(b + 8) = 5, which is impossible. If r = 25, then b(b + 23) = 2, which is also
impossible. So {r,b} = {2,5}, and r+b=T1.

We observe that ﬁ + ﬁ = %%fgzjvv . The product in the denominator suggests that we com-

pare areas. Let [BEN] denote the area of ABEN. Then [BEN] = $BE - BN, but because
PR = PS = 60, we can also write [BEN]| = [BEP| + [BNP] = 1-60- BE + % -60 - BN.
Therefore BE - BN = 60(BE + BN), 50 55 + 5v = Sot2] = L Note that this value does
not depend on the length of the hypotenuse EN; for a given location of point P, ﬁ + ﬁ
invariant.

is

s . .. . ER _ PS _ BE BE-60 __
Alternate Solution:  Using similar triangles, we have 35 = gx = By, S0 — g =

#(160 = % and BE? + BN? = 2212. Using algebra, we find that BE = 204, BN = 85, and
1

w1t ® = a0

If y = log,(log, z), then a® = x. Let y = log,(log, ) = log,(log, x). Then 2% = 4% =
(22)@) = 22" 502y +1 =y, y = —1, and = /2. (This problem is based on one
submitted by ARML alum James Albrecht, 1986-2007.)

15
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2009 Individual Solutions

Alternate Solution: Raise 4 (or 2?) to the power of both sides to get (log, z)* = log, .

(log z)? log log 2 "
— logx = —==, thus z = 2Y/2 = /2.
(log2)? ~ 2log?’ so log x 5 thus x V2

By the change of base formula,

Alternate Solution: Let xz = 4% The equation then becomes log,(2a) = log, a. Rais-

ing 4 to the power of each side, we get 4a> = a. Since a # 0, we get 4a = 1, thus a = 1 and

1
r=2.

We know that k =24-3%.52.7-11-13-17-19-23-29. It is not difficult to see that the set

T = g, %, %, %, %, %, %} comprises all divisors of k that are divisible by exactly 29 of the

numbers in the set S. Let P = {2,3,5,17,19,23,29}. Then
T, = {p];, where p; and ps are distinct elements of 77}
1P2

consists of divisors of k that are divisible by exactly 28 of the numbers in the set §. There

are (;) = 21 elements in 75.

Furthermore, note that § is only divisible by 26 of the numbers in S (since it is not divisible
by 7, 14, 21, or 28) while % and % are each divisible by 28 of the numbers in §. We can also
rule out ¥ (27 divisors: all but 8, 16, and 24), £ (27 divisors), 2 (24 divisors), and all other
numbers, thus the answer is 21 + 2 = 23.

Because |(104+B) — (10B+A)| = 9]A — B| = k?, it follows that |A — B] is a perfect square.
|A — B| = 0 yields 10 pairs of integers: (A, B) = (0,0), (1,1),...,(9,9).

|A — B| =1 yields 18 pairs: the nine (A, B) = (0,1),(1,2),...,(8,9), and their reverses.

|A — B| = 4 yields 12 pairs: the six (A, B) = (0,4), (1,5),...,(5,9), and their reverses.

|A — B| =9 yields 2 pairs: (A4, B) = (0,9) and its reverse.

Thus the total number of possible ordered pairs (A4, B) is 10 + 18 + 12 + 2 = 42.

The given conditions imply k equations. By taking the product of these k equations, we have
(x179 .. .:1%)’“*1 = T1Zy...2,. Thus it follows that either xizs... 2 = 0 or T129... 2, = 1.
If 2125 ... 25 = 0, then some z; = 0, and by plugging this into each of the equations, it follows
that all of the x;’s are equal to 0. Note that we cannot have zi25...x, = —1, because the
left hand side equals (s . .. 2;) = 22, which can’t be negative, because the z;’s are all given
as real. Thus x1xo...2, = 1, and it follows that each x; is equal to either 1 or —1. Because
the product of the z;’s is 1, there must be an even number of —1’s. Furthermore, by picking
any even number of the x;’s to be —1, it can be readily verified that the ordered k-tuple
(21,29, ..., x) is special. Thus there are

@ ! @ ! @ e (2ka/2j>

special non-zero k-tuples. By considering the binomial expansion of (1 + 1)¥ + (1 — 1)%, it
is clear that the above sum of binomial coefficients equals 2¥~!. Thus there are a total of
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I-9.

I-10.

2F=1 1 1 special k-tuples. Because 2'° = 1024 and 2" = 2048, the inequality 2*~! + 1 > 2009
is first satisfied when k£ = 12.

Alternate Solution: Use a recursive approach. Let S, denote the number of special
non-zero k-tuples. From the analysis in the above solution, each x; must be either 1 or —1.
It can easily be verified that S3 = 4. For k > 3, suppose that z;, = 1 for a given spe-
cial k-tuple. Then the k equations that follow are precisely the equation xyxy... 251 = 1
and the k — 1 equations that follow for the special (k — 1)-tuple (x1,2s,...,25_1). Because
1Ty ... xE—1 = 1 is consistent for a special (k — 1)-tuple, and because this equation imposes
no further restrictions, we conclude that there are Sy_; special k-tuples in which x; = 1.

If, on the other hand, x;, = —1 for a given special k-tuple, then consider the k equations that
result, and make the substitution x; = —y;. Then the k resulting equations are precisely the
same as the k equations obtained in the case where x; = 1, except that x; is replaced by y;.
Thus (z1, %2, ...,Tx_1, —1) is special if and only if (y1, 2z, ..., zx_1) is special, and thus there
are Si_1 special k-tuples in which z, = —1.

Thus the recursion becomes Si, = 2S;_1, and because S5 = 4, it follows that S, = 2F71.

Since mr?h = 1, we have h = — and 7r? = ;. Consequently,

1 1 2 2 11
2nrh+ 2 =12 = 27r) [ — | +2( - | =12= -+ =12= -+ — =6.
2 h r h r h

Alternate Solution: The total surface area is 2nrrh+27r? = 12 and the volume is 7r2h = 1.

.12 2wrh42mr2 2 2 1 1 12
D1V1d1ng,weobta1nTz%z;—kﬁ,thus;—FE:?:G.

Let 2 = 14+xi and w = 1434, where i = v/—1. Then tan~! 2 = arg z and tan~!(3z) = argw,
where arg z gives the measure of the angle in standard position whose terminal side passes
through z. By DeMoivre’s theorem, 6 tan™!' z = arg(z%) and 4tan™'(3z) = arg(w®). There-
fore the equation 6tan~'xz + 4tan~!(3x) = 7 is equivalent to 2 - w? = a, where a is a
real number (and, in fact, a < 0). To simplify somewhat, we can take the square root of
both sides, and get 2z® - w? = 0 + bi, where b is a real number. Then (1 + 27)3(1 + 3z1)? =
0 + bi. Expanding each binomial and collecting real and imaginary terms in each factor
yields ((1 — 3z2) + (3z — 23)i)((1 — 922) + 62i) = 0 + bi. In order that the real part of the
product be 0, we have (1 — 3z?)(1 — 92%) — (3z — 2)(62) = 0. This equation simplifies to
1 — 302 4 332* = 0, yielding 22 = £33 Notice that £33 ~ 1, which would mean that
x ~ 1, and so tan~'(x) ~ %, which is too large, since 6 - T > m. (It can be verified that this
value for x yields a value of 3w for the left side of the equation.) Therefore we are left with

, 15-8V3

- 33

15 — 83 ~ 1.16, and so z* ~ 2—80 = 0.035. Then x itself is a little less than 0.2, and so

. To verify that this answer is reasonable, consider that v/3 ~ 1.73, so that
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1

us

tan~' 2 ~ 7. Similarly, 3z is about 0.6, so tan™' (3z) is about £. 6- & + 4 - Z is reasonably

close to .

. t tanb 2t
Alternate Solution: Recall that tan(a+0b) = M, thus tan(2a) = &‘; and
1 —tanatanbd 1 —tan“a
2tana
= + tana 2tana -+ tana — tan® a 3tana — tan®a
tan(3a) = tan(2a + a) = — ta;‘i = = > — = i
1—%-tana 1 —tan“a — 2tan“a 1 —3tan“a

Back to the problem at hand, divide both sides by 2 to obtain 3tan™' z + 2tan~!(3z) = 5
tan(3tan—! z) + tan(2tan"!(3x))
1 — tan(3tan~! z) tan(2 tan~!(3x))
denominator must be 0 since tan % is undefined, thus 1 = tan(3tan™' z) tan(2tan™'(3z)) =

32 1o (30)° and hence (1 — 3z%)(1 — 92°) = (3x — 2°)(6x). Simplifying yields 33z* —

Taking the tangent of the left side yields . We know that the

. . . 15 £8v3 .
3022 + 1 = 0, and applying the quadratic formula gives 22 = 33\[ The “+” solution is
. . . 1 .
extraneous: as noted in the previous solution, x = 5—;)5\/3 yields a value of 37 for the left
15 — 8/3

side of the equation), so we are left with 2 = 33



Power Question 2009: Sign on the Label

An n-label is a permutation of the numbers 1 through n. For example, J = 35214 is a 5-label and
K =132 is a 3-label. For a fixed positive integer p, where p < n, consider consecutive blocks of p
numbers in an n-label. For example, when p = 3 and L = 263415, the blocks are 263,634, 341, and
415. We can associate to each of these blocks a p-label that corresponds to the relative order of the
numbers in that block. For L = 263415, we get the following:

263415 — 132; 263415 — 312; 263415 — 231; 263415 — 213.

Moving from left to right in the n-label, there are n — p + 1 such blocks, which means we obtain
an (n — p + 1)-tuple of p-labels. For L = 263415, we get the 4-tuple (132,312,231,213). We will
call this (n — p + 1)-tuple the p-signature of L (or signature, if p is clear from the context) and
denote it by S,[L]; the p-labels in the signature are called windows. For L = 263415, the windows
are 132,312,231, and 213, and we write

55[263415] = (132,312,231, 213).

More generally, we will call any (n — p + 1)-tuple of p-labels a p-signature, even if we do not know
of an n-label to which it corresponds (and even if no such label exists). A signature that occurs for
exactly one n-label is called unique, and a signature that doesn’t occur for any n-labels is called
impossible. A possible signature is one that occurs for at least one n-label.

In this power question, you will be asked to analyze some of the properties of labels and signatures.

The Problems

1. (a) Compute the 3-signature for 52341. 1]
(b) Find another 5-label with the same 3-signature as in part (a). 2]
(c) Compute two other 6-labels with the same 4-signature as 462135. 2]
2. (a) Explain why the label 1234 has a unique 3-signature. 1]
(b) List three other 4-labels with unique 3-signatures. 1]
(c¢) Explain why the 3-signature (123, 321) is impossible. 1]
(d) List three other impossible 3-signatures that have exactly two windows. 1]

We can associate a shape to a given 2-signature: a diagram of up and down steps that indicates the
relative order of adjacent numbers. For example, the following shape corresponds to the 2-signature
(12,12,12,21,12,21):

19
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A 7-label with this 2-signature corresponds to placing the numbers 1 through 7 at the nodes above
so that numbers increase with each up step and decrease with each down step. The 7-label 2347165

is shown below:

3. Consider the shape below:

(a) Find the 2-signature that corresponds to this shape.
(b) Compute two different 6-labels with the 2-signature you found in part (a).

4. (a) List all 5-labels with 2-signature (12,12, 21,21).
(b) Find a formula for the number of (2n + 1)-labels with the 2-signature

(12,12,...,12,21,21,...,21).

n n

5. (a) Compute the number of 5-labels with 2-signature (12,21, 12, 21).

(b) Determine the number of 9-labels with 2-signature
(12,21,12,21,12,21,12, 21).
Justify your answer.

6. (a) Determine whether the following signatures are possible or impossible:
(i) (123,132,213),
(i) (321,312,213).
(b) Notice that a (p + 1)-label has only two windows in its p-signature.

3]

1]
1]

For a given

window wy, compute the number of windows wy such that S,[L] = (w,ws) for some

(p+ 1)-label L.

(c) Justify your answer from part (b).

7. (a) For a general n, determine the number of distinct possible p-signatures.

1]
2]
[4]
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(b) If a randomly chosen p-signature is 575 times more likely of being impossible than pos-

sible, determine p and n. 1]

8. (a) Show that (312,231, 312,132) is not a unique 3-signature.
(b) Show that (231,213, 123,132) is a unique 3-signature.

[

[

¢) Find two 5-labels with unique 2-signatures. [
[

)
)
(c)
(d) Find a 6-label with a unique 4-signature but which has the 3-signature from part (a). [2
)
)
)

9. (a) For a general n > 2, compute all n-labels that have unique 2-signatures. 1]
(b) Determine whether or not S5[495138627] is unique. 1]
(c) Determine the smallest p for which the 20-label
L=311,8,4,17,7,15,19,6, 2,14, 1,10, 16,5, 12, 20,9, 13, 18

has a unique p-signature. 3]

10. Show that for each k > 2, the number of unique 2*~!-signatures on the set of 2*-labels is at
least 2273, [5]



1.

2.

3.

Solutions to 2009 Power Question

(a) (312,123,231)
(b) There are three: 41352,42351,51342.
(¢) There are four: 352146, 362145, 452136, 562134.

(a) We will prove this by contradiction. Suppose for some other 4-label L we have S3[L] =

S3[1234] = (123,123). Write out L as ag, ag,as,ay. From the first window of S3[L], we
have a; < ay < az. From the second window, we have ay < a3z < ay. Connecting these
inequalities gives a1 < as < az < a4, which forces L = 1234, a contradiction. Therefore,
the 3-signature above is unique.

(b) There are 11 others (12 in all, if we include S3[1234]):

93[1234] = (123,123)  S3[1243] = (123,132)  S5[1324] = (132,213)
S3[1423] = (132,213)  S3[2134] = (213,123)  S3[2314] = (231,213)
S3[3241] = (213,231)  Ss[3421] = (231,321)  S5[4132] = (312,132)
53[4231] = (312,231)  S3[4312] = (321,312)  S3[4321] = (321, 321)

(c) If Ss[ai, as, ag, as] = (123,321), then the first window forces ay < a3, whereas the second

(d)

(a)
(b)

window forces ag > ag. This is impossible, so the 3-signature (123, 321) is impossible.

There are 18 impossible 3-signatures with two windows. In nine of these, the first window
indicates that ay < a3 (an increase), but the second window indicates that as > a3z (a
decrease). In the other nine, the end of the first window indicates a decrease (that is,
as > az), but the beginning of the second window indicates an increase (ay < as). In
general, for a 3-signature to be possible, the end of the first window and beginning of
the second window must be consistent, indicating either an increase or a decrease. The
impossible 3-signatures are:

(123,321) (123,312) (123,213) (132,231) (132,132) (132,123)
(213,321) (213,312) (213,213) (231,231) (231,132) (231,123)
(312,321) (312,312) (312,213) (321,231) (321,132) (321,123)

The first pair indicates an increase; the next three are decreases, and the last pair is an
increase. So the 2-signature is (12,21, 21,21, 12).

There are several:

064312 564213 563214 465312 465213 463215
365412 365214 364215 265413 265314 264315
1656413 165314 164315

453216 354216 254316 154326

22
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4. In part (a), we can count by brute force, or use the formula from part (b) (with independent
proof).

(a)

(b)

ot
—~

53
N~—

For the case of 5-labels, brute force counting is tractable.

(12543, 13542, 14532, 23541, 24531, 34521 |

2
The answer is ( n) . The shape of this signature is a wedge: n up steps followed by n
n

down steps. The wedge for n = 3 is illustrated below:

The largest number in the label, 2n + 1, must be placed at the peak in the center. If we
choose the numbers to put in the first n spaces, then they must be placed in increasing
order. Likewise, the remaining n numbers must be placed in decreasing order on the

downward sloping piece of the shape. Thus there are exactly (27?) such labels.

The answer is . We have a shape with two peaks and a valley in the middle. The
5 must go on one of the two peaks, so we place it on the first peak. By the shape’s
symmetry, we will double our answer at the end to account for the 5-labels where the 5
is on the other peak.

The 4 can go to the left of the 5 or at the other peak. In the first case, shown below left,
the 3 must go at the other peak and the 1 and 2 can go in either order. In the latter
case, shown below right, the 1,2, and 3 can go in any of 3! arrangements.

5 5 4
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So there are 2! 4+ 3! = 8 possibilities. In all, there are 16 5-labels (including the ones
where the 5 is at the other peak).

The answer is | 7936 | The shape of this 2-signature has four peaks and three intermediate
valleys:

We will solve this problem by building up from smaller examples. Let f, equal the
number of (2n 4 1)-labels whose 2-signature consists of n peaks and n — 1 intermediate
valleys. In part (b) we showed that f, = 16. In the case where we have one peak, f; = 2.
For the trivial case (no peaks), we get fo = 1. These cases are shown below.

Suppose we know the peak on which the largest number, 2n + 1, is placed. Then that
splits our picture into two shapes with fewer peaks. Once we choose which numbers
from 1,2,...,2n to place each shape, we can compute the number of arrangements of
the numbers on each shape, and then take the product. For example, if we place the 9 at
the second peak, as shown below, we get a 1-peak shape on the left and a 2-peak shape
on the right.

For the above shape, there are (2) ways to pick the three numbers to place on the
left-hand side, f; = 2 ways to place them, and f, = 16 ways to place the remaining five
numbers on the right.

This argument works for any n > 1, so we have shown the following:
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So we have:

>f1f0 =16

hft (3) 12+ (3) et =212
8

Jofs + (3) Jifo + (i) fofi + (i)fsfo = -

w

o
I
/\/\C‘E/_\
N— —
Sh
=
+
R
W

6. (a) Signature (i) is possible, because it is the 3-signature of 12435.
Signature (ii) is impossible. Let a 5-label be ay, as, as, a4, as. The second window of (ii)
implies a3 < a4, whereas the third window implies a3 > a4, a contradiction.

(b) There are [p|such windows, regardless of w;.

(c) Because the windows wy and wy overlap for p — 1 numbers in L, the first p — 1 integers
in wy must be in the same relative order as the last p — 1 integers in w;. Therefore,
by choosing the last integer in wy (there are p choices), the placement of the remaining

p — 1 integers is determined. We only need to show that there exists some L such that
SP[L] = (wl,wg).

To do so, set w; = wy,wy, ..., w,. Provisionally, let L% = wy, w,, . .. , Wy, k + 0.5 for
k=0,1,...,p. For example, if p = 4 and w; = 3124, then L® =3 1,2.4,2.5. First we
show that L®* has the required p-signature; then we can renumber the entries in L*) in

consecutive order to make them all integers, so for example 3,1, 2,4, 2.5 would become
4,1,2,5,3.

Even though the last entry in L®*) is not an integer, we can still compute Sp[L(k)], since
all we require is that the entries are all distinct. In each S,[L™®)], the first window is
wi. When we compare L*) to L*+1) the last integer in w, can increase by at most 1,
because the last integer in the label jumps over at most one integer in positions 2 through
p (those jumps are in boldface):

L©=312405  S]LO]=(3124,2341)

LW =31,2415  SJLW]=(3124,1342)  [jumps over the 1]
L® =31,2,4,25  SJLP]=(3124,1243)  [jumps over the 2]
L® =3,1,2,4,35  SJL®]=(3124,1243)  [jumps over nothing]
LW =31,24,45  SJLW] =(3124,1234)  [jumps over the 4]

The final entry of w, in S,[L®] is 1, because 0.5 is smaller than all other entries in L(®.
Likewise, the final entry of wy in S,[L®)] is p. Since the final entry increases in increments
of 0 or 1 (as underlined above), we must see all p possibilities for ws.
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By replacing the numbers in each L) with the integers 1 through p + 1 (in the same
relative order as the numbers in L*®), we have found the (p + 1)-labels that yield all p
possibilities.

The answer is m

Call two consecutive windows in a p-signature compatible if the last p — 1 numbers in
the first label and the first p — 1 numbers in the second label (their “overlap”) describe
the same ordering. For example, in the p-signature (...,2143,2431,...), 2143 and 2431
are compatible. Notice that the last three digits of 2143 and the first three digits of 2431
can be described by the same 3-label, 132.

Theorem: A signature o is possible if and only if every pair of consecutive windows is
compatible.

Proof: (=) Consider a signature o describing a p-label L. If some pair in o is not
compatible, then there is some string of p — 1 numbers in our label L that has two
different (p — 1)-signatures. This is impossible, since the p-signature is well-defined.

(«<=) Now suppose o is a p-signature such that that every pair of consecutive windows is
compatible. We need to show that there is at least one label L with S,[L] = 0. We do
so by induction on the number of windows in o, using the results from 5(b).

Let 0 = {wy,wa, ..., Wkt1}, and suppose wy = ay, g, . .., ap. Set L1 = w;.

Suppose that Ly is a (p+ k — 1)-label such that S,[Li] = {w1, ..., wx}. We will construct
Ly41 for which Sp[Lgiq] = {wi, ..., wkt1}-

As in 5(b), denote by L,(cj) the label L, with a j + 0.5 appended; we will eventually
renumber the elements in the label to make them all integers. Appending j + 0.5 does
not affect any of the non-terminal windows of S,[Ly|, and as j varies from 0 to p — k +1
the final window of Sp[L,(Cj ) | varies over each of the p windows compatible with wy. Since

w1 is compatible with wy, there exists some j for which Sp[L,(j)] ={w1,...,wrs1} Now
we renumber as follows: set Lip,q = Sk+p[Ll(j ) |, which replaces L,(c] ) with the integers 1
through k + p and preserves the relative order of all integers in the label.

By continuing this process, we conclude that the n-label L,,_,; has p-signature o, so o
is possible. O

To count the number of possible p-signatures, we choose the first window (p! choices),
then choose each of the remaining n — p compatible windows (p choices each). In all,
there are p! - p"~P possible p-signatures.

The answer is .
Let P denote the probability that a randomly chosen p-signature is possible. We are
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8. (a)
(b)

given that 1 — P = 575, so P = -=. We want to find p and n for which

576"
pl-pm " 1
(phr—r+l 576
prt 1
(phr—r 576

((p— )Y = 576.

The only factorial that has 576 as an integer power is 4! = 4/576. Thus p = 5 and
n—p=2=n="1.

The p-signature is not unique because it equals both S3[625143] and S3[635142].
Let L = ay,as,as,aq,as,as. We have ay < ag < as (from window #4), az < a; < as
(from window #1), and as < a4 (from window #2). Linking these inequalities, we get

as < a1 < ag < aq4 < ag < as = L:231465,

so S3[L] is unique.

12345 and 54321 are the only ones.

L = 645132 will work. First, note that S3[645132] = (312,231, 312,132). Next, we need
to show that S,[645132] = {4231, 3412,4132} is unique. So let L' = ay, as, as, a4, as, ag
be a 6-label such that Sy[L'] = (4231, 3412, 4132).

We get ay < ag < as (from window #3), a5 < ay < ag (from window #2), and a3 < a;
(from window #1). Linking these inequalities, we get

ay < ag<ag<ay<az<a = L = 645132,
so L' = L, which means S4[L] is unique.

The n-labels with unique 2-signatures are 1,2,...,n and n,n — 1,...,1, and their re-
spective 2-signatures are (12,12,...,12) and (21, 21,...,21).

Proof: (Not required for credit.) Let L = ay,aq,...,a,. The first signature above
implies that a; < as < --- < a,, which forces a; = 1,a; = 2, and so on. Likewise, the
second signature forces a; = n,ay =n — 1, and so on.

To show that all other n-labels fail to have unique 2-signatures, we will show that in any
other n-label L', there are two numbers k and k + 1 that are not adjacent. By switching
k and k 4+ 1 we get a label L” for which Ss[L'] = S[L"], since the differences between k
and its neighbors in L’ were at least 2 (and likewise for k + 1).

To show that such a k£ and k + 1 exist, we proceed by contradiction. Suppose that all
such pairs are adjacent in L'. Then 1 and n must be at the ends of L' (or else some
intermediate number k will fail to be adjacent to &+ 1 or k — 1). But if a; = 1, then
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that forces as = 2, a3 = 3,...,a, = n. That is, we get the two labels we already covered.
(We get the other label if a,, = 1.)

Therefore, none of the n! — 2 remaining labels has a unique 2-signature.

S5[495138627] is unique.
Let L = ay,...,a9 and suppose Ss[L] = S5[495138627] = (w1, ...,ws). Then we get the
following inequalities:

as < ag [from wy] as < as [from wy]
as < a [from w;] a; < as [from wy]
as < ay [from wj] a7 < ag [from ws]
ag < ag [from ws] ag < as [from wy]

Combining, we get a4 < ag < a5 < a1 < az < ay7 < ag < ag < az, which forces
ag = lyag = 2,...,a3 = 9. So the label L is forced and S5[495138627] is therefore
unique.

The answer is . To show this fact we will need to extend the idea from part 8(b)
about “linking” inequalities forced by the various windows:

Theorem: A p-signature for an n-label L is unique if and only if for every & < n, k and
k + 1 are in at least one window together. That is, the distance between them in the
n-label is less than p.

Proof: Suppose that for some k, the distance between k and k+ 1 is p or greater. Then
the label L’ obtained by swapping k& and k + 1 has the same p-signature, because there
are no numbers between k and k£ + 1 in any window and because the two numbers never
appear in the same window.

If the distance between all such pairs is less than k, we need to show that S,[L] is
unique. For i =1,2,...,n, let r; denote the position where ¢ appears in L. For example,
if L =4123, thenry =2,ro=3,r3=4, and r4, = 1.

Let L = ay,a9,...,a,. Since 1 and 2 are in some window together, a,, < a,,. Similarly,
for any k, since k and k + 1 are in some window together, a,, < a,,,,. We then get
a linked inequality a,, < a,, < --- < a,,, which can only be satisfied if a,, = 1,a,, =
2,...,a,, =n. Therefore, S,[L] is unique. O

From the proof above, we know that the signature is unique if and only if every pair
of consecutive integers coexists in at least one window. Therefore, we seek the largest
distance between consecutive integers in L. That distance is 15 (from 8 to 9, and from
17 to 18). Thus the smallest p is [16]

10. Let s denote the number of such unique signatures. We proceed by induction with base case

k = 2. From 8(c), a 2-signature for a label L is unique if and only if consecutive numbers in L
appear together in some window. Because k = 2, the consecutive numbers must be adjacent
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in the label. The 22-labels 1234 and 4321 satisfy this condition,! so their 2!'-signatures are
unique. Thus we have shown that s, > 2 = 222*3, and the base case is established.

Now suppose s, > 2273 for some k > 2. Let L; be a 2¢-label with a unique 2¢~!-signature.
Write Ly, = (a1, as, . . ., as:). We will ezpand Ly, to form a 281 label by replacing each a; above
with the numbers 2a; — 1 and 2a; (in some order). This process produces a valid 2*-label,
because the numbers produced are all the integers from 1 to 2¢*!. Furthermore, different
Ly’s will produce different labels: if the starting labels differ at place ¢, then the new labels
will differ at places 2i — 1 and 2i. Therefore, each starting label produces 22° distinct 25+
labels through this process. Summarizing, each valid 2*-label can be expanded to produce 22"
distinct 2+1-labels, none of which could be obtained by expanding any other 2*-label.

It remains to be shown that the new label has a unique 2*~!-signature. Because L; has a
unique 2~ !-signature, for all i+ < 2¥ — 1, both i and 7 + 1 appeared in some 2~ '-window.
Therefore, there were fewer than 28! — 1 numbers between i and i + 1 . When the label is
expanded, 2¢ and 2¢ — 1 are adjacent, 2¢ + 1 and 2¢ + 2 are adjacent, and 2¢ and 2¢ + 1 are
fewer than 2- (2571 — 1) 4+ 2 = 2% places apart. Thus, every pair of adjacent integers is within
some 2F-window.

Since each pair of consecutive integers in our new 2*¥+!-label coexists in some 2*-window for
every possible such expansion of Ly, that means all 22" ways of expanding L; to a 2+ !-label
result in labels with unique 2*-signatures. We then get

Sky1 = 22k " Sk
> 928 92F-3
=2

2k+1_3
)

which completes the induction.

IThe proof in 8(a) establishes that these are the only 22-labels with unique 2-signatures, thus giving s = 2. That
proof was not required for credit and is not needed here, since the inequality above is good enough for this problem.



2009 Relay Problems

R1-1. A rectangular box has dimensions 8 x 10 x 12. Compute the fraction of the box’s volume that
is not within 1 unit of any of the box’s faces.

R1-2. Let T = TNYW R. Compute the largest real solution z to (logz)* — log /z = T

R1-3. Let T =TNYWR. Kay has T'+ 1 different colors of fingernail polish. Compute the number
of ways that Kay can paint the five fingernails on her left hand by using at least three colors
and such that no two consecutive fingernails have the same color.

R2-1. Compute the number of ordered pairs (z, y) of positive integers satisfying x* —8z+y*+4y = 5.

R2-2. Let T = TNYWR and let k = 21 +2T. Compute the largest integer n such that 2n% —kn+77
is a positive prime number.

R2-3. Let T = TNYWR. In triangle ABC, BC = T and mZB = 30°. Compute the number of
integer values of AC' for which there are two possible values for side length AB.
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R1-1.

DO | —

R1-2. 10
R1-3. 109890

R2-1. 4
R2-2. 12
R2-3. 5

2009 Relay Answers
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R1-1.

R1-2.

R1-3.

R2-1.

R2-2.

2009 Relay Solutions

Let the box be defined by the product of the intervals on the z, y, and z axes as [0, 8] x
[0,10] x [0,12] with volume 8 x 10 x 12. The set of points inside the box that are not within
1 unit of any face is defined by the product of the intervals [1,7] x [1,9] x [1, 11] with volume

6 X 8 x 10. This volume is 86;180X><1102 = % of the whole box.

Let u = log . Then the given equation can be rewritten as u?— %u—T =0 — 2u?>—u—2T = 0.
This quadratic has solutions y = 1EV1H6L V14+16T. As we are looking for the largest real solution for

x (and therefore, for u), we want u = VAL — 1 when T' = 1. Therefore, z = 10" = 10.

There are T'+ 1 possible colors for the first nail. Each remaining nail may be any color
except that of the preceding nail, that is, there are T" possible colors. Thus, using at least two
colors, there are (T + 1)T* possible colorings. The problem requires that at least three colors
be used, so we must subtract the number of colorings that use only two colors. As before,
there are T 4 1 possible colors for the first nail and 7' colors for the second. With only two
colors, there are no remaining choices; the colors simply alternate. The answer is therefore
(T+1)T*— (T +1)T, and with 7" = 10, this expression is equal to 110000 — 110 = 109890.

Completing the square twice in 2 and y, we obtain the equivalent equation (z—4)?+ (y+2)* =
25, which describes a circle centered at (4, —2) with radius 5. The lattice points on this circle
are points 5 units up, down, left, or right of the center, or points 3 units away on one axis
and 4 units away on the other. Because the center is below the x-axis, we know that y must
increase by at least 2 units; x cannot decrease by 4 or more units if it is to remain positive.
Thus, we have:

(x,y) = (4,-2)+(-3,4) =(1,2)
(z,y) = (4,-2)+(0,5) = (4,3)
(z,y) = (4,-2)+3,4)=(72)
(x,y) = (4,-2)+(4,3) = (8,1).

There are 4 such ordered pairs.

If k is positive, there are only four possible factorizations of 2n? — kn + 77 over the integers,
namely

2n—T7)(n—1) = 2n*—79n+ 77
(2n —1)(n—77) = 2n*—145n+ 77
(2n—11)(n—7) = 2n® —25n+ 77
(2n —T)(n —11) = 2n*—29n +77.
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R2-3.

Because T' = 4, k = 29, and so the last factorization is the correct one. Because 2n — 7 and
n — 11 are both integers, in order for their product to be prime, one factor must equal 1 or
—1, son = 3,4,10, or 12. Checking these possibilities from the greatest downward, n = 12
produces 17 -1 = 17, which is prime. So the answer is 12.

By the Law of Cosines, (AC)?* = T? + (AB)? — 2T'(AB) cos 30° — (AB)? — 2T cos 30°(AB) +
(T? — (AC)?) = 0. This quadratic in AB has two positive solutions when the discriminant
and product of the roots are both positive. Thus (27 cos 30°)? — 4(T% — (AC)?) > 0, and
(T% — (AC)?) > 0. The second inequality implies that AC < T'. The first inequality simplifies
to 4(AC)> —T? > 0, so T/2 < AC. Since T = 12, we have that 6 < AC < 12, giving 5
integral values for AC'.



2009 Tiebreaker Problems

TB-1. In AABC, D is on AC so that BD is the angle bisector of ZB. Point E is on AB and CFE
intersects BD at P. Quadrilateral BCDE is cyclic, BP = 12 and PE = 4. Compute the
AC

ratio I

TB-2. Complete the following “cross-number puzzle”, where each “Across” answer represents a four-
digit number, and each “Down” answer represents a three-digit number. No answer begins
with the digit 0.

Across:

1. ABCD is the cube of the sum of the digits in the answer to 1 Down.
5. From left to right, the digits in EF GH are strictly decreasing.

6. From left to right, the digits in |JKL are strictly decreasing.

Down:

1. AEI is a perfect fourth power.

2. BF J is a perfect square.

3. The digits in CGK form a geometric progression.
4. DHL has a two-digit prime factor.

TB-3. Inrectangle M N PQ, point A lies on QN. Segments parallel to the rectangle’s sides are drawn
through point A, dividing the rectangle into four regions. The areas of regions I, II, and III
are integers in geometric progression. If the area of M N P(Q) is 2009, compute the maximum
possible area of region I.
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2009 Tiebreaker Answers

TB-1. 3

TB-2.
20197
‘54 3|1
6 41 0

TB-3. 1476
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TB-1.

TB-2.

TB-3.

2009 Tiebreaker Solutions

Let w denote the circle that circumscribes quadrilateral BODE. Draw in line segment DE.
Note that ZDPFE and ZCPB are congruent, and ZDFEC and ZDBC'" are congruent, since

they cut off the same arc of w. Therefore, ABCP and AEDP are similar. Thus g—g = % =
12

= =3.

4

Because Z/BCE and ZBDFE cut off the same arc of w, these angles are congruent. Let o be
the measure of these angles. Similarly, Z/DCFE and ZDBE cut off the same arc of w. Let
be the measure of these angles. Since BD is an angle bisector, mZCBD = f3.

Note that mZADE = 180° — mZBDE — m/ZBDC'. It follows that

m/ADE = 180° —m/ZBDE — (180° — mZCBD — m/ZBCD)
= m/ADE = 180° —m/BDFE — (180° —mZCBD —m/BCE —m/DCE)
— m/ADE = 180° —a — (180° — f — a — )
— m/ADE = 28 =m/CBD.

Thus ZADE is congruent to ZC'BD, and it follows that AADFE is similar to AABC'". Hence

BC _ AC e AC _
BE = ap> and by substituting in given values, we have 5% = 3.

From 1 Down, AE| = 256 or 625, either of which make ABCD = 2197, so AE| = 256.

From B = 1 together with 2 Down, BFJ = 121 or 144. But J = 1 does not work because then
6 Across could not be satisfied. Therefore BF J = 144.

From C = 9 together with 5 Across and 3 Down, we have CGK = 931.

From D = 7 together with 5 and 6 Across, we get DHL = 720 or 710, but only 710 has a
two-digit prime factor.

Because A is on diagonal NQ, rectangles NXAB and ACQY are similar. Thus 1‘2—? = % =
4¢ = AB - AY = AC - AX. Therefore, we have 2009 = [I] + 2[II] + [III].

Let the common ratio of the geometric progression be §, where p and ¢ are relatively prime
positive integers (¢ may equal 1). Then [I] must be some integer multiple of ¢?, which we will
call ag®. This gives [II] = apq and [III] = ap®. By factoring, we get

2009 = aq® + 2apq + ap® = 7* - 41 = a(p + q)*

Thus we must have p+ ¢ = 7 and a = 41. Since [I] = a¢? and p,q > 0, the area is maximized
when i %, giving [I] = 41 - 36 = 1476. The areas of the other regions are 246, 246, and 41.
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2009 Super Relay Problems

Quadrilateral ARM L is a kite with AR = RM =5, AM =8, and RL = 11. Compute AL.

Let T = TNYWR. If 2y = /5, yz = 5, and zz = T, compute the positive value of z.

Let T =TNYWR. In how many ways can 1" boys and 1"+ 1 girls be arranged in a row if all
the girls must be standing next to each other?

Let '=TNYWR. Let T'= TNYWR. AABC is on a coordinate plane such that A = (3,6),
B =(T,0), and C = (2I'=1,1—T). Let ¢ be the line containing the altitude to BC.
Compute the y-intercept of £.

Let T = TNYWR. In triangle ABC, AB = AC —2 =T, and mZA = 60°. Compute BC?.

Let T = TNYWR. Let S; denote the arithmetic sequence 0,1, % ..., and let S, denote

y 49 29
the arithmetic sequence 0, %, %, .... Compute the T smallest number that occurs in both
sequences S; and Ss.

Let T = TNYWR. An integer n is randomly selected from the set {1,2,3,...,27}. Compute
the probability that the integer |n® — 7Tn? 4+ 13n — 6| is a prime number.

Let A be the number you will receive from position 7, and let B be the number you will
receive from position 9. In % minutes, 20 frogs can eat 1800 flies. At this rate, in % minutes,
how many flies will 15 frogs be able to eat?

Let T'=TNYWR. If |[T| —1+3i = %, compute the sum of the real and imaginary parts

of z.

Let T'=TNYWR. In circle O, diagrammed at right, minor arc

AB measures % degrees. If mZOAC = 10° and mZOBD = 5°,
compute the degree measure of ZAEB. Just pass the number
without the units.

38
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11.

12.

13.

14.

15.

Let T =TNYWR. Ann spends 80 seconds climbing up a 7" meter rope at a constant speed,
and she spends 70 seconds climbing down the same rope at a constant speed (different from
her upward speed). Ann begins climbing up and down the rope repeatedly, and she does not
pause after climbing the length of the rope. After T" minutes, how many meters will Ann have
climbed in either direction?

Let T = TNYWR. Simplify 2'°817/21o81664

Let T = TNYWR. Let P(x) = 2® + Tx + 800, and let 71 and 73 be the roots of P(z). The
polynomial Q(x) is quadratic, it has leading coefficient 1, and it has roots r; + 1 and ry + 1.
Find the sum of the coefficients of Q(z).

Let T = TNYW R. Equilateral triangle ABC' is given with side length 7. Points D and E
are the midpoints of AB and AC, respectively. Point F lies in space such that ADEF is
equilateral and ADFEF lies in a plane perpendicular to the plane containing AABC'. Compute
the volume of tetrahedron ABC'F'.

In triangle ABC', AB =5, AC' = 6, and tan ZBAC = —‘5". Compute the area of AABC.



10.

11.

12.

13.

14.

15.

19

O —

3750

30

10

800

108

12

2009 Super Relay Answers
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2009 Super Relay Solutions

Let K be the midpoint of AM. Then AK = KM = 8/2 = 4, RK = /5?>—42 = 3, and
KL=11-3=8. Thus AL = VAK?2 + KL? = /42 + 8 = 4./5.

Multiply the three given equations to obtain z2y%2? = 5Tv/5. Thus zyz = +v/125T2, and the
positive value of z is © = xyz/yz = V12572 /5 = {/T2/5. With T = 4/5, we have z = 2.

First choose the position of the first girl, starting from the left. There are T+ 1 possible
positions, and then the positions for the girls are all determined. There are (7' + 1)! ways to
arrange the girls, and there are T'! ways to arrange the boys, for a total of (T'+1)-(T+1)!-T! =
((T + 1))? arrangements. With 7' = 2, the answer is 36.

-T)-0
The slope of % is W

1. Because ¢ passes through A = (3,6), the equation of £ is y = = + 3, and its y-intercept is
3 (independent of T).

= —1, and since / is perpendicular to % , the slope of £ is

By the Law of Cosines, BC? = AB*+AC?*—2-AB-AC-cos A = T?+(T+2)?=2-T-(T+2)-3 =
T? + 2T + 4. With T = 3, the answer is 19.

81 consists of all numbers of the form %, and S, consists of all numbers of the form F &> where
n is a nonnegative integer. Since ged(4,6) = 2, the numbers that are in both sequences are of

the form 7, and the T smallest such number is % With T = 19, the answer is 9.

Let P(n) = n® — 7n® + 13n — 6, and note that P(n) = (n — 2)(n* — 5n + 3). Thus |P(n)| is
prime if either |n — 2| = 1 and |n? — 5n + 3| is prime or if [n? —5n + 3| = 1 and |n — 2| is
prime. Solving |n — 2| =1 gives n = 1 or 3, and solving [n* —5n + 3| =1 givesn =1 or 4 or
Si‘ﬁ Note that P(1) =1, P(3) = —3, and P(4) = —2 Thus |P(n)| is prime only when n is

3 or 4, and if T > 2, then the desired probability is 5= = % With T' = 9, the answer is %.

In minutes 1 frog can eat 1800/20 = 90 flies; thus in % minutes, 1 frog Can eat A - 90 flies.
Thus in = minutes, 15 frogs can eat 15 - 90 - A flies. With A = l and B = thIS simplifies

to 15 - 250 = 3750.

25’

1 1 t—1—-3¢ t—1—3
Let t = |T|. Note that z = - = - Z,— Thus the sum of
t—143% t—-143i t—1—-3 —|2t|—|—10
- -3 T

t2—2t+10+t2—2t—|—10 T2 -2|T| + 10

With T = 5,

the real and imaginary parts of z is

1
th is —.
e answer is o
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10.

11.

12.

13.

14.

15.

2009 Super Relay Solutions

Note that mZAEB = {(mAB — m CD) = (mAB — mZCOD). Also note that mZCOD =
360° — (mZAOC +m/BOD +mZAOB) = 360° — (180° — 2m/OAC) — (180° — 2m/OBD) —

mAB = 2(mZOAC + mZOBD) — mAB. Thus m/AEB = mAB — mZOAC — m/ZOBD =
L —10°—5°, and with T = 80, the answer is 5.

In 150 seconds (or 2.5 minutes), Ann climbs up and down the entire rope. Thus in 7" minutes,

she makes L%J round trips, and therefore climbs 27T {%J meters. After making all her

round trips, there are t = 60 <T —2.5 L%J) seconds remaining. If £ < 80, then the remaining

distance climbed is 71" - % meters, and if £ > 80, then the distance climbed is T+ T - <%>

meters. In general, the total distance in meters that Ann climbs is

_ T _ T\ _
2T {;J + T - min (1, 60 (T 8%‘5L2'5J)> + T - max (0, 60 (T 25{%2‘5” 80).

With T'= 10, Ann makes exactly 4 round trips, and therefore climbs a total of 4-2-10 = 80
meters.

1
Note that 2817 = 4(z10817) — glo&a T2 — /T Letting log,s 64 = x, we see that 24 = 26 thus

T = %, and 2% = /8. Thus the given expression equals \/g , and with T" = 800, this is equal
to 10.

Let Q(z) = 22+ Az + B. Then A = —(r; + 1+ 7+ 1) and B = (r; + 1)(r2 + 1). Thus
the sum of the coefficients of Q(z) is 1 + (—r; — 19 — 2) + (rirg +r1 + 72 + 1) = ryry. Note
that T'= —(ry + r2) and 800 = r73, so the answer is 800 (independent of T'). [Note: With
T= 108, {7"1, T‘Q} = {—8, —100}]

The volume of tetrahedron ABCF is one-third the area of AABC times the distance from

F to ANABC'. Since D and F are midpoints, DE = BTC = g, and the distance from F' to
2 3
ANABC is T:l/§ Thus the volume of ABCF is é . T4\/§ . TZ\L/E = % With T' = 12, the

answer 1s 108.

S

Let s =sin ZBAC. Then s > 0 and = —%, which gives s = g The area of triangle

4_
= =

—V1-s

3
ABC is therefore % -AB-AC -sin/BAC == -5-6- 12.

Y
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T-1.

T-3.

T-4.

T-6.

T-7.

T-8.

2010 Team Problems

Compute all ordered pairs of real numbers (z,y) that satisfy both of the equations:

v+ =6y —4r + 12 and 4y = 2° + 4z + 12.

Define log™(n) to be the smallest number of times the log function must be iteratively applied
to n to get a result less than or equal to 1. For example, log"(1000) = 2 since log 1000 = 3
and log(log 1000) = log3 = 0.477... < 1. Let a be the smallest integer such that log*(a) = 3.
Compute the number of zeros in the base 10 representation of a.

An integer N is worth 1 point for each pair of digits it contains that forms a prime in its
original order. For example, 6733 is worth 3 points (for 67, 73, and 73 again), and 20304 is
worth 2 points (for 23 and 03). Compute the smallest positive integer that is worth exactly
11 points. [Note: Leading zeros are not allowed in the original integer.]

The six sides of convex hexagon A;A;A3A4A5Ag are colored red. Each of the diagonals of
the hexagon is colored either red or blue. Compute the number of colorings such that every
triangle A; A; Ay has at least one red side.

Compute the smallest positive integer n such that n™ has at least 1,000,000 positive divisors.

Given an arbitrary finite sequence of letters (represented as a word), a subsequence is a se-
quence of one or more letters that appear in the same order as in the original sequence. For
example, N, CT, OTT, and CONTEST are subsequences of the word CONTFEST, but

NOT,ONSET, and TESS are not. Assuming the standard English alphabet {A, B, ..., Z},
compute the number of distinct four-letter “words” for which F'E is a subsequence.

Six solid regular tetrahedra are placed on a flat surface so that their bases form a regular
hexagon H with side length 1, and so that the vertices not lying in the plane of H (the “top”
vertices) are themselves coplanar. A spherical ball of radius r is placed so that its center
is directly above the center of the hexagon. The sphere rests on the tetrahedra so that it
is tangent to one edge from each tetrahedron. If the ball’s center is coplanar with the top
vertices of the tetrahedra, compute r.

Derek starts at the point (0, 0), facing the point (0, 1), and he wants to get to the point (1,1).
He takes unit steps parallel to the coordinate axes. A move consists of either a step forward, or
a 90° right (clockwise) turn followed by a step forward, so that his path does not contain any
left turns. His path is restricted to the square region defined by 0 <z < 17 and 0 <y < 17.

44
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T-9.

T-10.

Compute the number of ways he can get to (1,1) without returning to any previously visited
point.

The equations 23 + Az + 10 = 0 and 2® + Bz? + 50 = 0 have two roots in common. Compute
the product of these common roots.

Points A and L lie outside circle w, whose center is O, and AL contains diameter RM, as
shown below. Circle w is tangent to LK at K. Also, AK intersects w at Y, which is between
Aand K. f KL =3, ML =2, and mZAKL — m/ZY MK = 90°, compute [AK M] (i.e., the
area of AAKM).




2010 Team Answers

T-1. (—6,6) and (2,6) [must have both answers, in either order]
T-2. 9

T-3. 100337

T-4. 392

T-5. 84

T-6. 3851
T-7. —
T-8. 529
T-9. 5v/4

T-10.
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T-1.

T-3.

T-5.

2010 Team Solutions

Rearrange the terms in the first equation to yield z? + 4x + 12 = 6y — y? + 24, so that the
two equations together yield 4y = 6y — y? + 24, or y* — 2y — 24 = 0, from which y = 6 or
y = —4. If y = 6, then 22 + 42 + 12 = 24, from which x = —6 or x = 2. If y = —4, then
22 4+ 4x + 12 = —16, which has no real solutions because x2 + 4z + 12 = (z + 2)? + 8 > 8 for
all real x. So there are two ordered pairs satisfying the system, namely (—6,6) and (2, 6).

If log*(a) = 3, then log(log(log(a))) < 1 and log(log(a)) > 1. If log(log(a)) > 1, then
log(a) > 10 and a > 10'°. Because the problem asks for the smallest such a that is an integer,
choose a = 10'° 4+ 1 = 10,000,000,001, which has 9 zeros.

If a number N has k base 10 digits, then its maximum point value is (k—1)+(k—2)4---+1 =
1(k —1)(k). Soif k < 5, the number N is worth at most 10 points. Therefore the desired
number has at least six digits. If 100,000 < N < 101,000, then N is of the form 100A B C,
which could yield 12 possible primes, namely 14, 1B, 1C, 0A (twice), 0B (twice), 0C (twice),
AB, AC, BC. Sosearch for N of the form 100A B C, starting with lowest values first. Notice
that if any of A, B, or C' is not a prime, at least two points are lost, and so all three numbers
must be prime. Proceed by cases:

First consider the case A = 2. Then 1A is composite, so all of 1B, 1C, AB, AC, BC must
be prime. Considering now the values of 1B and 1C, both B and C' must be in the set {3, 7}.
Because 27 is composite, B = C' = 3, but then B C = 33 is composite. So A cannot equal 2.

If A =3, then B # 2 because both 12 and 32 are composite. If B = 3, 1B is prime but
A B = 33 is composite, so all of C', 1C', and 3C must be prime. These conditions are satisfied
by C' =7 and no other value. So A = B =3 and C' =7, yielding N = 100337.

Only two triangles have no sides that are sides of the original hexagon: A;A3As and A; A4Ag.
For each of these triangles, there are 23 — 1 = 7 colorings in which at least one side is red,
for a total of 7-7 = 49 colorings of those six diagonals. The colorings of the three central
diagonals Ay Ay, AsAs, A3Ag are irrelevant because the only triangles they can form include
sides of the original hexagon, so they can be colored in 23 = 8 ways, for a total of 849 = 392
colorings.

Let k denote the number of distinct prime divisors of n, so that n = p{'p5*---pi*, a; > 0.
Then if d(z) denotes the number of positive divisors of z,

d(n") = (ayn+1) (agn + 1) - (apn + 1) > (n + 1)". (%)

Note that if n > 99 and k& > 3, then d(n™) > 100® = 105, so 102 = 2 -3 - 17 is an upper
bound for the solution. Look for values less than 99, using two observations: (1) all a; < 6

47
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(because p” > 99 for all primes); and (2) k < 3 (because 2-3-5-7 > 99). These two
facts rule out the cases k = 1 (because (x) yields d < (6n + 1)! < 601) and k& = 2 (because
d(n"™) < (6n +1)* < 6012).

So k = 3. Note that if a; = ag = ag = 1, then from (x), d(n™) = (n+1)* < 10°. So consider
only n < 99 with exactly three prime divisors, and for which not all exponents are 1. The
only candidates are 60, 84, and 90; of these, n = 84 is the smallest one that works:

d(60%%) = d(2"2°.3%.5%) =121-61-61 < 125- 80 - 80 = 800,000;
d(84%) = d(2'%®.3%.7%) =169 8585 > 160 - 80 - 80 = 1,024,000.

Therefore n = 84 is the least positive integer n such that d(n™) > 1,000,000.

Divide into cases according to the number of E’s in the word. If there are only two E’s, then
the word must have two non-FE letters, represented by ?’s. There are (;l) = 6 arrangements of
two E’s and two ?’s, and each of the ?’s can be any of 25 letters, so there are 6 - 252 = 3750
possible words. If there are three E’s, then the word has exactly one non-F letter, and so
there are 4 arrangements times 25 choices for the letter, or 100 possible words. There is one
word with four E’s, hence a total of 3851 words.

Let O be the center of the sphere, A be the top vertex of one tetrahedron, and B be the center
of the hexagon.

Then BO equals the height of the tetrahedron, which is ‘/Té. Because A is directly above the
centroid of the bottom face, AQ is two-thirds the length of the median of one triangular face, so

AO = % (*@) = \/?g The radius of the sphere is the altitude to hypotenuse AB of AABO, so
the area of AABO can be represented in two ways: [ABO] = A0-BO = $AB-r. Substitute

given and computed values to obtain % (@) (@) =2 (1) (r), from which r = @ = g

Divide into cases according to the number of right turns Derek makes.

— There is one route involving only one turn: move first to (0,1) and then to (1,1).

— If he makes two turns, he could move up to (0,a) then to (1,a) and then down to (1,1).
In order to do this, a must satisfy 1 < a < 17, leading to 16 options.
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— If Derek makes three turns, his path is entirely determined by the point at which he
turns for the second time. If the coordinates of this second turn point are (a,b), then
both a and b are between 2 and 17 inclusive, yielding (17 — 1)? possibilities.

— If Derek makes four turns, his last turn must be from facing in the —x-direction to the
+y-direction. For this to be his last turn, it must occur at (1,0). Then his next-to-last
turn could be at any (a,0), with 1 < a < 17, depending on the location of his second
turn as in the previous case. This adds another (17 — 1)? possibilities.

— It is impossible for Derek to make more than four turns and get to (1, 1) without crossing
or overlapping his path.

Summing up the possibilities gives 1 + 16 + 162 + 16 = 529 possibilities.

T-9. Let the roots of the first equation be p,q,r and the roots of the second equation be p, g, s.
Then pgr = —10 and pgs = =50, so 2 = 5. Alsop+q+r =0and p+q+s = —B, so
r — s = B. Substituting yields r —5r = —4r = B,sor = —2 and s = —%. From the second
given equation, pg + ps + qs = pg+ s(p+q) = 0, so pg — 2E(p+ q) = 0, or pg = 2Z(p + q).
Because p+q+r=0,p+q=—r = %, and so pg = %. Because pgr = —10 and r = —%
conclude that pqg = 4—;. Thus % = 20 50 B® = 128 and B = 4v/2. Then pgq = % implies

B
that pg = 5+v/4 (and r = —\:75)

Alternate Solution: Let the common roots be p and ¢q. Then the following polynomi-
als (linear combinations of the originals) must also have p and ¢ as common zeros:

(2% + B2? +50) — (2® + Az +10) = Ba® — Az +40
— (2% + Ba? 4+ 50) + 5(2* + Ax +10) = 42 — Bx® +5Ax.

Because pq # 0, neither p nor ¢ is zero, so the second polynomial has zeros p,q, and 0.
Therefore p and ¢ are zeros of 42 — Bz + 5A. [This result can also be obtained by using the
Euclidean Algorithm on the original polynomials.]

Because the two quadratic equations have the same zeros, their coefficients are proportional:

%:%éAB:?)Qand%:%@élA:B? Hence%s:B2andB3:128,soB:4\3/§.

Rewriting the first quadratic as B (3(:2 — %:c + %0) shows that the product pg = 4—13 = 5v/4.
Alternate Solution: Using the sum of roots formulas, notice that pg+ps+qs = p+q+r = 0.

Therefore 0 = pq + ps+qs — (p+q+1)s = pg—rs, and pg = rs. Hence (pq)® = (pgr)(pgs) =
(—10)(=50) = 500, so pg = 5+v/4.

T-10. Notice that OK L KL, and let r be the radius of w.
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Then consider right triangle OK L. Because ML = 2, OK = r, and OL = r + 2, it follows

that 7% + 32 = (r + 2)?, from which r = 2.

Because m/Y KL = %mY/R?( andm/YMK = %mﬁ(, it follows that m/Y K L+m/Y MK =
180°. By the given condition, mZY KL — mZY MK = 90°. It follows that mZY MK = 45°
and m/ZY KL = 135°. hence mY K = 90°. Thus,

YO LOK and YO | KL ()

From here there are several solutions:

First Solution: Compute [AKM] as 1base - height, using base AM.

Because of (x), AAYO ~ AAKL. To compute AM, notice that in AAY O, AO = AM —r,
while in AAK L, the corresponding side AL = AM + ML = AM + 2. Therefore:

AO YO
AL~ KL
AM -2 5/4
AM+2 ~— 3

from which AM = 2—75 Draw the altitude of AAK M from vertex K, and let h be its length.
In right triangle OK L, h is the altitude to the hypotenuse, so & = sin(ZKLO) = . Hence

3
h = 12. Therefore [AKM] =3 -% .3 =315
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Second Solution: By the Power of the Point Theorem, LK? = LM - LR, so

9
LR=">
R=.
RM:LR—LM:;
13
OL=r+ML==. (1)
From (%), we know that AAYO ~ AAK L. Hence by (),
AL AL KL 3 12 12 12 13 39
— — — _ — h AL:—. L:—._:_‘
A0 T AL—OL YO 54 5 7 Ol=7"7=73

Hence AM = AL — 2 = 22, The ratio between the areas of triangles AKM and RKM is

7
equal to
[AKM]  AM  25/7 10

[RKM]  RM  5/2 7'

Thus [AKM] = 9. [RK M].

Because /K RL and ZM K L both subtend KM, AKRL ~ AMKL. Therefore K2 — LE _
%. Thus let KR = 3x and MK = 2z for some positive real number . Because RM is a
diameter of w (see left diagram below), mZRKM = 90°. Thus triangle RKM is a right
triangle with hypotenuse RM. In particular, 1322 = KR? + MK? = RM? = 2 so 2> = 2

and [RK M| = BEEM — 3,2 Therefore

10 10 . 25 375
[AKM] = = [REM] = — 3. = = 7.

7 ° 52 182

Third Solution: Let U and V be the respective feet of the perpendiculars dropped from A
and M to H From (%), AAKL can be dissected into two infinite progressions of triangles:
one progression of triangles similar to AOK L and the other similar to AYOK, as shown in
the right diagram above. In both progressions, the corresponding sides of the triangles have
common ratio equal to

YO 5/4 5

KL 3 12°
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Thus )
5 5 /5 5 12 15

Ay =2 (1402 (2. )22 2

v 4<+12+<12)+ ) 1777

Because ALMV ~ ALOK, and because LO = 22 by (1),

OK-LM $-2 10
Lo B o

MV LM
O_K = ﬁ, thus MV =
Finally, note that [AK M| = [AK L] — [KLM]. Because AAKL and AK LM share base KL,

1 15 10 375
s =53 (F - 55) = gz
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Compute the number of positive integers less than 25 that cannot be written as the difference
of two squares of integers.

For digits A, B, and C, (AB)? + (AC)? = 1313. Compute A+ B+ C.

Points P, @, R, and S lie in the interior of square ABCD such that triangles ABP, BCQ),
CDR, and DAS are equilateral. If AB = 1, compute the area of quadrilateral PQRS.

For real numbers a, B, and C, the zeros of T'(z) = 2® + 2? + Bx + C are sin® a, cos? o, and
—csc?a. Compute T'(5).

Let R denote the circular region bounded by x? + y?> = 36. The lines z = 4 and y = 3

partition R into four regions R, Rq, R3, and Ry4. [R;] denotes the area of region R;. If
[Ri1] > [R2] > [Rs] > [R4], compute [R1] — [Ra] — [Rs] + [Ra4)-

Let = be a real number in the interval [0,360] such that the four expressions sinz°, cosz®,
tanx°, cotz® take on exactly three distinct (finite) real values. Compute the sum of all
possible values of .

Let ay,as,as, ... be an arithmetic sequence, and let by, bs, b3, . .. be a geometric sequence. The
sequence ¢y, C9, C3, ... has ¢, = a, + b, for each positive integer n. If ¢y = 1,5 = 4, ¢35 = 15,
and ¢4 = 2, compute cs.

In square ABC'D with diagonal 1, E is on AB and F is on BC with m/BCE = m/BAF =
30°. If CE and AF intersect at GG, compute the distance between the incenters of triangles
AGE and CGF.

Let a, b, m,n be positive integers with am = bn = 120 and a # b. In the coordinate plane, let
A = (a,m), B = (b,n), and O = (0,0). If X is a point in the plane such that AOBX is a
parallelogram, compute the minimum area of AOBX.

Let S be the set of integers from 0 to 9999 inclusive whose base-2 and base-5 representations
end in the same four digits. (Leading zeros are allowed, so 1 = 00015, = 00015 is one such
number.) Compute the remainder when the sum of the elements of S is divided by 10,000.

23
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I-1. 6
[-2. 13

3. 2—+/3

567 3
[-4. T or equivalent (141.75 or 1411>

[-5. 48

[-6. 990
8. 4—23

[-9. 44

[-10. 6248
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Suppose n = a? —b? = (a+b)(a—b), where a and b are integers. Because a+ b and a — b differ
by an even number, they have the same parity. Thus n must be expressible as the product of
two even integers or two odd integers. This condition is sufficient for n to be a difference of
squares, because if n is odd, then n = (k + 1)? — k* = (2k + 1) - 1 for some integer k, and if
n is a multiple of 4, then n = (k + 1) — (k — 1)*> = 2k - 2 for some integer k. Therefore any
integer of the form 4k + 2 for integral k£ cannot be expressed as the difference of two squares
of integers, hence the desired integers in the given range are 2,6, 10, 14, 18, and 22, for a total
of 6 values.

Alternate Solution: Suppose that an integer n can be expressed as the difference of
squares of two integers, and let the squares be a* and (a + b)?, with a,b > 0. Then

n=(a+b)?—a®> =2ab+ b

=2 +1 (b=1)
=4da+4 (b=2)
—6a+9 (b=3)
—8a+16 (b=4)
= 10a+25 (b=5).

Setting b = 1 generates all odd integers. If b = 3 or b = 5, then the values of n are still
odd, hence are already accounted for. If b = 2, then the values of 4a + 4 = 4(a + 1) yield all
multiples of 4; b = 8 yields multiples of 8 (hence are already accounted for). The remaining
integers are even numbers that are not multiples of 4: 2, 6, 10, 14, 18, 22, for a total of 6 such
numbers.

Because 104 < AB < 10(A + 1), 2004? < (AB)? + (AC)? < 200(A + 1)% So 200A? <
1313 < 200(A + 1)?, and A = 2. Note that B and C must have opposite parity, so without
loss of generality, assume that B is even. Consider the numbers modulo 10: for any integer
n,n?=0,1,4,5,6, or 9mod 10. The only combination whose sum is congruent to 3 mod 10
is4+9. So B=2or 8 and C = 3 or 7. Checking cases shows that 282 + 232 = 1313, so
B=8,C=3 and A+ B+ (C =13.

Alternate Solution: Rewrite 1313 = 13- 101 = (3% + 22)(10® + 1?). The two-square
identity states:
(a®> +0*)(2® +y*) = (az+by)* + (ay — bx)?
= (ay +bx)? + (ax — by)>.
Therefore
1313 = (30 + 2)* + (3 — 20)®> = 322 +17?
(3+20)% + (30 — 2)? = 232 + 282,

95
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Hence A=2,B=3,C=8,and A+ B+ (C =13.

Note: Factoring 1313 into the product of prime Gaussian integers
1313 = (3414)(3 —14)(10 +7)(10 — 4)

helps show that this solution is unique. Because factorization in the Gaussian integers is
unique (up to factors of ), there is only one way to write 1313 in the form (a® + b%)(z* + y?).
Therefore the values a, b, z,y given in the two-square identity above are uniquely determined
(up to permutations).

PQRS is a square with diagonal RP. Extend RP to intersect AB and CD at M and N
respectively, as shown in the diagram below.

D N C
pi
i
1
i
1

0 i S

!
1
!
R

4 Y; B

Then MP is an altitude of AABP and RN is an altitude of ACDR. Adding lengths,
MP+ RN = MR+2RP+ PN =1+ RP, so RP = /3 — 1. Therefore [PQRS] = L(RP)? =

2 — /3.

Use the sum of the roots formula to obtain sin? o + cos? o + —csc?a = —1, so csc?a = 2, and

sin?a = 1. Therefore cos?a = 1. T(x) has leading coefficient 1, so by the factor theorem,

T() = (7 — 2) (2 - 2) (++2). Then T(5) = (5 1) (5— 1) (5+ 2) = 55T

2

Draw the lines x = —4 and y = —3, creating regions Ra1, R22, R11, R12, R13, R14 as shown
below.
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Then [Rgl] = [R4] = [ng], [RQQ] = [RM], and [Rg] = [Ru] + [ng]. Therefore

[Ri] = [Ra] = [Rs] + [R4] ([R1] = [R2]) = ([Rs] — [Ra])
= ([Ri] = [Ruz] = [Rua]) = ([Raa] + [Rus] — [Ra1])
([Ru1] + [Raz2]) — [Raz]

- [RH].

This last region is simply a rectangle of height 6 and width 8, so its area is 48.

[-6. If the four expressions take on three different values, exactly two of the expressions must have
equal values. There are (3) = 6 cases to consider:

Case 1:

Case 2:

Case 3:

Case 4:

Case b:
Case 6:

sinz® = cosx®: Then tanx® = cotx° = 1, violating the condition that there be three
distinct values.

.. o o sinz® | o A .
sinz® = tanx°: Because tanz® = ——, either cosz® = 1 or sinz® = 0. However, in

S
both of these cases, cot z° is undefined, so it does not have a real value.

cos z°

sinz® = cotz®: Then sinz® = ——, and so sin2° = cosz°. Rewrite using the
SN T

R (the other

root is outside the range of cos). Because cosz® > 0, this equation has two solutions
in [0,360]: an angle z{ in the first quadrant and the angle (360 — x()° in the fourth
quadrant. The sum of these two values is 360.

Pythagorean identity to obtain cos? 2° + cosx® — 1 = 0, so cos x2° =

cos z° = tan z°: Use similar logic as in the previous case to obtain the equation sin® z° +

145

solutions, one an angle z{ in the first quadrant, and the other its supplement (180 — x)°
in the second quadrant. The sum of these two values is 180.

sinz® — 1 = 0, so now sinz® = Because sinz° > 0, this equation has two

cos z° = cot x°: In this case, tan x° is undefined for reasons analogous to those in Case 2.

tan 2° = cot 2°: Thus tan? 2° = 1, hence tanz° = £1. If tan2° = 1, then sin 2° = cos z°,
which yields only two distinct values. So tanz° = —1, which occurs at x = 135 and
x = 315. The sum of these values is 450.

The answer is 360 + 180 + 450 = 990.

Alternate Solution: Consider the graphs of all four functions; notice first that 0,90, 180, 270
are not solutions because either tan z° or cot x° is undefined at each value.
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cotx tan x

CoS X sin x

A
»
o
© |
S

A

Start in the first quadrant. Let z; and x5 be the values of x such that cosz® = tanz° and
sinz® = cot®, respectively, labeled A and B in the diagram. Because cosz® = sin(90 — x)°
and cot z° = tan(90 — z)°, x1 + x2 = 90. One can also see that the graphs of y = cot x° and
y = tan x° cross at x = 45, but so do the graphs of y = sinz°® and y = cosz°. So at x = 45,
there are only two distinct values, not three.

sin x

T U
90 135 180

COS x

tan x cot x

In the second quadrant, tan x° = cot x° when x = 135. Also, because tan x° increases from
—oo to 0 while cos 2° decreases from 0 to —1, there exists a number x3 such that tan x5 = cos 25
(marked point C' in the diagram above).
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tan x

cot x

29

v

A

COS X

sin x

In the third quadrant, tan x° and cot z° are positive, while sin x° and cos z° are negative; the
only place where graphs cross is at x = 225, but this value is not a solution because the four
trigonometric functions have only two distinct values.

COS X

\

In the fourth quadrant, tanx° = cot z°

sin x

tan x

cotx

A

= —1 when xz = 315. Because sinx° is increasing

from —1 to 0 while cot x° is decreasing from 0 to —oo, there exists a number z, such that
sinzj = cot 23 (marked D in the diagram above). Because cos 2° = sin(90—x)° = sin(450—z)°
and cotz® = tan(90 — x)° = tan(450 — x)°, the values x3 and x4 are symmetrical around
x = 225, that is, x3 + x4 = 450.

The sum is (21 + 22) + (135 + 315) + (23 + 24) = 90 + 450 4 450 = 990.
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Let a; —a; = d and z—f =r. Using a = a; and b = by, write the system of equations:
a+b =1
(a+d)+br = 4
(a+2d) +b* = 15
(a+3d)+br® = 2.
Subtract the first equation from the second, the second from the third, and the third from
the fourth to obtain three equations:
d+b(r—1) = 3
d+b(r*—r) = 11
d+b(r®—r*) = —13.
Notice that the a terms have canceled. Repeat to find the second differences:
b(r* —2r+1) = 8
b(r* —2r* +r) = —24.
Now divide the second equation by the first to obtain » = —3. Substituting back into either

of these two last equations yields b = % Continuing in the same vein yields d = 5 and a = %
Then a5 = % and by = %, SO ¢5 = 61.

Let M be the midpoint of AG, and I the incenter of AAGE as shown below.

B F C
G
EYy
M
A D
AB . .. EB EB .
Because 20 = Sin 45° and 1B - BC - tan 30°,

AE = AB—-EB = AB(1 —tan30°)
= sin45°(1 — tan 30°)

sin 45° cos 30° — cos 45° sin 30°

cos 30°
_ sin(45° - 30°)
N cos 30°
sin 15°

cos 30°°
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AM . AM .
Note that a5 = cos 30° and a7 = cos 15°. Therefore

Al cos 30°
AFE cos 15°

sin 60°
cos 15°

2 sin 30° cos 30°
cos 15°

2(2sin 15° cos 15°) cos 30°
cos 15°

= 4sin 15° cos 30°.

cos 30° 2
desired distance is 2IG = 2AI = 4 — 2+/3.

Thus Al = (4sin 15° cos 30°) (Sm =l ) — 4sin?15° = 4. <1COS3O) — 2 /3. Finally, the

The area of parallelogram AOBX is given by the absolute value of the cross product

12 12 .
|{a,m) x (b,n)| = |an — mb|. Because m = 120 and n = TO, the desired area of AOBX
a
b . 1. . .
equals 120 % - Note that the function f(z) = = — s monotone increasing for x > 1.

Ir1 — T2

(Proof: if xy > x9 > 0, then f(z1) — f(x2) = (1 — z2) + , where both terms are

positive because z;x9 > 0.) So the minimum value of [AOBX] is attained when 2 is as close

as possible to 1, that is, when a and b are consecutive divisors of 120. By symmetry, consider

12
1287; = g, only values with b < 1/120 need be considered.

These observations can be used to generate the table below:

only a < b; notice too that because

a,m | 1,120 2,60 3,40 [ 4,30 [ 5,24 6,20 | 8,15 | 10, 12
b,n 2,60 | 3,40 | 4,30 [ 5,24 | 6,20 | 8,15 | 10,12 | 12,10
[AOBX]| 180 | 100 | 70 | 54 | 44 | 70 | 54 44

The smallest value is 44, achieved using (5,24) and (6, 20), or using (10, 12) and (12, 10).

Note: The fact that a and b must be consecutive divisors of 120 can also be established by
the following geometric argument. Notice that [AOBX]| = 2[AOB]. Suppose C' is a point on
the hyperbola y = 120/ between A and B, as shown in the diagram below.
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40
A
30+
20
C
10+
B
O 10 20 30 40

Because the hyperbola is concave up, [OAC| + [OCB] < [OAB], so in particular, [OAC] <
[OAB|. Thus, if [OAB] is minimal, there can be no point C' with integer coordinates between
A and B on the hyperbola.

The remainders of an integer N modulo 2* = 16 and 5! = 625 uniquely determine its remainder
modulo 10000. There are only 16 strings of four 0’s and 1’s. In addition, because 16 and 625
are relatively prime, it will be shown below that for each such string s, there exists exactly
one integer xs in the range 0 < z, < 10000 such that the base-2 and base-5 representations
of x5 end in the digits of s (e.g., 21001 is the unique positive integer less than 10000 such that
x’s base-b representation and base-2 representation both end in 1001).

Here is a proof of the preceding claim: Let p(s) be the number whose digits in base 5 are the
string s, and b(s) be the number whose digits in base 2 are the string s. Then the system = =
p(s) mod 625 and x = b(s) mod 16 can be rewritten as x = p(s)+625m and x = b(s)+ 16n for
integers m and n. These reduce to the Diophantine equation 16n — 625m = p(s) — b(s), which
has solutions m,n in Z, with at least one of m,n > 0. Assuming without loss of generality
that m > 0 yields z = p(s) + 625m > 0. To show that there exists an x; < 10000 and that it
is unique, observe that the general form of the solution is m’ = m — 16t,n’ = n+625¢. Thus if
p(s)+625m > 10000, an appropriate ¢ can be found by writing 0 < p(s)+625(m—16t) < 10000,
which yields p(s) + 625m — 10000 < 10000t < p(s) + 625m. Because there are exactly 10000
integers in that interval, exactly one of them is divisible by 10000, so there is exactly one
value of ¢ satisfying 0 < p(s) + 625(m — 16t) < 10000, and set x5 = 625(m — 16t).

Therefore there will be 16 integers whose base-2 and base-5 representations end in the same
four digits, possibly with leading 0’s as in the example. Let X = xggog + - -+ + x1111. Then
X is congruent modulo 16 to 00009 + - - - + 1111, = 8 - (11115) = 8 - 15 = 8. Similarly, X is
congruent modulo 625 to 00005 + - -+ + 11115 = 8 - 11115 = 244445 =2 - (—1) = —2.

So X must be 8 (mod 16) and —2 (mod 625). Noticing that 625 = 1 (mod 16), conclude
that the answer is —2 + 10 - 625 = 6248.



Power Question 2010: Power of Circular Subdivisions

A king strapped for cash is forced to sell off his kingdom U = {(z,y) : 2* + y* < 1}. He sells the
two circular plots C' and C’ centered at (j:%, O) with radius % The retained parts of the kingdom
form two regions, each bordered by three arcs of circles; in what follows, we will call such regions
curvilinear triangles, or c-triangles (c/\) for short.

This sad day marks day 0 of a new fiscal era. Unfortunately, these drastic measures are not enough,
and so each day thereafter, court geometers mark off the largest possible circle contained in each
c-triangle in the remaining property. This circle is tangent to all three arcs of the c-triangle, and
will be referred to as the incircle of the c-triangle. At the end of the day, all incircles demarcated
that day are sold off, and the following day, the remaining c-triangles are partitioned in the same
manner.

1. Without using Descartes’ Circle Formula (see below):

a. Show that the circles marked off and sold on day 1 are centered at (0,:&%) with
radius 3. 2]

b. Find the combined area of the six remaining curvilinear territories. 2]

On day 2, the plots bounded by the incircles of the six remaining curvilinear territories are sold.

2a. Determine the number of curvilinear territories remaining at the end of day 3. 2]
2b. Let X,, be the number of plots sold on day n. Find a formula for X,, in terms of n. 2]
2c. Determine the total number of plots sold up to and including day n. 2]

Some notation: when discussing mutually tangent circles (or arcs), it is convenient to refer to the
curvature of a circle rather than its radius. We define curvature as follows. Suppose that circle A
of radius r, is externally tangent to circle B of radius r,. Then the curvatures of the circles are
simply the reciprocals of their radii, % and % If circle A is internally tangent to circle B, however,

as in the right diagram below, the curvature of circle A is still Ti, while the curvature of circle B is
—%, the opposite of the reciprocal of its radius.

112 1

Circle A has curvature 2; circle B has curvature 1. Circle A has curvature 2; circle B has curvature —1.

Using these conventions allows us to express a beautiful theorem of Descartes: when four circles
A, B,C, D are pairwise tangent, with respective curvatures a, b, ¢, d, then

(@+bt+ectd?=2(a>+0++d),

63
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where (as before) a is taken to be negative if B, C, D are internally tangent to A, and correspondingly
for b, ¢, or d. This Power Question does not involve the proof of Descartes’ Circle Formula, but the
formula may be used for all problems below.

3a. Two unit circles and a circle of radius % are mutually externally tangent. Compute all possible
values of r such that a circle of radius r is tangent to all three circles. 2]

3b. Given three mutually tangent circles with curvatures a,b,c > 0, suppose that (a,b,c,0) does
not satisfy Descartes’ Circle Formula. Show that there are two distinct values of r such that
there is a circle of radius r tangent to the given circles. 3]

3c. Algebraically, it is possible for a quadruple (a, b, ¢, 0) to satisfy Descartes’ Circle Formula, as

occurs when a = b =1 and ¢ = 4. Find a geometric interpretation for this situation. 2]
A Let ¢ = LT V5 H*[ Cand let p = ¢+ /3.
a. Prove that p* = 2p3 + 2p% +2p — 1. 2]

b. Show that four pairwise externally tangent circles with nonequal radii in geometric
progression must have common ratio p. 2]

As shown in problem 3, given A, B, C, D as above with s = a + b+ ¢+ d, there is a second circle A’
with curvature a’ also tangent to B, C, and D. We can describe A and A’ as conjugate circles.

5. Use Descartes’ Circle Formula to show that @’ = 2s — 3a and therefore s’ =a' +b+c+d =
3s — 4a. [4]

In the context of this problem, a circle configuration is a quadruple of real numbers (a,b,c,d)
representing curvatures of mutually tangent circles A, B, C, D. In other words, a circle configuration
is a quadruple (a, b, ¢, d) of real numbers satisfying Descartes’ Circle Formula.

The result in problem 5 allows us to compute the curvatures of the six plots removed on day 2. In
this case, (a,b,¢,d) = (—1,2,2,3), and s = 6. For example, one such plot is tangent to both of the
circles C and C’ centered at (j:%, O), and to one of the circles of radius % removed on day 1; it is
conjugate to the unit circle (the boundary of the original kingdom U). If this new plot’s curvature
is a, we can write (—1,2,2,3) F (a,2,2,3), and we say that the first circle configuration yields the
second.

6a. Use the result of problem 5 to compute the curvatures of all circles removed on day 2, and

the corresponding values of s'. 2]
6b. Show that by area, 12% of the kingdom is sold on day 2. 1]
6¢c. Find the areas of the circles removed on day 3. 2]
6d. Show that the plots sold on day 3 have mean curvature of 23. 1]

7. Prove that the curvature of each circular plot is an integer. 3]
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Descartes’ Circle Formula can be extended by interpreting the coordinates of points on the plane as
complex numbers in the usual way: the point (x,y) represents the complex number z + yi. On the
complex plane, let z4, 25, 2¢, zp be the centers of circles A, B, C, D respectively; as before, a, b, ¢, d
are the curvatures of their respective circles. Then Descartes’ Extended Circle Formula states

(a-zA+b-zB+c-zc—|—d-zD)2:2(a2zi+62zé+022é+d2z%).

8a. Suppose that A’ is a circle conjugate to A with center z4 and curvature a’, and S =a-z4+0b-
zp+c-zo+d-zp. Use Descartes’ Extended Circle Formula to show that a’ - 24 =25 —3a- 24
and therefore @’ - zp +b-zp+c-zo+d-zp =35 —4a- z4. 2]

8b. Prove that the center of each circular plot has coordinates (%, %) where u and v are integers,
and c is the curvature of the plot. 2]

Given a c-triangle 7', let a, b, and ¢ be the curvatures of the three arcs bounding 7', with a < b < ¢,
and let d be the curvature of the incircle of T'. Define the circle configuration associated with T to be
C(T) = (a,b,c,d). Define the c-triangle T to be proper if ¢ < d. For example, circles of curvatures
—1, 2, and 3 determine two c-triangles. The incircle of one has curvature 6, so it is proper; the
incircle of the other has curvature 2, so it is not proper.

Let P and @ be two c-triangles, with associated configurations C(P) = (a,b,c,d) and C(Q) =
(w,x,y, z). We say that P dominates Q if a <w, b <z, ¢ <y, and d < z. (The term “dominates”
refers to the fact that the radii of the arcs defining ) cannot be larger than the radii of the arcs
defining P.)

Removing the incircle from 7" gives three c-triangles, T, T3 T®) each bounded by the incircle
of T and two of the arcs that bound 7. These triangles have associated configurations

c(rWy = (bed,d),
C(T®)y = (a,cdb),
C(T®) = (a,b,d.c),

where @, V', and ¢’ are determined by the formula in problem 5.

9. Let P and @ be two proper c-triangles such that P dominates Q. Let C(P) = (a, b, ¢,d) and
C(Q) = (w,z,y, 2).

a. Show that P® dominates P® and that P® dominates P). 2]
b. Prove that P dominates Q. 2]
c. Prove that P® dominates Q). 2]
10a. Prove that the largest plot sold by the king on day n has curvature n? + 2. 3]

10b. If p = ¢ + /¢, as in problem 4, prove that the curvature of the smallest plot sold by the king
on day n does not exceed 2p". 3]
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la. By symmetry, P, P,, the two plots sold on day 1, are centered on the y-axis, say at (0, +y)
with y > 0. Let these plots have radius r. Because P, is tangent to U, y +r = 1. Because P,

is tangent to C, the distance from (0,1 —r) to (3,0) is 7 + . Therefore

1\’ 1\’
(5) +(1_T)2 = <T+§)
1—-2r = r

1

r = =

3

1 2

= — 7T = —.
4 3

Thus the plots are centered at (O, :t%) and have radius %

1b. The four “removed” circles have radii %, %, %,% so the combined area of the six remaining
curvilinear territories is:

2 2 2 2
alzo (2 (2 (L) (L)) =2
2 2 3 3 18
2a. At the beginning of day 2, there are six c-triangles, so six incircles are sold, dividing each of
the six territories into three smaller curvilinear triangles. So a total of 18 curvilinear triangles
exist at the start of day 3, each of which is itself divided into three pieces that day (by the sale

of a total of 18 regions bounded by the territories’ incircles). Therefore there are 54 regions
at the end of day 3.

2b. Each day, every curvilinear territory is divided into three smaller curvilinear territories. Let
R, be the number of regions at the end of day n. Then Ry = 2, and R,;1 =3+ R,. Thus R,
is a geometric sequence, so R, = 2-3". For n > 0, the number of plots sold on day n equals
the number of territories existing at the end of day n — 1, i.e., X,, = R,_1, so Xo = X1 = 2,
and forn > 1,X,, =231,

2c¢. The total number of plots sold up to and including day n is

2+Zn:Xk = 2+22n:3’“—1
k=1 k=1

= 2+42- (14343 +...+3")
3"+ 1.
Alternatively, proceed by induction: on day 0, there are 2 = 3° + 1 plots sold, and for n > 0,
B+ +Xpn = 3"+1)+2-3"
= 3-3"+1
341,
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3a. Use Descartes’ Circle Formula with a =b=1 and ¢ = % to solve for d:

3b.

2 2
2-(12+12+(g) +d2> = (1+1+g+d>

17 49
—+2* = —+Td+d
>+ L HTd
15
& —T7d—— =0
4 7
from which d = % or d = —%. These values correspond to radii of 12—5, a small circle nestled

between the other three, or 2, a large circle enclosing the other three.

Alternatively, start by scaling the kingdom with the first four circles removed to match the
situation given. Thus the three given circles are internally tangent to a circle of radius r» = 2

and curvature d = —%. Descartes’ Circle Formula gives a quadratic equation for d, and the

sum of the roots is 2 - (1 + 1 4 %) = 7, so the second root is 7 + % = %, corresponding to a
circle of radius r = 135

Apply Descartes’ Circle Formula to yield
(a+b+c+x)>=2-(a® +0* + &+ 2?),
a quadratic equation in z. Expanding and rewriting in standard form yields the equation
2 —pr+q=0
where p = 2(a + b+ ¢) and ¢ = 2(a® + b* + %) — (a + b + ¢)%.
The discriminant of this quadratic is

p’—4q = 8(a+b+c)* —8(a® +b*+?)
= 16(ab+ ac + bc).

This last expression is positive because it is given that a,b,c > 0. Therefore the quadratic
has two distinct real roots, say d; and d,. These usually correspond to two distinct radii,

1 1
lemandm:@.
There are two possible exceptions. If (a, b, ¢, 0) satisfies Descartes’ Circle Formula, then one of
the radii is undefined. The other case to consider is if r9 = r1, which would occur if dy = —d;.

This case can be ruled out because d; + dy = p = 2(a + b + ¢), which must be positive if
a,b,c > 0. (Notice too that this inequality rules out the possibility that both circles have
negative curvature, so that there cannot be two distinct circles to which the given circles are
internally tangent.)

When both roots d; and ds are positive, the three given circles are externally tangent to both
fourth circles. When one is positive and one is negative, the three given circles are internally
tangent to one circle and externally tangent to the other.
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On the other hand, if the shrink-wrap touches all three circles, then it
make a circle tangent to and containing A, B, and C', as shown below.

Solutions to 2010 Power Question

While the foregoing answers the question posed, it is interesting to examine the result from a
geometric perspective: why are there normally two possible fourth circles? Consider the case
when one of a,b, and ¢ is negative (i.e., two circles are internally tangent to a third). Let A
and B be circles internally tangent to C'. Then A and B partition the remaining area of C
into two c-triangles, each of which has an incircle, providing the two solutions.

If, as in the given problem, a,b,c > 0, then all three circles A, B, and C, are mutually
externally tangent. In this case, the given circles bound a c-triangle, which has an incircle,
corresponding to one of the two roots. The complementary arcs of the given circles bound an
infinite region, and this region normally contains a second circle tangent to the given circles.
To demonstrate this fact geometrically, consider shrink-wrapping the circles: the shrink-wrap
is the border of the smallest convex region containing all three circles. (This region is called
the convex hull of the circles). There are two cases to address. If only two circles are touched
by the shrink-wrap, then one circle is wedged between two larger ones and completely enclosed
by their common tangents. In such a case, a circle can be drawn so that it is tangent to all

three circles as shown in the diagram below (shrink-wrap in bold; locations of fourth circle
marked at D; and D).

-

Dl.

-
-

~ -

‘‘‘‘‘‘‘

can be expanded to
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\
1
\
\
[}
1
|
|

The degenerate case where (a, b, ¢, 0) satisfies Descartes’ Circle Formula is treated in 3¢ below.

One final question is left for the reader to investigate. Algebraically, it is possible that there

is a double root if p? — 4¢ = 0. To what geometric situation does this correspond, and under
what (geometric) conditions can it arise?

3c. In this case, the fourth “circle” is actually a line tangent to all three circles, as shown in the
diagram below.

Il//l

4a. Note that

|
<
+
S
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4b.

Solutions to 2010 Power Question

Therefore

<p—1)2 = (2v3) =40

C o)

Multiplying both sides of the equation by p? gives (p* — 1)° = 2 (p® + p). Expand and isolate
p* to obtain p* = 2p3 4+ 2p? +2p — 1.

Alternate Proof: Because ¢? = ¢ + 1, any power of p can be expressed as an integer plus
integer multiples of \/¢, ¢, and ¢+/¢. In particular,

P= 0200+ ¢

= 20/ +20+1,
P> = 4p\/d+5¢ +3v/d+4, and
Pt = 1203/ + 166+ 8y/d + 9.

Therefore
2% + 202 +2p—1 = 2<4¢\/$+5¢+3\/5+4)+2<2¢\/$+2¢+1)+2p—1
— 120\/0 + 160 + 8/ + 9
4

If the radii are in geometric progression, then so are their reciprocals (i.e., curvatures). With-

out loss of generality, let (a,b, c,d) = (a,ar,ar? ar®) for r > 1. By Descartes’ Circle Formula,

(a + ar + ar* + ar3)2 =2 (a2 + a*r* + a*r* + a? 6).
Cancel a? from both sides of the equation to obtain
(1+7’+7“2+7“3)2 :2(1+r2+r4+r6).

Because 14+7r+72+73 = (14+7r)(1+7?) and 1 + 72 +7* + 75 = (14 1r%)(1 + r*), the equation
can be rewritten as follows:

(1+7)*(1 +7°2)2 = 2(1+7%) (140

(T+r)° (1477 = 2(1+17)

rt =23 —2rt —2r 41 =

Using the identity from 4a, » = p is one solution; because the polynomial is palindromic,
another real solution is 7 = p~! = ¢ — /¢, but this value is less than 1. The product of the

corresponding linear factors is 2 — 2¢r 4+ ¢*> — ¢ = r?> — 2¢r + 1. Division verifies that the
other quadratic factor of the polynomial is 72 + (2¢ — 2)r + 1, which has no real roots because

(V5 —1)? < 1.
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5. The equation (v + b+ c+d)* = 2(2? +b* + 2 + d?) is quadratic with two solutions. Call
them a and a’. These are the curvatures of the two circles which are tangent to circles with
curvatures b, ¢, and d. Rewrite the equation in standard form to obtain 2% —2 (b+c +d) z +
... = 0. Using the sum of the roots formula, a +a’ = 2(b+c+d) = 2(s —a). So a’ = 2s — 3a,
and therefore

s = ad+b+c+d
= 2s—3a+s—a
3s — 4a.

6. Day 1 starts with circles of curvature —1,2,2 bounding C' and C’. The geometers mark off
P, P" with curvature 3 yielding configurations (—1,2,2,3), s = 6. Then the king sells two
plots of curvature 3.

a. To find plots sold on day 2 start with the configuration (—1,2,2,3) and compute the
three distinct curvatures of circles conjugate to one of the circles in this configuration.
Because s = 6, the curvatures are 2-6 —3(—1) =15,2-6—-3-2=6,and 2-6 —3-3 = 3.
However, if P is the circle of curvature 3 included in the orientation, then P’ is the
new conjugate circle of curvature 3, which was also marked off on day 2. Thus the only
options are 15 and 6. In the first case, s’ = 3s —4a = 3-6 — 4(—1) = 22; in the second,
§=3s—4a=3-6—4-2=10.

b. On day 2, six plots are sold: two with curvature 15 from the configuration (2,2, 3, 15),
and four with curvature 6 from the configuration (—1,2,3,6). The total area sold on

day 2 is therefore

T o T 3
- —_— — = —T
152 62 25

which is exactly 12% of the unit circle.

2

c. Day 3 begins with two circles of curvature 15 from the configuration (2,2,3,15), and
four circles of curvature 6 from the configuration (—1,2,3,6). Consider the following two
cases:

Case 1: (a,b,c,d) = (2,2,3,15), s =22

ea=2:d =2s—3a=238

e hb=2:0 =25s—3b= 38

e c=3:¢=25s—3c=35

e d=15:d = 2s— 3d = —1, which is the configuration from day 1.
Case 2: (a,b,c,d) = (—1,2,3,6), s =10

ea=—-1:d=2s—3a=23

e b=2 )V =2s—3b=14

ec=3 :=2s—3c=11

e d=06 :d =2s—3d=2, which is the configuration from day 1.
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8a.

8b.

9a.

Solutions to 2010 Power Question

So the areas of the plots removed on day 3 are:
T T T 7
There are two circles with area %, and four circles with each of the other areas, for a
total of 18 plots.
d. Because 18 plots were sold on day 3, the mean curvature is

2(38 + 38 + 35) + 4(23 + 14 + 11)
18

= 23.

Proceed by induction. The base case, that all curvatures prior to day 2 are integers, was
shown in problem la. Using the formula '’ = 2s — 3a, if a,b, ¢,d, and s are integers on day
n, then o/, b, ¢, and d’ are integer curvatures on day n + 1, proving inductively that all
curvatures are integers.

Notice that substituting aza, bzp, czc,dzp for a,b, c,d respectively in the derivation of the
formula in problem 4 leaves the algebra unchanged, so in general, a’z4 = 2§ — 3az,, and
similarly for b'zp:, zor, d zpr.

It suffices to show that for each circle C' with curvature ¢ and center z¢ (in the complex plane),
czc is of the form u 4 7v where v and v are integers. If this is the case, then each center is of
the form (%, %})

Proceed by induction. To check the base case, check the original kingdom and the first four
plots: U,C,C", P;, and P,. Circle U is centered at (0,0), yielding —1 - zy = 0 + 0i. Circles
C and C’ are symmetric about the y-axis, so it suffices to check just one of them. Circle C'
has radius % and therefore curvature 2. It is centered at (%, g), yielding 2z¢ = 2(% + 02’) =1
Circles P, and P, are symmetric about the x-axis, so it suffices to check just one of them.

Circle P, has radius % and therefore curvature 3. It is centered at (g, %), yielding 3zp, = 0+ 2.

For the inductive step, suppose that a z4, b 2, ¢ z¢, d zp have integer real and imaginary parts.
Then by closure of addition and multiplication in the integers, @’z = 28 — 3a z4 also has
integer real and imaginary parts, and similarly for b'zp/, ' zcr, d zpr.

So for all plots A sold, a z4 has integer real and imaginary parts, so each is centered at (%, %)
where u and v are integers, and c is the curvature.

Let s =a+ b+ ¢+ d. From problem 5, it follows that

C(P(l)) = (b,c,d,d),
C(P?) = (a,c,db),
C(P®) = (a,b,d,c),

where @' = 2s — 3a, b/ = 2s — 3b, and ¢ = 2s — 3c. Because a < b < ¢, it follows that
¢ <V <d. Therefore P® dominates P and P® dominates PW.
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9b.

9c.

Because C(PWY) = (b,¢,d, ') and C(QW) = (=, y, z,w'), it is enough to show that a’ < w’. As
in the solution to problem 5, a and a’ are the two roots of the quadratic given by Descartes’
Circle Formula:

(X +b+c+d)?*=2(X?+b*+ 2 +d%.

Solve by completing the square:

X2 -2b+c+d)X +20° +Z+d*) = (b+c+d)
(X = (b+c+d)” = 20b+c+d)?—20++d)
= 4(be+ bd + cd).

Thus a, a’ = b+ ¢+ d =+ 2vbc + bd + cd.

Because a < b < ¢ < d, and only a can be less than zero, a must get the minus sign, and

a’ gets the plus sign:
a=b+c+d+2vVbc+bd+ cd.

Similarly,
w=x+y+z+42Vxy +rz+yz.

Because P dominates (), each term in the expression for o' is less than or equal to the
corresponding term in the expression for w’, thus o’ < w'.

Because C(P®)) = (a,b,d,c) and C(Q®) = (w,z,2,7), it suffices to show that ¢ < y/. If
a > 0, then the argument is exactly the same as in problem 9a, but if a < 0, then there is
more to be done.

Arguing as in 9b, ¢, ¢ = a+ b+ d £ 2vVab+ ad + bd. If a < 0, then the other three circles
are internally tangent to the circle of curvature a, so this circle has the largest radius. In
particular, ﬁ > % Thus b > |a| = —a, which shows that a + b > 0. Therefore ¢ must get the
minus sign, and ¢’ gets the plus sign. The same argument applies to y and /.

When a < 0, it is also worth considering whether the square roots are defined (and real). In
fact, they are. Consider the diameters of the circles with curvatures b and d along the line
through the centers of these circles. These two diameters form a single segment inside the
circle with curvature a, so the sum of the diameters is at most the diameter of that circle:
242 < % It follows that —ad — ab = |a|d + |a|b < bd, or ab+ ad + bd > 0. This is the
argument of the square root in the expressions for ¢ and ¢. An analogous argument shows
that the radicands are nonnegative in the expressions for b and b'.

The foregoing shows that

d=a+b+d+2Vab+ ad+ bd

and, by an analogous argument for w < 0,

v =w+z+ 2+ 2wz + wz + xz.

It remains to prove that ¢ < y’. Note that only a and w may be negative; b, ¢, d, x, y, and z
are all positive. There are three cases.
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10a.

10b.
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(i) If 0 < a < w, then ab < wx, ad < wz, and bd < zz,s0 ¢ <.

(ii) If a < 0 < w, then ab+ ad 4 bd < bd, and bd < zz < wx +wz + xz, so ¢ < y'. (As noted
above, both radicands are nonnegative.)

(iii) If @ < w < 0, then it has already been established that a + b is positive. Analogously,
a+d, w+ x, and w + z are positive. Furthermore, a®> > w? Thus (a + b)(a + d) — a® <
(w+ z)(w + z) — w?, which establishes that ab + ad + bd < wz + wz + xz, so d <y

First, show by induction that every c-triangle on every day in the kingdom is proper. For
the base case, both c-triangles at the end of day 0 have configuration (—1,2,2,3), so they are
proper. For the inductive step, let 7" be a proper c-triangle. If C(T) = (a,b, ¢, d), then the
three c-triangles obtained from 7' on the next day have configurations C(T™M) = (b, ¢, d, a’),
C(T?) = (a,c,d, V), and C(T®) = (a,b,d, ). According to problem 5, ¢ = 2a+2b—c+2d =
2(a +b) + (d — ¢) + d. Arguing as in the proof of 9¢, a + b > 0. By the inductive hypothesis,
T is proper, d — ¢ > 0; therefore ¢ > d. Because a’ > b’ > ¢, all three c-triangles are proper.

If n = 0, then both circles sold on day n have curvature 2, and this fits the formula: n? +2 =
02 +2=2.

Let Py be one of the c-triangles left at the end of day 0. For m > 0, let P,, = PTS’ 1- Use
induction to prove the following two claims:

(i) C(Py) = (—1,2,m? + 2, (m + 1) + 2).

(ii) P,, dominates all c-triangles left at the end of day m.

=

For the moment, grant these two claims. Then (ii) implies that the incircle of P,_; is at least
as large as any plot sold on day n, and (i) shows that this incircle has curvature n? + 2.

For the base case, both c-triangles at the end of day 0 have associated circle configuration
C(Py) =(-1,2,2,3) = (—1,2,0* + 2,12 + 2), so0 either dominates the other.

For m > 0, assume inductively that C(P,_1) = (=1,2,(m — 1)> + 2,m? + 2) = (a,b,c,d).
Because P,, = P,S’ll, C(P,) = (a,b,d,d) = (—=1,2,m? +2,¢). Use algebra and the result of
problem 5 to obtain ¢ = 2(a + b+ ¢+ d) — 3¢ = (m + 1)® + 2. This completes the inductive
step for (i).

Now let @ be any c-triangle left at the end of day m — 1, with C(Q) = (z,y, z,w). Any
c-triangle left at the end of day m is of the form QM, Q®, or Q® for some such (). By the
inductive hypothesis, P,,_; dominates (). It has already been established that these c-triangles
are both proper, so the results of problem 9 apply. By 9¢, P,, = Pﬁll dominates Q®, and
by 9a, Q® dominates Q) and Q®. This completes the inductive step for (ii).

Let R, be a c-triangle with configuration
C(Rn) = (20"72,2p" 1, 20", 2p™ ™).

According to problem 4, these four numbers (a geometric progression with common ratio p)
satisfy Descartes’ Circle Formula, so there is such a c-triangle. The following inductive
argument proves that for n > 2, each c-triangular plot remaining in the kingdom at the
end of day n dominates R,,.
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For the base case, problem 6 shows that the following are sufficient: 2 < 2p° 3 < 2p!
1

15 < 2p% and 38 < 2p%. In fact, it is enough to calculate ¢ = %5 > 1.6, Vo > 1.2,

p = ¢+ o > 2.8 to conclude that 2p > 5.6, 2p> > 15.68, and 2p® > 43.9. These same
calculations show that the main result is true for n < 2.

For the inductive step, let T" be a c-triangle in the kingdom remaining at the end of day n.
The inductive hypothesis is that 7" dominates R,,. By problems 9a and 9b, all the c-triangles
obtained from 7" on day n + 1 dominate RY. All that remains is to show that R\’ has the
right configuration, so that R, = RY.

One approach is to use the formulas from problems 4a and 5 to show that 2(2p" 2 4 2p" ! +
2" + 2p" 1) — 32972 = 2p"*+2. A method that avoids calculation is to note that C(RY) =
(2p"71,2p", 2p" T ) for some z. Because Descartes’ Circle Formula is quadratic in z, there
are at most two possibilities. According to 4b, two solutions are given by x = 2p"? and
x = 2p"*2, because both of these give geometric progressions with common ratio p. The first
corresponds to R, so the second must correspond to R,". This completes the induction.

If n < 2, then (as already noted) the solution to problem 6 shows that the curvature of the
smallest plot sold on day n does not exceed 2p™. If n > 2, then this smallest plot is the
incircle of some c-triangle 7" that remains at the end of day n — 1, with n — 1 > 2. Because
T dominates R, 1, the curvature of its incircle does not exceed that of R, 1, which is 2p™.
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If A, R, M, and L are positive integers such that A? + R? = 20 and M? + L? = 10, compute
the product A- R- M - L.

Let T = TNYWR. A regular n-gon is inscribed in a A
circle; P and () are consecutive vertices of the polygon,
and A is another vertex of the polygon as shown. If
mZAPQ = mZAQP =T - mZQAP, compute the value

of n.

Let T=TNYW R. Compute the last digit, in base 10, of the sum

T? 4 (2T)? + (3T)* + ... + (T?).

A fair coin is flipped n times. Compute the smallest positive integer n for which the probability
that the coin has the same result every time is less than 10%.

Let T = TNYWR. Compute the smallest positive integer n such that there are at least T’
positive integers in the domain of f(z) = v —22 — 2z + n.

Let T =TNYW R. Compute the smallest positive real number x such that =) =T

x— |z]
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49
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The only positive integers whose squares sum to 20 are 2 and 4. The only positive integers
whose squares sum to 10 are 1 and 3. Thus A- R=8and M -L=3,s0 A-R-M - L = 24.

180°

Let m/ZA = x. Then m/P = mZQ = Tx, and (2T + 1)x = 180°, so x = T Let O be
the center of the circle, as shown below.
A
pP~—0
180° 360° 360°
Then m/ZPOQ =2m/PAQ = 2 T+ 1) =1 Because mZPOQ = — the denom-

inators must be equal: n = 27 + 1. Substitute T' = 24 to find n = 49.

Let S be the required sum. Factoring 72 from the sum yields

S = T*(1+4+9+4...+T7)
T2 <T(T+1)(2T+1))

6
T3(T+1)(2T + 1)
5 :

Further analysis makes the final computation simpler. If "= 0,2, or 3 mod 4, then S is even.
Otherwise, S is odd. And if T'= 0,2, or 4 mod 5, then .S = 0 mod 5; otherwise, S = 1 mod 5.
These observations yield the following table:

T mod4 | Tmodb | Smod 10
0,2,3 0,2,4 0
0,2,3 1,3 6

1 0,2,4 5
1 1,3 1

78

Because T' = 49, the value corresponds to the third case above; the last digit is 5.
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R2-1.

R2-2.

R2-3.

After the first throw, the probability that the succeeding n — 1 throws have the same result

1_1 < 1 = 2""1 > 10=n—12>4,s0on=>5is the smallest possible value.

. 1

2

Completing the square under the radical yields y/n + 1 — (z + 1)2. The larger zero of the
radicand is —1 + v/n + 1, and the smaller zero is negative because —1 — v/n + 1 < 0, so the
T positive integers in the domain of f must be 1,2,3,...,T. Therefore —1 ++vn+1>T.
Hence vVn+1>T+1,andn+1> (T + 1)2. Therefore n > T? + 2T, and substituting 7' = 5
yields n > 35. So n = 35 is the smallest such value.

2]

Ifx_ 7]

=T, the equation can be rewritten as follows:

Now 0 < x < 1 is impossible because it makes the numerator of the original expression 0.

To make x as small as possible, place it in the interval 1 < x < 2, so that || = 1. Then
T+1 36
=7 WhenT—35,x—£.



TB-1.

TB-2.

TB-3.

2010 Tiebreaker Problems

Let set S = {1,2,3,4,5,6}, and let set T be the set of all subsets of S (including the empty
set and S itself). Let 1, to, t3 be elements of T', not necessarily distinct. The ordered triple
(t1,t9,t3) is called satisfactory if either

(a) both t; C t3 and ty C t3, or
(b) t3 Q tl and tg Q t2.

Compute the number of satisfactory ordered triples (¢y, to, t3).

Let ABC'D be a parallelogram with ZABC obtuse. Let B_ibe the altitude to side AD
of NANABD. Let X be the point of intersection of AC and BE, and let F' be the point of

intersection of AB and W If BC =30, CD = 13, and BE = 12, compute the ratio j—i

Compute the sum of all positive two-digit factors of 232 — 1.

30
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TB-1. 31186
B2 ==
13

TB-3. 168
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Let T1 = {(thtg,tg) | tl Q t3 and tg g tg} and let T2 = {(t17t27t3) | t3 g tl and tg Q tg}
Notice that if (tq,ts,t3) € 11, then (S '\ t1,S5 \ t2, S \ t3) € T, so that |T}| = |T3]. To count
T1, note that if ¢t; C t3 and t5 C t3, then t; Uty C t3. Now each set t3 has 2ltsl subsets; ¢,
and t5 could be any of these, for a total of (2|t3|)2 =4I| possibilities given a particular subset
ts. Forn =0,1,...,6, if |[t3] = n, there are (S) choices for the elements of ¢3. So the total
number of elements in 77 is

- S0

k=0
= (4+1)5 = 15625,

by the Binomial Theorem. However, Ty N Ty # (), because if t; = ty = t3, the triple (1, t2, t3)
satisfies both conditions and is in both sets. Therefore there are 64 triples that are counted
in both sets. So |T} UTy| = 215625 — 64 = 31186.

Alternate Solution: Let T} and T, be defined as above. Then count |T}| based on the
number n of elements in ¢t; U ty. There are (2) ways to choose those n elements. For each
element a in t; U ty, there are three possibilities: a € t; but not ¢y, or a € t5 but not ¢, or
a € t; Nty. Then for each element b in S\ (¢; U ty), there are two possibilities: either b € t3,
or b ¢ t3. Combine these observations in the table below:

|ty Uts| | Choices for | Ways of dividing | |S'\ (1 Uty)| | Choices for t3 | Total
t1 Uts between t; and t,

0 1 1 6 20 64
1 6 3 5 2° 576
2 15 32 4 24 2160
3 20 33 3 23 4320
4 15 31 2 22 4860
) 6 3° 1 2! 2916
6 1 36 0 20 729

The total is 15625, so |11 = |T5| = 15625. As noted in the first solution, there are 64 triples
that are counted in both 7} and T3, so |77 UT| = 2 - 15625 — 64 = 31186.

Extend AD to a point M such that CM || BE as shown below.
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TB-3.

Because CD = AB =13 and BE =12 =CM, AE = DM = 5. Then AC = v/35% 4+ 122 =

V1369 = 37. Because EX || CM, XE/CM = AE/AM = %. Thus EX = £ and XB = 2,

from which EX/XB = %. Apply Menelaus’s Theorem to AAEB and Menelaus line FD:

AD EX BF _ |
ED XB FA
30 1 13-FA _ |
25 6 FA
13- FA
A = 5.
13 ) .
Thus FA = 5 The desired ratio is:
37 222
13/6 13~

Alternate Solution: After calculating AC' as above, draw BD, intersecting AC at Y.
Because the diagonals of a parallelogram bisect each other, DY = Y B. Then apply Ceva’s
Theorem to AABD and concurrent cevians AY, BE, DF":

AEDYBF_l
ED YB FA
5113—FA_1
25 FA -

Thus FFA = 1—63, and the desired ratio is %

Using the difference of squares, 232 — 1 = (2'6 — 1) (2!6 4 1). The second factor, 2'¢ +1, is the
Fermat prime 65537, so continue with the first factor:

20 -1 = (2841)(2°-1)
-1 = (2'+1)(2*-1)
2'—1 = 15=3-5.

Because the problem does not specify that the two-digit factors must be prime, the possible
two-digit factors are 17, 3-17 = 51, 5-17 = 85 and 3-5 = 15, for a sum of 174+51+85+15 = 168.



2010 Super Relay Problems

Let N be a perfect square between 100 and 400, inclusive. What is the only digit that cannot
appear in N7

Let T =TNYWR. Let A and B be distinct digits in base T, and let N be the largest number
of the form A B Ar. Compute the value of NV in base 10.

Let T'=TNYWR. Given a nonzero integer n, let f(n) denote the sum of all numbers of the
form ¢, where i = /=1, and d is a divisor (positive or negative) of n. Compute f(27 + 1).

Let T"= TNYWR. Compute the real value of x for which there exists a solution to the
system of equations

r+y = 0
w3 —y = 544T.

Let T =TNYWR. In AABC, AC = T? m/ABC = 45°, and sin ZACB = g. Compute AB.

Let T'= TNYWR. In the diagram at right, the smaller circle is in-
ternally tangent to the larger circle at point O, and OP is a diameter
of the larger circle. Point @) lies on OP such that PQ) = T, and PQ

does not intersect the smaller circle. If the larger circle’s radius is three o ?

times the smaller circle’s radius, find the least possible integral radius

of the larger circle.

Let T =TNYW R. The sequence ay, as, as, ... is an arithmetic progression, d is the common

difference, ar = 10, and ax = 2010, where K > T'. If d is an integer, compute the value of K
such that |K — d| is minimal.

Let A be the number you will receive from position 7, and let B be the number you will
receive from position 9. There are exactly two ordered pairs of real numbers (z1,y1), (72, y2)
that satisfy both |z +y| = 6(v/A —5) and 2% + 3> = B2 Compute |z|+ |y1| + |22| + |12].
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10.

11.

12.

13.

14.

15.

Let 7= TNYWR. In triangle ABC, the altitude from A to BC has length /T, AB = AC,
and BC =T — K, where K is the real root of the equation 2% — 82% — 82 — 9 = 0. Compute
the length AB.

Let T=TNYWR. A cube has volume T"— 2. The cube’s surface area equals one-eighth the
surface area of a 2 X 2 x n rectangular prism. Compute n.

Let T =TNYWR, and let K be the sum of the digits of T'. Let A,, be the number of ways
to tile a 1 x n rectangle using 1 x 3 and 1 x 1 tiles that do not overlap. Tiles of both types
need not be used; for example, A3 = 2 because a 1 x 3 rectangle can be tiled with three 1 x 1
tiles or one 1 x 3 tile. Compute the smallest value of n such that A, > K.

Let " = TNYWR, and let K = T 4+ 2. Compute the largest K-digit number which has
distinct digits and is a multiple of 63.

Let T'=TNYW R. Suppose that a,b, c, and d are real numbers so that log, c = log,d =T
Compute

log./z;(cd)?
log, ¢+ log, d

T = TNYWR + 2000. Given that A,D,E,H,S, and W are distinct digits, and that
D ASH =T, what is the largest possible value of D 4+ E?

Let f(x) = 2% + z°. Compute the smallest integer n > 10 such that f(n) and f(10) have the
same units digit.
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339

23

10

98721

30
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When the perfect squares between 100 and 400 inclusive are listed out, every digit except 7
is used. Note that the perfect squares 100, 256, 289, 324 use each of the other digits.

To maximize ABAr with A # B, let A =T —1and B =T —2. Then ABAr =
(T—-1)-T*+(T—-2)-T"+(T—1)-T°=T%—T — 1. With T = 7, the answer is 335.

Let n = 2™r, where r is odd. If m = 0, then n is odd, and for each d that divides n,

d
R e (;W =0, hence f(n) =0 when n is odd. If m = 1, then for each d that divides
n, i% 4+ i~ equals 0 if d is odd, and —2 if d is even. Thus when n is a multiple of 2 but not 4,
f(n) = —2P, where P is the number of positive odd divisors of n. Similarly, if m = 2, then
f(n) =0, and in general, f(n) = 2(m — 2)P for m > 1. Because T is an integer, 27 + 1 is
odd, hence the answer is 0. [Note: If r = p{'p5?-...-p*, where the p; are distinct odd primes,
it is well known that P = (a; +1)(az + 1) ... (ax + 1)

L [54+T

Plug y = —x into the second equation to obtain z = . With T'= 0,2 = v/27 = 3.

AB AC
sin/ACB  sin/ABC’

2
T 8V2 e i

Thus AB = — - =
us v 9

From the Law of Sines,

NelNo)

T =3, AB = 8V2.

Let r be the radius of the smaller circle. Then the conditions defining () imply that PQ =
T < 4r. With T = 8v/2, note that r > 2v/2 — 3r > 64/2 = v/72. The least integer greater
than v/72 is 9.

Note that ar = a1+ (T —1)d and ax = a;+ (K —1)d, hence ax —ar = (K —T)d = 2010—10 =
2000. Thus K = %?0 + 7T, and to minimize |7+ % —d|, choose a positive integer d such that
%)0 is also an integer and % — d is as close as possible to —7". Note that 7' > 0, so 222 _ ¢4
should be negative, i.e., d®> > 2000 or d > 44. The value of T' determines how far apart %
and d need to be. For example, if T is close to zero, then choose d such that % and d are
close to each other. With 7' =9, take d = 50 so that 22 =40 and |K — d| = [49 — 50| = 1.

Thus K = 49.

Note that the graph of 22 + y* = B? is a circle of radius |B| centered at (0,0) (as long as
B? > 0). Also note that the graph of |z +y| = 6(v/A — 5) is either the line y = —x if A = 25,
or the graph consists of two parallel lines with slope —1 if A > 25. In the former case, the
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line y = —x intersects the circle at the points <:|:%, $|\%|>. In the latter case, the graph is

symmetric about the origin, and in order to have exactly two intersection points, each line
must be tangent to the circle, and the tangency points are (%, %) and (—%, —%). In
cither case, |21 |+ [y |+ |22 +|y2] = 2v/2-|B|, and in the case where the graph is two lines, this

is also equal to 12(v/A — 5). Thus if A # 25, then only one of A or B is needed to determine
the answer. With A =49 and B = 6\/5, the answer is 2v/2 - 6/2 = 12(\/@ —5)=24.

Rewrite the equation as z° — 1 = 8(x® + z + 1), so that (z — 1)(2* + z + 1) = 8(z* + = + 1).
Because 22 4+ x + 1 has no real zeros, it can be canceled from both sides of the equation to
obtain z — 1 =8 or 2 = 9. Hence BC' =T — 9, and AB? = (VT)? + (%)2 =T+ (%)Q.
Substitute 7' = 23 to obtain AB = /72 = 6+/2.

The cube’s side length is v/T, so its surface area is 6v/T2. The rectangular prism has surface
area 2(2-24+2-n+2-n) = 8+8n, thus 6v12 = 1+n. With T =8, n = 6v/64 — 1 = 23.

Consider the rightmost tile of the rectangle. If it’s a 1 x 1 tile, then there are A,_; ways to tile
the remaining 1 x (n — 1) rectangle, and if it’s a 1 x 3 tile, then there are A,,_3 ways to tile the
remaining 1 x (n—3) rectangle. Hence A,, = A,, 1+ A,,_3forn >3, and A} = Ay =1, A3 = 2.
Continuing the sequence gives the following values:

n |1123[4|5]6[7]8]9]10
A, |11 12[3[4]6]9]13]19]28

With T'= 98721, K = 27, hence the answer is 10.

Let N be the largest K-digit number which has distinct digits and is a multiple of 63. It
can readily be verified that Ny = 0, N; = 63, and N3 = 945. For K > 3, compute Nk using
the following strategy: start with the number My = 987...(10 — K); let M; be the largest

multiple of 63 not exceeding M. That is, to compute M, divide My by 63 and discard the
remainder: My = 1587 - 63 + 44, so M1 = My — 44 = 1587 - 63. If M, has distinct digits, then
Ng = M;. Otherwise, let My = M; — 63, M3 = My — 63, and so on; then Ng is the first
term of the sequence Mi, My, Ms, ... that has distinct digits. Applying this strategy gives
N, = 9765, N5 = 98721, Ng = 987651, and N; = 9876510. With T" = 3, K = 5, and the
answer is 98721.

Note that a” = ¢ and b” = d, thus (ab)” = cd. Further note that (ab)*” = (vab)*" = (cd)?,
thus log /z;(cd)® = 6T Thus the given expression simplifies to & = 3 (as long as T' # 0).

First note that if 7" > 10000, then W =9 and A > 5. If 7' < 10000 and x is the leading digit
of T', then either W =x and A <4orW=2x—1and A > 5. With T" = 2030, either WA = 20
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15.

or WA = 15. In either case, DE + SH = 30. Considering values of D + E, there are three
possibilities to consider:

D+E = 11: DE =129, SH = 01, which duplicates digits;

D+E =10: DE=28, SH=020or DE =19, SH = 11, both of which duplicate digits;
D+E =9: DE=27 SH =03, in which no digits are duplicated if WA = 15.

Therefore the answer is 9.

The units digit of f(10) is the same as the units digit of 2!°. Because the units digits of powers
of 2 cycle in groups of four, the units digit of 2!° is 4, so the units digit of f(10) is 4. Note
that n must be even, otherwise, the units digit of f(n) is odd. If n is a multiple of 4, then 2"
has 6 as its units digit, which means that n? would need to have a units digit of 8, which is
impossible. Thus n is even, but is not a multiple of 4. This implies that the units digit of 2"
is 4, and so n? must have a units digit of 0. The smallest possible value of n is therefore 30.
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T-1.

T-2.

T-3.

T-4.

T-5.

T-6.

T-7.

T-8.

2011 Team Problems

If 1, z,y is a geometric sequence and x, y, 3 is an arithmetic sequence, compute the maximum
value of x + y.

Define the sequence of positive integers {a,} as follows:

a; =1
{ for n > 2, a,, is the smallest possible positive value of n — a;2, for 1 < k < n.

For example, a; =2 — 12 =1, and a3 = 3 — 1> = 2. Compute a; + as + - - - + as.

Some portions of the line y = 4 lie below the curve y = 107 sin®z, and other portions lie
above the curve. Compute the sum of the lengths of all the segments of the graph of y = 4x
that lie in the first quadrant, below the graph of y = 107 sin® .

In equilateral hexagon ABCDEF, m/A =2m/C = 2m/FE =5m/D = 10m/B = 10m/F,
and diagonal BE = 3. Compute [ABC DEF], that is, the area of ABCDEF.

The tazicab distance between points A = (x4,y4) and B = (zp,yp) is defined as d(A, B) =
|za — x| + |ya — yp|. Given some s > 0 and points A = (x4,y4) and B = (vp,ys),
define the tazicab ellipse with foci A = (z4,y4) and B = (xp,yp) to be the set of points
{Q | d(A,Q)+d(B,Q) = s}. Compute the area enclosed by the taxicab ellipse with foci (0, 5)
and (12,0), passing through (1, —1).

The function f satisfies the relation f(n) = f(n — 1) f(n — 2) for all integers n, and f(n) > 0
=2

for all positive integers n. If f(1) = % and ﬁ f(2), compute f(f(4)).

Frank Narf accidentally read a degree n polynomial with integer coefficients backwards. That
is, he read a,x™ + ...+ a1x + ag as agz™ + ... + a,_1¢ + a,. Luckily, the reversed polynomial
had the same zeros as the original polynomial. All the reversed polynomial’s zeros were
real, and also integers. If 1 < n < 7, compute the number of such polynomials such that

GCD(ag, a1, ..., a,) = 1.

Given a regular 16-gon, extend three of its sides to form a triangle none of whose vertices lie
on the 16-gon itself. Compute the number of noncongruent triangles that can be formed in
this manner.
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T-10. Two square tiles of area 9 are placed with one directly on top of the other. The top tile is
then rotated about its center by an acute angle §. If the area of the overlapping region is 8,
compute sin # 4 cos 6.
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15
T-1. —

T-2. 253

T-3. 20

T-4. —~/17

T-5.

DO | ©

T-6. 96

T-7. 4096

T-8. 70

T-9. 11

T-10.

| Ot
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2011 Team Solutions

The common ratio in the geometric sequence 1,z,y is § = x, so y = 22, The arithmetic

sequence z,%,3 has a common difference, so y — 2 = 3 — y. Substituting y = 2? in the
equation yields

2 —r = 3—2?
202 —x—3 = 0,

from which x = % or —1. The respective values of y are y = 2% = % or 1. Thus the possible

values of = + y are 1745 and 0, so the answer is %.

The requirement that a, be the smallest positive value of n — a;? for k < n is equivalent to
determining the largest value of a; such that a;? < n. For n = 3, use either a; = as = 1 to
find a3 = 3 — 12 = 2. For n = 4, the strict inequality eliminates as, so as = 4 — 12 = 3, but as
can be used to compute a5 = 5—22 = 1. In fact, until n = 10, the largest allowable prior value
of ay is az = 2, yielding the values ag = 2, a7 = 3, ag = 4, ag = 5. In general, this pattern
continues: from n = m?+1 until n = (m+1)?, the values of a,, increase from 1 to 2m+1. Let
Sm=142+---+(2m+1). Then the problem reduces to computing So+ S + - - - + Sg + 1,

because as9 = 49 — 6 while aso =50 -7 =1. S,, = w =2m?+4+3m+1, so

So+S1+S+53+84,+S5+S¢ = 1+6+15+28+45+66+ 91
= 252.

Therefore the desired sum is 252 + 1 = 253.

Write 253y - 341, = (20% + 5b + 3)(3b* + 4b + 1) = 6b* + 233 + 310* + 17b + 3. Compare the

coefficient of b* is 6, so there must be a carry from the b3 place to get the 7b* in the numeral.
After the carry, there should be no more than 4 left for the coefficient of * as only one b is
carried. Therefore 23 —b < 4 or b > 19. By comparing digits, note that Z = 3. Then

66 +2303 + 3102 +170 = 74X Y 0

TH AP+ X VP +Y b
Because b > 0, this equation can be simplified to
V' + X -b+Y =190 + 31b + 17.

Thus Y = 17 and b* + X = 19b + 31, from which b(b — 19) = 31 — X. The expression on
the left side is positive (because b > 19) and the expression on the right side is at most 31
(because X > 0), so the only possible solution is b = 20, X = 11. The answer is 20.
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T-4. Notice first that all intersections of the two graphs occur in the interval 0 < z < 57”, because
the maximum value of 107 sin® z is 107 (at odd multiples of %), and 4z > 107 when z > 57”
The graphs are shown below.

F
10n E
C
Sn
A (7, 5n)
B
D,
’n (@] 7’1 T 3n 2’11 5 3n
"2 2 2 2

Within that interval, both graphs are symmetric about the point A = (%’r, 57r). For the case
of y = 107 sin? z, this symmetry can be seen by using the power-reducing identity sin®z =

#. Then the equation becomes y = 57 — 57 cos 2z, which has amplitude 57 about the
line y = 5w, and which crosses the line y = 57 for z = 7, %ﬂ, Ejf, .... Label the points of
intersection A, B,C, D, E, F, and O as shown. Then AB = AC', BD = CFE, and OD = EF.

Thus

BD+AC+EF = OD+ DB+ BA
= OA.

OA = \/<%)2—|—(57r)2

5r

- T /12 142
1 +
57

= —/17.
4

By the Pythagorean Theorem,

T-5. Let mZB = «. Then the sum of the measures of the angles in the hexagon is:

720° = mZA+msC +mLE +msD +msB +m/AF
= 10a + d5a + da + 2a + a + o = 24«..
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Thus 30° = a and mZA = 300°, so the exterior angle at A has measure 60° = m/D. Further,
because AB = CD and DE = AF, it follows that ACDE = ABAF. Thus

[ABCDEF] = [ABCEF) + [CDE] = [ABCEF) + [ABF] = [BCEF].

B C
| I
| I
1 ]
| I
| I
| A, D
| |
| I
| I
1 ]
F E

To compute [BCEF], notice that because mZD = 60°, ACDE is equilateral. In addition,

150° = mZBCD
= mZBCE+m/DCE =m/BCFE + 60°.
Therefore m/BCFE = 90°. Similarly, because the hexagon is symmetric, mZCEF = 90°,
so quadrilateral BCEF' is actually a square with side length 3. Thus CE = B—\g = \%, and
[ABCDEF)| = [BCEF] = g.

Alternate Solution: Calculate the angles of the hexagon as in the first solution. Then
proceed as follows.

First, ABCDEF can be partitioned into four congruent triangles. Because the hexagon is
equilateral and mZABC = m/ZAFE = 30°, it follows that AABC and AAFE are congruent
isosceles triangles whose base angles measure 75°. Next, m/ABC +m/ZBCD = 30°+150° =

180°, so AB || O'D. Because these two segments are also congruent, quadrilateral ABCD is a
parallelogram. In particular, ACDA =2 ANABC'. Similarly, AEDA =2 NAFFE.

Now let a = AC = AF be the length of the base of these isosceles triangles, and let b = AB
be the length of the other sides (or of the equilateral hexagon). Because the four triangles are
congruent, [ABCDEF] = [ABC]+ [ACD]+ [ADE] + [AEF] = 4|ABC] = 4- 1 b*sin 30° = b*.
Applying the Law of Cosines to AABC gives a? = b% +b? — 2b? cos 30° = (2 — v/3)b?. Because
4 —2v/3 = (/3 —1)?, this gives a = <%) b. Using the given length BE = 3 and applying
the Law of Cosines to AABE gives
9 = a®+b —2abcos135°

= >+ +V2ab

= 2-V3P+ ¥+ (V3-1)p?

= 20%

Thus [ABCDEF] = ? = 2.
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Let A = (0,5) and B = (12,0), and let C' = (1,—1). First compute the distance sum:
d(A,C)+d(B,C) =19. Notice that if P = (z,y) is on the segment from (0, —1) to (12, —1),
then d(A, P) + d(B, P) is constant. This is because if 0 < = < 12,

d(A,P)+d(B,P) = |0—z|+ 15— (=1 + 12 —z|+[0—(—1)]
= 46+ (12—2)+1
= 19.

Similarly, d(A, P)+ d(P, B) = 19 whenever P is on the segment from (0,6) to (12,6). If P is
on the segment from (13,0) to (13,5), then P’s coordinates are (13,y), with 0 <y <5, and
thus

d(A,P)+d(B,P) = [0—13|+1]5—y|+[12 = 13| + [0 — y|
= B+G-y)+1+y
= 19.

Similarly, d(A, P) + d(P, B) = 19 whenever P is on the segment from (—1,0) to (—1,5).
Finally, if P is on the segment from (12, —1) to (13,0), then d(A, P) + d(B, P) is constant:

d(A,P)+d(B,P) = |0—z|+|5—y|+ 12—+ |0 —y]
= 2+ B—-y)+ (xr—12) + (—y)
= 20 —2y—T,

and because the line segment has equation x — y = 13, this expression reduces to
d(A,P)+d(B,P) = 2x—y)—7
= 2(13) =7
19.

Similarly, d(A, P)+d(B, P) = 19 on the segments joining (13, 5) and (12, 6), (0,6) and (—1,5),
and (—1,0) to (0, —1). The shape of the “ellipse” is given below.

| |
N
l
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T-7.

T-8.

T-9.

The simplest way to compute the polygon’s area is to subtract the areas of the four corner
triangles from that of the enclosing rectangle. The enclosing rectangle’s area is 14 - 7 = 98,
while each triangle has area % 1-1= % Thus the area is 98 — 4 - % = 96.

Substituting yields 55 = 2/(2) = (f(2))? = 256 = f(2) = 16. Therefore f(1) = 5. Using

the recursion, f(3) = 3 and f(4) = 8. So f(f(4)) = f(8). Continue to apply the recursion:

() =4, f(6)=32, f(7)=128, f(8)=4096.

Alternate Solution: Let g(n) = log, f(n). Then g(n) = g(n — 1) + g(n — 2), with
initial conditions g(1) = ¢g(2) — 9 and —g(1) = 1 + ¢(2). From this, g(1) = —5 and ¢(2) = 4,
and from the recursion,

so f(4) = 29 = 8. Continue to apply the recursion:

9(5) =2, ¢(6) =5 g(7)=7g(8) =12

Because g(f(4)) = 12, it follows that f(f(4)) = 2!? = 4096.

When the coefficients of a polynomial f are reversed to form a new polynomial g, the zeros
of g are the reciprocals of the zeros of f: r is a zero of f if and only if ! is a zero of g. In
this case, the two polynomials have the same zeros; that is, whenever r is a zero of either, so
must be 7. Furthermore, both » and r~! must be real as well as integers, so » = +1. As the
only zeros are +1, and the greatest common divisor of all the coefficients is 1, the polynomial
must have leading coefficient 1 or —1. Thus

flz) = (zx)(z£l)---(x+1)
= F(x+ 1D —-1)"*

If A, is the number of such degree n polynomials, then there are n+1 choices for k, 0 < k < n.
Thus A, = 2(n + 1). The number of such degree n polynomials for 1 < n < 7 is the sum:

A+ Ay 4.+ A, =22+3+...+8 =2-35="170.

Label the sides of the polygon, in order, sg,si,...,s15. First note that two sides of the
polygon intersect at a vertex if and only if the sides are adjacent. So the sides chosen must be
nonconsecutive. Second, if nonparallel sides s; and s; are extended, the angle of intersection
is determined by |i — j|, as are the lengths of the extended portions of the segments. In other
words, the spacing of the extended sides completely determines the shape of the triangle.
So the problem reduces to selecting appropriate spacings, that is, finding integers a, b, c > 2
whose sum is 16. However, diametrically opposite sides are parallel, so (for example) the sides
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s3 and s;; cannot both be used. Thus none of a, b, c may equal 8. Taking sy as the first side,
the second side would be sg;, = s,, and the third side would be s,.p, with ¢ sides between
Saxb and sg. To eliminate reflections and rotations, specify additionally that a > b > ¢. The

allowable partitions are in the table below.

a | b | c| triangle
121212 50512514
11312 50511514
10 (4] 2 || sgS10S14
10133 50510513
9 [ 5|2 SpS9S14
9 (4|3 spS9Si3
T 17|12 s987814
7163 5057513
7T 1514] spS7S12
6 |64 spSgSi2
6 |55 spsSesi1

Thus there are 11 distinct such triangles.

In the diagram below, O is the center of both squares A;A>A3A; and BiB.B3B,. Let
Py, Py, Py, Py and @1, Q9, Q3,Q4 be the intersections of the sides of the squares as shown.
Let H4 be on A3A, so that ZA3H O is right. Similarly, let Hp be on BsB, such that
/B3HgO is right. Then the angle by which ByByB3B, was rotated is ZH,OHpg. Extend

OHpg to meet A3A, at M.
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By
4 /\ 4,
O Py
9
P, B,
p
o) X
B, P,
Oy
z
Hy
Ay M PyNH, 0 43
x y

By

Both AH,OM and AHpgP;M are right triangles sharing acute ZM, so AHAOM ~ AHpP3M.
By an analogous argument, both triangles are similar to AB3P3(Q)3. Thus mZQ3P;B3 = 6.
Now let BsP3 = x, B3Q)3 = y, and P3(Q)3 = 2. By symmetry, notice that BsP; = By P, and
that PgQg = PQQg. Thus

r+y+z=DB3Q3+ Q3P+ P,By = By B3 = 3.
By the Pythagorean Theorem, 2% + y? = 22. Therefore

r+y = 3—=2
2y 42y = 9— 62+ 22
2zy = 9 —6z.

The value of zy can be determined from the areas of the four triangles AB; P;();. By symmetry,
these four triangles are congruent to each other. Their total area is the area not in both
squares, i.e., 9 —8 = 1. Thus ¥ = i, so 2xy = 1. Applying this result to the above equation,

— 6z

Wl ©
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The desired quantity is sin + cosf = £ + £, and

i
_+_ — - -
z z z z
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2011 Individual Problems

Compute the 2011 smallest positive integer N that gains an extra digit when doubled.

In triangle ABC, €' is a right angle and M is on AC. A circle with radius r is centered at
M, is tangent to AB, and is tangent to BC' at C'. If AC' =5 and BC' = 12, compute r.

The product of the first five terms of a geometric progression is 32. If the fourth term is 17,
compute the second term.

Polygon A;A,... A, is a regular n-gon. For some integer k < n, quadrilateral A; A3 A Ay 4
is a rectangle of area 6. If the area of A;Ay... A, is 60, compute n.

A bag contains 20 lavender marbles, 12 emerald marbles, and some number of orange marbles.
If the probability of drawing an orange marble in one try is i, compute the sum of all possible
integer values of y.

Compute the number of ordered quadruples of integers (a,b,c,d) satisfying the following
system of equations:

abc = 12,000
bed = 24,000
cda = 36,000.
3+4+---43 4 243442
Let n be a positive integer such that R e e L Compute tod e en

5464 --+5n 11 4454 +4dn’

The quadratic polynomial f(z) has a zero at = 2. The polynomial f(f(x)) has only one
real zero, at x = 5. Compute f(0).

The Local Area Inspirational Math Exam comprises 15 questions. All answers are integers
ranging from 000 to 999, inclusive. If the 15 answers form an arithmetic progression with the
largest possible difference, compute the largest possible sum of those 15 answers.

Circle w; has center O, which is on circle wy. The circles intersect at points A and C. Point
B lies on wy such that BA =37, BO =17, and BC = 7. Compute the area of w;.

103
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[-1. 6455

[-5. 69

[-6. 12

27

[-7. —
106

32
[-8., ——

[-9. 7530

[-10. 5487
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Let S be the set of numbers that gain an extra digit when doubled. First notice that the
numbers in S are precisely those whose first digit is at least 5. Thus there are five one-digit
numbers in S, 50 two-digit numbers in .S, and 500 three-digit numbers in S. Therefore 5000
is the 556" smallest number in S, and because all four-digit numbers greater than 5000 are
in S, the 2011*® smallest number in S is 5000 + (2011 — 556) = 6455.

Let N be the point of tangency of the circle with AB and draw M B, as shown below.

Because ABMC and ABMN are right triangles sharing a hypotenuse, and M N and MC
are radii, ABMC = ABMN. Thus BN =12 and AN = 1 Also ANANM ~ AACB because
the right triangles share ZA, so A N ig Therefore § , S0 T = 152
Alternate Solution: Let r denote the radius of the circle, and let D be the foot of the

perpendicular from O to AB. Note that AABC ~ AAOD. Thus fx_g = g—g = % = 172,
12

and r = =

Let a be the third term of the geometric progression, and let r» be the common ratio. Then
the product of the first five terms is

(ar~)(ar ) (a)(ar)(ar?) = a® = 32,

so a = 2. Because the fourth term is 17, r = 1;7 = 177 The second term is ar—! = % = %.

Because Ay Ay Ay Agyq is a rectangle, n must be even, and moreover, k = 7. Also, the rectan-
gle’s diagonals meet at the center O of the circumscribing circle. O is also the center of the
n-gon. The diagram below shows the case n = 16.
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-
-
-
-
-
-
-
-

S~

Then [AlAQO] = }l[AlAZAkAk-‘rl] = %[AlAQ e An] = 60. So le(6) = %(60), and n = 40.

Let = be the number of orange marbles. Then the probability of drawing an orange marble is

+730713 = 7132+ LI this probability equals = theny = %32 =1+ 335—2 This expression represents

an integer only when z is a factor of 32, thus x € {1,2,4,8,16,32}. The corresponding y-values
are 33,17,9,5,3, and 2, and their sum is 69.

From the first two equations, conclude that d = 2a. From the last two, 3b = 2a. Thus all
solutions to the system will be of the form (3K,2K,¢,6K) for some integer K. Substituting
these expressions into the system, each equation now becomes cK? = 2000 = 2*-53. So K? is
of the form 22m52". There are 3 choices for m and 2 for n, so there are 6 values for K2, which
means there are 12 solutions overall, including negative values for K.

Although the problem does not require finding them, the twelve values of K are +1, 42, +4,
+5, 10, £20. These values yield the following quadruples (a, b, ¢, d):

(3,2,2000,6), (—3, —2, 2000, —6),
(6,4,500,12), (— 6 —4,500, —12),
(12,8,125,24), (—12, —8,125, —24),
(15,10, 80, 30), (—15, —10, 80, —30),
(30,20, 20, 60), (—30, —20, 20, —60),
(60,40, 5, 120), (—60, —40, 5, —120).
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I-7.

I-8.

I-9.

I-10.

In simplifying the numerator and denominator of the left side of the equation, notice that

k+«k+n+~~+kn:%umwn+1y—uk_1»

:%%W+U@m—k+D)

This identity allows the given equation to be transformed:

3(n+1)3n—3+1) 4
5n+1)(5n—5+1) 11
3n+1)(3n—2) 4
5(n+ 1)(5n—4) 11
3n—2 20

5n—4 33

Solving this last equation yields n = 14. Using the same identity twice more, for n = 14 and

k =2 and k = 4, the desired quantity is 42182::3 = 2.

Let f(x) = a(x—0b)*+c. The graph of f is symmetric about x = b, so the graph of y = f(f(x))
is also symmetric about x = b. If b # 5, then 2b — 5, the reflection of 5 across b, must be a
zero of f(f(x)). Because f(f(x)) has exactly one zero, b = 5.

Because f(2) = 0 and f is symmetric about x = 5, the other zero of f is + = 8. Because
the zeros of f are at 2 and 8 and f(5) is a zero of f, either f(5) = 2 or f(5) = 8. The
following argument shows that f(5) = 8 is impossible. Because f is continuous, if f(5) = 8,
then f(xo) = 2 for some x, in the interval 2 < zy < 5. In that case, f(f(zo)) =0, so 5 would
not be a unique zero of f(f(x)). Therefore f(5) =2 and ¢ = 2. Setting f(2) = 0 yields the

equation a(2 —5)2 +2 =0, s0 a = —2, and f(0) = %.

Let a represent the middle (8'") term of the sequence, and let d be the difference. Then the
terms of the sequence are a —7d,a—6d, . ..,a+6d, a+ 7d, their sum is 15a, and the difference
between the largest and the smallest terms is 14d. The largest d such that 14d < 999 is
d = 71. Thus the largest possible value for a is 999 — 7 - 71 = 502. The maximal sum of the
sequence is therefore 15a = 7530.

The points O, A, B, C all lie on wy in some order. There are two possible cases to consider:
either B is outside circle wy, or it is inside the circle, as shown below.
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The following argument shows that the first case is impossible. By the Triangle Inequality on
AABO, the radius r; of circle w; must be at least 20. But because B is outside wy, BO > rq,
which is impossible, because BO = 17. So B must be inside the circle.

Construct point D on minor arc AO of circle wq, so that AD = OB (and therefore DO = BC).

Because A, D, O, B all lie on wy, Ptolemy’s Theorem applies to quadrilateral ADOB.
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Therefore AD-OB+0OD-AB = AO-DB = r}. Substituting AD = OB = 17, DO = BC =1,
and AB = 37 yields r} = 37 - 7+ 17% = 548. Thus the area of w; is 548.



Power Question 2011: Power of Triangles

The arrangement of numbers known as Pascal’s Triangle has fascinated mathematicians for cen-
turies. In fact, about 700 years before Pascal, the Indian mathematician Halayudha wrote about
it in his commentaries to a then-1000-year-old treatise on verse structure by the Indian poet and
mathematician Pingala, who called it the Meruprastara, or “Mountain of Gems”. In this Power
Question, we’ll explore some properties of Pingala’s/Pascal’s Triangle (“PT”) and its variants.

Unless otherwise specified, the only definition, notation, and formulas you may use for PT are the
definition, notation, and formulas given below.

PT consists of an infinite number of rows, numbered from 0 onwards. The n'® row contains n + 1
numbers, identified as Pa(n, k), where 0 < k < n. For all n, define Pa(n,0) = Pa(n,n) = 1. Then
forn >1and 1 <k <n—1, define Pa(n, k) = Pa(n — 1,k — 1) + Pa(n — 1, k). It is convenient
to define Pa(n, k) = 0 when k < 0 or & > n. We write the nonzero values of PT in the familiar
pyramid shown below.

1
Pa(0,0)
1 1
Pa(1,0) Pa(1,1)
1 2 1
Pa(2,0) Pa(2,1) Pa(2,2)
1 3 3 1
Pa(3,0) Pa(3,1) Pa(3,2) Pa(3,3)

As is well known, Pa(n, k) gives the number of ways of choosing a committee of k people from a

set of n people, so a simple formula for Pa(n, k) is Pa(n, k) = #lk), You may use this formula or

the recursive definition above throughout this Power Question.
la. Forn =1,2,3,4, and k = 4, find Pa(n,n) + Pa(n+ 1,n) + --- + Pa(n + k,n). 2]

1b. If Pa(n,n) +Pa(n+1,n)+---+Pa(n+k,n) = Pa(m, ), find and justify formulas for m and
J in terms of n and k. 2]

Consider the parity of each entry: define

[ 1 if Pa(n, k) is odd,
PaP(n, k) = { 0 if Pa(n, k) is even.

2a. Prove that PaP(n,0) = PaP(n,n) = 1 for all nonnegative integers n. 1]

2b. Compute rows n = 0 to n = 8 of PaP. 2]

You may have learned that the array of parities of Pascal’s Triangle forms the famous fractal known
as Sierpinski’s Triangle. The first 128 rows are shown below, with a dot marking each entry where
PaP(n, k) = 1.
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The next problem helps explain this surprising connection.

3a. If n = 27 for some nonnegative integer j, and 0 < k < n, show that PaP(n, k) = 0. 2]

3b. Let 7 > 0, and suppose n > 2/. Prove that Pa(n, k) has the same parity as the sum
Pa(n — 27,k — 29) + Pa(n — 27, k), i.e., either both Pa(n,k) and the given sum are even,
or both are odd. 2]

3c. If j is an integer such that 29 < n < 2! and k < 27, prove that

PaP(n, k) = PaP(n — 27, k). 2]

Clark’s Triangle: If the left side of PT is replaced with consecutive multiples of 6, starting with
0, but the right entries (except the first) and the generating rule are left unchanged, the result is
called Clark’s Triangle. If the k'™ entry of the n*® row is denoted by Cl(n, k), then the formal rule

is:
Cl(n,0) = 6n for all n,

Cl(n,n) =1 forn > 1,
Cl(n,k) =Clln—1,k—1)+Cl(n—1,k) forn>1land1<k<n-—1.

The first four rows of Clark’s Triangle are given below.

0
Cl1(0,0)
6 1
Cl(1,0) Cl(1,1)
12 7 1
C1(2,0) Cl(2, 1) C1(2,2)
18 19 8 1
Cl1(3,0) C1(3,1) Cl1(3,2) C1(3,3)
4a. Compute the next three rows of Clark’s Triangle. 2]
4b. If Cl(n, 1) = an?® + bn + ¢, determine the values of a,b, and c. 2]
4c. Prove the formula you found in 4b. 2]

5a. Compute CI(11,2). 1]
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5b. Find and justify a formula for Cl(n,2) in terms of n. 2]
5¢. Compute CI(11,3). 1]
5d. Find and justify a formula for Cl(n,3) in terms of n. 2]

6. Find and prove a closed formula (that is, a formula with a fixed number of terms and no
“...7) for Cl(n, k) in terms of n, k, and the Pa function. 3]

Leibniz’s Harmonic Triangle: Consider the triangle formed by the rule

Le(n,0) = — for all n,
Le(n,n) = = for all n,
Le(n,k) =Le(n+ 1,k) + Le(n + 1,k + 1) foralln and 0 <k <n.

This triangle, discovered first by Leibniz, consists of reciprocals of integers as shown below.

1
Le(0,0)
1 1
2 2
Le(1,0) Le(1,1)
) Le(2,0) ) Le(2,1) ) Le(2,2) .
4 12 12 1
Le(3,0) Le(3,1) Le(3,2) Le(3,3)

For this contest, you may assume that Le(n,k) > 0 whenever 0 < k < n, and that Le(n, k) is
undefined if £ < 0 or k& > n.

7a. Compute the entries in the next two rows of Leibniz’s Triangle. 1]

7b. Compute Le(17,1). 1]

7c. Compute Le(17,2). 1]

8a. Find and justify a formula for Le(n, 1) in terms of n. 2]
2011

8b. Compute Z Le(n,1). 2]
n=1

8c. Find and justify a formula for Le(n,2) in terms of n. 2]

9a. If Z Le(i,1) = Le(n, k), determine the values of n and k. 2]
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ob. If Z Le(i, m) = Le(n, k), compute expressions for n and k in terms of m. 2]
9c. Justify your result in 9b. 2]

10. Find three distinct sets of positive integers {a,b, ¢, d} with a < b < ¢ < d such that

1 1 1 1
=St 3]
a C

1
3 b d

11. Find and prove a closed formula (that is, a formula with a fixed number of terms and no
“...7) for Le(n, k) in terms of n, k, and the Pa function. 4]



la.

1b.

2a.

2b.

3a.

3b.

Solutions to 2011 Power Question

Pa(1,1) +Pa(2,1) + Pa(3,1) + Pa(4,1) + Pa(5,1) = 1+2+4+3+4+4+5 = 15
Pa(2,2) + Pa(3,2) + Pa(4,2) + Pa(5,2) + Pa(6,2) = 14+34+6+10+15 = 35
Pa(3,3) + Pa(4,3) + Pa(5,3) + Pa(6,3) + Pa(7,3) = 1+4+10+20+35 = 70
Pa(4,4) + Pa(5,4) + Pa(6,4) + Pa(7,4) + Pa(8,4) = 1+5+15+35+70 = 126.

Notice that Pa(n,n)+Pa(n+1,n)+---+Pa(n+k,n) =Pa(n+k+1,n+1),som=n+k+1
and j = n+1. (By symmetry, j = k is also correct.) The equation is true for all n when k = 0,
because the sum is simply Pa(n,n) and the right side is Pa(n + 1,n + 1), both of which are 1.
Proceed by induction on k. If Pa(n,n)+Pa(n+1,n)+---+Pa(n+k,n) = Pa(n+k+1,n+1),
then adding Pa(n 4+ k + 1,n) to both sides yields Pa(n + k + 1,n) + Pa(n + k+ 1,n + 1) =
Pa(n + k + 2,n + 1) by the recursive rule for Pa.

By definition of Pa, Pa(n,0) = Pa(n,n) = 1 for all nonnegative integers n, and this value is
odd, so PaP(n,0) = PaP(n,n) = 1 by definition.

Notice that

n!
Pa(n, k) = Hn —F)
on (n—1)!
T k(k=D((n—1)=(k—1))!
= %-Pa(n—l,k‘—l).

Examining the right hand side in the case where n = 2/ and 0 < k < n, the second factor,
Pa(n — 1,k — 1) is an integer, and the first factor has an even numerator, so Pa(n, k) is even.
Therefore PaP(n, k) = 0.

Proceed by induction on 5. It is easier to follow the logic when the computations are expressed
modulo 2. The claim is that Pa(n, k) = Pa(n—27, k—27)+Pa(n—27, k) mod 2. If j = 0, so that
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3c.

4a.

4b.

4c.

Ha.

27 = 1, then this congruence is exactly the recursive definition of Pa(n, k) when 0 < k < n.
For k£ = 0 and k = n, the left-hand side is 1 and the right-hand side is either 0 + 1 or 1 4 0.
For other values of k, all three terms are zero.

Now, assume Pa(n, k) = Pa(n — 27,k — 27) 4+ Pa(n — 2/, k) mod 2 for some j > 0, and let
n > 21 For any k, apply the inductive hypothesis three times:

Pa(n,k) = Pa(n—2/,k—27) +Pa(n — 27, k) mod 2
= Pa(n—2" —2 k-2 —2)+Pa(n—2 — 2/ k—27)
+Pa(n — 27 — 27k —27) + Pa(n — 2/ — 27 k).

But v + u = 0 mod 2 for any integer u. Thus the two occurrences of Pa(n — 27 — 27 k — 27)
cancel each other out, and

Pa(n,k) = Pa(n—2' —2/ k—2/ —27) + Pa(n — 2/ — 27 k)
Pa(n — 271k — 271 4+ Pa(n — 2711 k) mod 2.

By part (b), Pa(n, k) = Pa(n — 27,k — 27) + Pa(n — 2/, k) mod 2 when j > 0 and n > 27. If
27 <n <2t and 0 < k < 27, then Pa(n — 29,k — 279) = 0, so

Pa(n, k) = Pa(n — 27,k — 2/) + Pa(n — 27 k) = Pa(n — 2/, k) mod 2.
Thus PaP(n, k) = PaP(n — 27 k).

Alternate Solution: Problem 3a establishes the statement when n = 27. For 2/ < n < 2/+1,
proceed by induction on n. Then PaP(n, k) = PaP(n— 1,k — 1)+ PaP(n — 1, k) mod 2, while
PaP(n — 1,k — 1) = PaP(n — 1 — 2/ k — 1) and PaP(n — 1,k) = PaP(n — 1 — 27 k). But
PaP(n—1-2/ k—1)+PaP(n—1-27 k) = PaP(n—27, k) mod 2, establishing the statement.

24 37 27 9 1
30 61 64 36 10 1
36 91 125 100 46 11 1

Using the given values yields the system of equations below.

Cl(1,1) = 1 = a(1)?2+b(1) +c
Cl(2,1) = 7 = a(2)?+b(2)+c
Cl(3,1) = 19 = a(3)?+b(3)+¢

Solving this system, a = 3,b = —3,¢c = 1.

Use induction on n. For n = 1,2, 3, the values above demonstrate the theorem. If Cl(n,1) =
3n? —3n+1, then Cl(n+1,1) = Cl(n,0) + Cl(n,1) = 6n+ (3n? —3n+1) = (3n2 +6n +3) —
Bn+3)+1=3n+12-3n+1)+1

C1(11,2) = 1000.
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Cl(n,2) = (n—1)3. Use induction on n. First, rewrite Cl(n,1) = 3n?>—3n+1=n3—(n—1)3,
and notice that C1(2,2) = 1 = (2 — 1)?. Then if Cl(n,2) = (n — 1)3, using the recursive
definition, Cl(n + 1,2) = Cl(n,2) + Cl(n,1) = (n — 1)* + (n® — (n — 1)3) = nd.

CI(11,3) = 2025.

Notice that CI1(3,3) = 1 = 1%, and then for n > 3, Cl(n,3) = Cl(n — 1,2) + Cl(n — 1, 3);
replacing Cl(n — 1, 3) analogously on the right side yields the summation

Cl(n,3) =Cl(n — 1,2) + Cl(n — 2,2) + ... + C1(3,2) + 1.
By 5b, Cl(n — 1,2) = (n — 2)3, so this formula is equivalent to
Cl(n,3)=(n—20°%+n—-3)°+...+2° + 1.

Use the identity 12 +2% +---+m? = M and substitute n — 2 for m to obtain Cl(n,3) =
(n—2)%*(n—1)*
1 :

Notice that Cl(n,0) = 6 Pa(n, 1), and that for n > 0, Cl(n,n) = Pa(n,n). From problem 4c,
Cl(n,1) = 6Pa(n,2) + 1 (where Pa(n, k) = 0 if k£ > n).

For k > 1, repeated application of the formula Cl(m, k) = Cl(m — 1,k — 1) + Cl(m — 1,k)
allows each value of Cl(n, k) to be written as a sum:

Cl(n,k) = Cl(n—1,k—1)+Cl(n—1,k)
= Clln—1,k—1)+Cl(n—2,k— 1)+ Cl(n — 2, k), and eventually:
= Cln—1,k—1)+Cl(n —2,k—1)+---+ Cl(k,k — 1) + Cl(k, k)
= Clln—1,k—1)+Cl(n—2,k— 1)+ +Cl(k — 1,k — 1),

because Cl(k, k) = Cl(k — 1,k — 1) = 1. Then

Cl(n,2) = Cl(n—1,1)+Cl(n—2,1)+---+ CIl(1,1)
= (6Pa(n—1,2)+ 1)+ (6Pa(n —2,2) + 1) +--- + (6Pa(2,2) + 1) + 1
6(Pa(n —1,2) +Pa(n —2,2) +--- +Pa(2,2)) + (n — 1).

By the identity from 1b, Pa(n — 1,2) 4+ Pa(n — 2,2) + --- + Pa(2,2) = Pa(n,3). Therefore
Cl(n,2) = 6Pa(n,3) + n — 1 = 6Pa(n,3) + Pa(n — 1, 1).

The general formula is Cl(n, k) = 6Pa(n,k + 1) + Pa(n — 1,k — 1). This formula follows by
induction on n. If n = k, then Cl(n, k) = 1, and 6Pa(n,k+1)+Pa(n—1,k—1) =6-0+1 = 1.
Then suppose for some n > k, Cl(n, k) = 6Pa(n,k + 1) + Pa(n — 1,k — 1). It follows that

Cl(n+1,k) = Cl(n,k—1)+ Cl(n,k)
= (6Pa(n,k)+Pa(n — 1,k —2)) + (6Pa(n,k+1) +Pa(n — 1,k — 1))
= 6(Pa(n,k) +Pa(n,k+1)) + (Pa(n— 1,k —2)+Pa(n— 1,k — 1))
= 6Pa(n+1,k+1)+Pa(n, k—1).
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Ta.

7b.
Tc.
8a.

8b.

8c.

9a.

9b.
9c.

D=
[
w
o
)
o
(=]
o
w
o
o
o
)
o
w
o
(S
S

Le(17,1) = Le(16,0) — Le(17,0) = = — 15 = 355

Le(17,2) = Le(16,1) — Le(17,1) = Le(15,0) — Le(16,0) — Le(17, 1) =

2448 '

Le(n,1) = Le(n — 1,0) — Le(n,0) = % _ %_H _ n(n1+1)'

- 1 1 n 1 1
2010 2011 2011 2012

B 1
B 2012
2011
2012
Le(n,2) = Le(n — 1,1) — Le(n,1) = n(nl 5~ n(n1+1) = o )(Z)(n—i—l)' Note that this result

appears in the table as a unit fraction because at least one of the integers n — 1,n,n + 1 is
even.

Extending the result of 8b gives

1
n’

PAI —

ZLezl

so as n — 00, » . Le(i,1) — 1. This value appears as Le(0,0), so n = k = 0.
n=k=m—1.

Because in general Le(i,m) = Le(i — 1, m — 1) — Le(¢, m — 1), a partial sum can be rewritten
as follows:

n

ZLe(z’,m) = Y (Le(i —1,m—1) — Le(i,m — 1))

= (Le(m—1,m—1) —Le(m,m —1)) + (Le(m,m —1) — Le(m+ 1,m — 1)) +
-+ (Le(n —1,m — 1) — Le(n,m — 1))
= Le(m—1,m—1) —Le(n,m —1).
Because the values of Le(n,m — 1) get arbitrarily small as n increases (proof: Le(i,j) <
Le(i — 1,5 — 1) by construction, so Le(n,m — 1) < Le(n —m +1,0) = —L—), the limit of
these partial sums is Le(m —1,m —1). Son=k=m — 1.
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Note: This result can be extended even further. In fact, for every value of k < n,

Le(n, k) = i Le(i,k +1).

i=n+1

In other words, each entry in Leibniz’s triangle is an infinite sum of the entries in the diagonal
directly to its right, beginning with the entry below and to the right of the given one.

Note that § = Le(2,0) = Le(3,0) +Le(3,1). Also Le(3,0) = Le(4,0) +Le(4, 1) and Le(4,0) =
Le(5,0) + Le(5,1). So

1
= = Le(5,0) + Le(5,1) + Le(4,1) + Le(3, 1)

B 1+ 1 N 1 n 1
6 30 20 12
Therefore a = 6,b = 12, ¢ = 20, d = 30 is a solution.

On the other hand, a similar analysis yields

= Le(4,0) + Le(5,1) + Le(5,2) + Le(3, 1)

B 1+1+1+1
5 30 60 127

1
3

soa=25b=12,c=30,d = 60 is another such solution.

Finally, notice that Le(3,1) = & = Le(11,0), so that -5 can be rewritten as Le(12,0) +

Le(12,1) = 75 + 125 Then

1
3 = Le(4,0) + Le(4,1) + Le(3,1)
Le(4,0) + Le(4, 1) + Le(12,0) + Le(12, 1)
1

1 1

1
= 50 T3 B
yields a = 5,b = 13, ¢ = 20,d = 156.

In general, once a triple a,b, ¢ has been found, rewriting (for example) % = Le(a — 1,0) =
Le(a,0)+Le(a,1) = a+r1 + #H) creates an appropriate quadruple, although on occasion these
values duplicate another Vaiue in the quadruple.

: _ 1 1
The formula is Le(n, k‘) = m, (k+1)-Pa(n+1,k+1) "

Pa(n,n) = 1, when k = 0 or k = n, the formula is equivalent to the definition of Le(n,0) =
Le(n,n) =

or equivalently, Because Pa(n,0) =

1
n+1°
To prove the formula for 1 < k < n — 1, use induction on k. The base case k = 0 was proved

above. If the formula holds for a particular value of k < n, then it can be extended to the
case k + 1 using two identities:
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Le(n+1,k+1) = Le(n,k) —Le(n+1,k) and
(n+ 1)Pa(n, k) = %

Using the first identity and the inductive hypothesis yields

Le(n+ 1,k+1) = Le(n,k) — Le(n+1,k)
1 1

(n+1)-Pa(n,k) (n+2)-Pa(n+1,k)

Applying the second identity to the right side of the equation yields:

Kl'(n—k)! k! 1—k)!
Le(n+1,k+1) (n = k) (n+ )

n+1)!  (n+2)
_ kl(n—E)! i Cna1
K (n—k)
 (n+2) (k+1)

(k+1D!((n+1)—(k+1))!
(n+ 1! (n+2)
1
(n+2)Pa(n+1,k+1)
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R1-2.

R1-3.

R2-1.

R2-2.

2011 Relay Problems

Compute the number of integers n for which 2* < 8" < 1632

Let T = TNYWR. Compute the number of positive integers b such that the number 7" has
exactly two digits when written in base b.

Let T = TNYW R. Triangle ABC has a right angle at C', and AB = 40. If AC—BC =T -1,
compute [ABC], the area of AABC.

Let 2 be a positive real number such that log 5 2 = 20. Compute log, /.

Let T = TNYWR. Hannah flips two fair coins, while Otto flips T fair coins. Let p be the
probability that the number of heads showing on Hannah’s coins is greater than the number
of heads showing on Otto’s coins. If p = ¢/r, where ¢ and r are relatively prime positive
integers, compute q + 7.

. Let T =TNYWR. In ARMLovia, the unit of currency is the edwah. Janet’s wallet contains

bills in denominations of 20 and 80 edwahs. If the bills are worth an average of 2T edwahs
each, compute the smallest possible value of the bills in Janet’s wallet.
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41
35
111

17
. 1020
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R2-2.
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2011 Relay Solutions

8" = 237 and 1632 = 2!28. Therefore 4 < 3n < 128, and 2 < n < 42. Thus there are 41 such
integers n.

If T has more than one digit when written in base b, then b < T'. If T' has fewer than three
digits when written in base b, then ¥ > T, or b > /T. So the desired set of bases b is

{b|ﬁ<b§T}. When T = 41, i\/TJ =6 and so 6 < b < 41. There are 41 — 6 = 35 such
integers.

Let AC = b and BC = a. Then a® + b* = 1600 and |a — b| = T — 1. Squaring the second
equation yields a?+b*—2ab = (T'—1)?, so 1600—2ab = (T'—1)%. Hence the area of the triangle

is Lab = 2000-TD% — 400 — T 6 400 — (T52)*, which for T = 35 yields 400 — 289 = 111.

The identity logy. x = %logbx yields log, = 10. Then log, /= = log, #/? = %iog2 r =35.

Alternate Solution: Use the definition of log to obtain # = (v/2)2 = (2¥2)20 = 210,
Thus log, /x = log, 2° = 5.

1(1)0%% = 20, so logzx =

201log v/2 = 20log 2'/? = 10log 2. Thus x = 2'°, and log, /= = log, 2° = 5.

Alternate Solution: Use the change of base formula to obtain

Because Hannah has only two coins, the only ways she can get more heads than Otto are if
she gets 1 (and he gets 0), or she gets 2 (and he gets either 1 or 0).

The probability of Hannah getting exactly one head is % The probability of Otto getting no
heads is QLT So the probability of both events occurring is ﬂ%

The probability of Hannah getting exactly two heads is }L. The probability of Otto getting

no heads is still ZLT, but the probability of getting exactly one head is o, because there are
T possibilities for which coin is heads. So the probability of Otto getting either 0 heads or 1

head is ISF—TT, and combining that with Hannah’s result yields an overall probability of 21;—3;

Thus the probability that Hannah flips more heads than Otto is 5 + oy = 2745. For

T =5, the value is m 16, giving an answer of 1+ 16 = 17.

Let x be the number of twenty-edwah bills and y be the number of eighty-edwah bills. Then

20x + 80y

r+y
20z + 80y = 2Tz + 2Ty

(80 —2T)y = (2T —20)x.

= 2T
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In the case where T' = 17 (and hence 27 = 34), this equation reduces to 46y = 14z, or
23y = Txz. Because 23 and 7 are relatively prime, 23 | x and 7 | y. Therefore the pair that
yields the smallest possible value is (z,y) = (23,7). Then there are 23 + 7 = 30 bills worth
a total of 23 -20 4 7 - 80 = 460 + 560 = 1020 edwahs, and 1020/30 = 34, as required. The
answer is 1020.

Alternate Solution: Consider the equation % = 27T derived in the first solution.

The identity % =20+ % yields the following:

Oy _ o 99
r+y
VY _ g
r+y

30y
THY = g

For the smallest value of 4+ y, both x + y and y will be relatively prime. Thus the smallest
value of x + y is m, which occurs when y = ﬁ. Substituting 7" = 17, the

numbers 7' — 10 = 7 and 30 are relatively prime, so y = 7 and x = 23, for a total of 1020
edwahs.



2011 Tiebreaker Problems

TB-1. Spheres centered at points P, @), R are externally tangent to each other, and are tangent to
plane M at points P, Q)', R’, respectively. All three spheres are on the same side of the plane.
If P’Q' = Q'R =12 and P'R' = 6, compute the area of APQR.

TB-2. Let f(z) =a' + 2?2+ 2t + 2% + 2 + 232 + ... . Compute the coefficient of 2! in f(f(x)).

TB-3. Compute [100000(1.002)].
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TB-1. 186
TB-2. 40

TB-3. 102,018
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Let the radii be p, ¢, r respectively. Looking at a cross-section of the spheres through PQ
perpendicular to the plane, the points P’, P, @, Q" form a right trapezoid with P’P 1 P'Q)
and Q'Q) L. P'Q)’. Draw PM perpendicular to Q@' as shown.

0
q
q-r
p
P O v
AN
P’ o

Then PP' = M@ = p and QM = ¢q — p, while PQ = p+ ¢q and PM = P'Q’. By the
Pythagorean Theorem, (¢ — p)?> + P'Q"” = (p + q)?, so ¢ = (P;Qply. Thus 4pq = P'Q"* = 122.
Similarly, 4pr = P'R” = 62 and 4gr = Q’R"* = 122. Dividing the first equation by the
third shows that p = r (which can also be inferred from the symmetry of AP'Q'R’) and the
equation pr = 9 yields 3 as their common value; substitute in either of the other two equations
to obtain ¢ = 12. Therefore the sides of APQR are PQQ = QR =12+ 3 =15 and PR = 6.
The altitude to PR has length /152 — 32 = 6+/6, so the triangle’s area is %(6)(6\/6) —186.

By the definition of f,
Ff(@) = f(x)+ (f(@)? + (f@)) + (f(@)* + -

Consider this series term by term. The first term, f(z), contains no x'° terms, so its contri-

bution is 0. The second term, (f(x))?, can produce terms of z'* in two ways: as 22 - 2® or as

28 - 22. So its contribution is 2.

Now consider the third term:
(f(@)* = flz)- f@) (@) f(2)
_ (ajl+x2+$4+x8+x16+x32+”‘)'(Il+x2+m4+x8+m16+x32+”.)‘
(' +2*+at + 2%+ 2+ 2%+ ) @ Pt a2 2P ).

Each z'° term in the product is the result of multiplying four terms whose exponents sum to
10, one from each factor of f(x). Thus this product contains a term of z'° for each quadruple
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TB-3.

of nonnegative integers (4, j, k, [) such that 2¢ +27 4 2% +-2! = 10; the order of the quadruple is
relevant because rearrangements of the integers correspond to choosing terms from different
factors. Note that none of the exponents can exceed 2 because 23 +2°+2°42° > 10. Therefore
1,7, k,l < 2. Considering cases from largest values to smallest yields two basic cases. First,
10=4+4+1+1=2%422+20+2 which yields 55 = 6 ordered quadruples. Second,
10 =4+242+2 = 22421+ 21121 which yields 4 ordered quadruples. Thus the contribution

of the (f(x))?* term is 6 + 4 = 10.

The last term to consider is f(z)%, because (f(x))™ contains no terms of degree less than n.
An analogous analysis to the case of (f(z))?* suggests that the expansion of (f(x))® has an 2'°
term for every ordered partition of 10 into a sum of eight powers of two. Up to order, there
is only one such partition: 2t + 2! +20 420420 4 20 4+ 29 4+ 20 which yields 6%! = 28 ordered
quadruples.

Therefore the coefficient of 2'° is 2 + 10 4+ 28 = 40.

Consider the expansion of (1.002)1% as (1 + 0.002)!°. Using the Binomial Theorem yields the
following;:

(14+0.002)" =1+ (110) (0.002) + (120) (0.002)* + (130) (0.002)* + - - - 4 (0.002)"°.

However, when k > 3, the terms (113)(0.002)’“ do not affect the final answer, because 0.002* =
0.000000000016 = 1(1)%, and the maximum binomial coefficient is (150) = 252, so

25216 25216 252 - 16
T T/ A T PR

(140> (0.002)* + (15()) (0.002)° +-- -+ (0.002)"° <

where the right side of the inequality contains seven terms, giving an upper bound of 723216

1012 -
The numerator is approximately 28000, but 21%)1020 = 2.8 x 107%. So even when multiplied by
100000 = 10°, these terms contribute at most 3 x 1073 to the value of the expression before

rounding.

The result of adding the first four terms (k = 0 through k& = 3) and multiplying by 100,000 is
given by the following sum:

100000 + 10(200) 4 45(0.4) + 120(0.0008) = 100000 + 2000 + 18 + 0.096 = 102018.096.

Then the desired quantity is |102018.096| = 102,018.
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Suppose that neither of the three-digit numbers M =4 A6 and N = 1 B7 is divisible by 9,
but the product M - N is divisible by 9. Compute the largest possible value of A + B.

Let T'=TNYWR. Each interior angle of a regular T-gon has measure d°. Compute d.

Let T = TNYWR, and let k£ be the sum of the distinct prime factors of T". Suppose that r
and s are the two roots of the equation Fyx? + Fy 17 + Fj.o = 0, where F}, denotes the n'®
Fibonacci number. Compute the value of (r + 1)(s + 1).

Let T =TNYWR. Compute the product of =T — i and ¢ — T, where i = /—1.

Let T = TNYW R. Compute the number of positive divisors of the number 20*- 117 that are
perfect cubes.

Let T'=TNYW R. As shown, three circles are mutually
externally tangent. The large circle has a radius of T,
and the smaller two circles each have radius % Compute
the area of the triangle whose vertices are the centers of
the three circles.

Let T=TNYWR, and let K = (122)2 In the sequence 0.5,1, —1.5,2,2.5, =3, ..., every third
term is negative, and the absolute values of the terms form an arithmetic sequence. Compute
the sum of the first K terms of this sequence.

Let A be the sum of the digits of the number you will receive from position 7, and let B be
the sum of the digits of the number you will receive from position 9. Let (z,y) be a point
randomly selected from the interior of the triangle whose consecutive vertices are (1, 1), (B,7)
and (17,1). Compute the probability that x > A — 1.

Let T'= TNYWR. If log, 27 —log, x = logg 2* is an identity for all x > 0, compute the value
of k.
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10.

11.

12.

13.

14.

15.

Let T = TNYWR. An isosceles trapezoid has an area of T'+ 1, a height of 2, and the shorter
base is 3 units shorter than the longer base. Compute the sum of the length of the shorter
base and the length of one of the congruent sides.

Let T = TNYWR. Susan flips a fair coin 7" times. Leo has an unfair coin such that the
probability of flipping heads is % Leo gets to flip his coin the least number of times so that
Leo’s expected number of heads will exceed Susan’s expected number of heads. Compute the

number of times Leo gets to flip his coin.

Let T'=TNYWR. Dennis and Edward each take 48 minutes to mow a lawn, and Shawn
takes 24 minutes to mow a lawn. Working together, how many lawns can Dennis, Edward,
and Shawn mow in 2 -7 hours? (For the purposes of this problem, you may assume that after
they complete mowing a lawn, they immediately start mowing the next lawn.)

(5-—T)m

Let T = TNYWR. Compute sin? % + sin? 5

Let T =TNYW R. Compute the value of x that satisfies /20 + /T + x = 5.

The sum of the interior angles of an n-gon equals the sum of the interior angles of a pentagon
plus the sum of the interior angles of an octagon. Compute n.
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12

150

12

722

414

™
128

27
9.5
16

10

14

11
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In order for the conditions of the problem to be satisfied, M and N must both be divisible by
3, but not by 9. Thus the largest possible value of A is 5, and the largest possible value of B
is7,s0 A+ B=12.

From the angle sum formula, d° = w. With T'= 12, d = 150.

Distributing, (r+1)(s+1) =rs+(r+s)+1 = F}f + (—F;—:l> +1= mzp;kﬂ““+1 = II::—:+1 =2.
Multiplying, (—T—i)(i—T) = —(i+T)(i—T) = —(2—T?) = 1+T2 With T = 2, 1+T? = 5.

Let N = 20%- 117 = 2%.5%. 117, If m | N, then m = 2% - 5% . 11¢ where a,b, and ¢ are
nonnegative integers such that a < 8,b < 4, and ¢ < T. If m is a perfect cube, then a, b, and
¢ must be divisible by 3. So a = 0,3, 0r 6; b=0or 3, and ¢ € {0,3,...,3-[7/3]}. There are
a total of 3-2- (|7/3] + 1) possible values of m. For T'= 5, |T/3] + 1 = 2, so the number of
possible values of m is 12.

The desired triangle is an isosceles triangle whose base vertices are the centers of the two
smaller circles. The congruent sides of the triangle have length T+ % Thus the altitude to the

base has length (%)2 - (%)2 = T/2. Thus the area of the triangle is 2-(2+1).7\/2 = %ﬁ
With T = 12, the area is 72v/2.

The general sequence looks like x,z + d, —(z + 2d),z + 3d, z + 4d, —(x + 5d),.... The sum
of the first three terms is x — d; the sum of the second three terms is x 4+ 2d; the sum of the
third three terms is x 4+ 5d, and so on. Thus the sequence of sums of terms 3k — 2,3k — 1,
and 3k is an arithmetic sequence. Notice that x = d = 0.5 and so x — d = 0. If there are n
triads of terms of the original sequence, then their common difference is 1.5 and their sum is

n- <w> T =72v2, so K =72, and n = 24. Thus the desired sum is 414.

Let P=(1,1), Q@ = (17,1), and R = (B, 7) be the vertices of the triangle, and let X = (B, 1)
be the foot of the perpendicular from R to % Let M = (A —1,1) and let ¢ be the vertical
line through M then the problem is to determine the fraction of the area of APQR that lies
to the right of /.

Note that B > 0 and A > 0 because they are digit sums of integers. Depending on their
values, the line ¢ might intersect any two sides of the triangle or none at all. Each case
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requires a separate computation. There are two cases where the computation is trivial. First,
when ¢ passes to the left of or through the leftmost vertex of APQR, which occurs when
A —1 < min(B, 1), the probability is 1. Second, when ¢ passes to the right of or through the
rightmost vertex of APQR, which occurs when A —1 > max(B, 17), the probability is 0. The
remaining cases are as follows.

Case 1: The line ¢ intersects PQ and PR when 1 < A —1<17and A—1 < B.
Case 2: The line ¢ intersects PQ and QR when 1 < A —1<17and A—1 > B.
Case 3: The line ¢ intersects PR and QR when 17 < A —1 < B.

Now proceed case by case.

Case 1: Let T be the point of intersection of ¢ and PR. Then the desired probability is

[IMQRT]/[PQR] =1—[PMT]/[PQR)]. Since APMT ~ APXR and the areas of similar tri-

angles are proportional to the squares of corresponding sides, [PMT]/[PXR] = (PM/PX)?.

Since APXR and APQR both have height X R, their areas are proportional to their bases:

[PXR]/[PQR] = PX/PQ. Taking the product, [PMT]/[PQR] = (PM/PX)?*(PX/PQ) =
(

PM?2 A—-2)2
PX-PQ _ (B-D){7-1)’

and the final answer is

[MQRT) [PMT) (A—2)

[PQR] ~ = [PQR] =~ 16(B—1)

Case 2: Let U be the point of intersection of £ and QR. A similar analysis to the one in the
previous case yields

(MQU] _ [MQU] [XQR] (MQ)2 XQ (18— A)
XQ ) PQ 16(17— B)’

Case 3: Let T be the point of intersection of £ and PR and let U be the point of intersection
of ¢ and QR as in the previous cases. Let S be the point on PR such that QS L PQ.
Then ATUR ~ ASQR, so the areas of these two triangles are proportional to the squares
of the corresponding altitudes M X and QQX. Thinking of as the common base, ASQR
and APQR have a common altitude, so the ratio of their areas is SR/PR. Since APQS ~
APXR, PS/PR = PQ/PX and so $& =1 — £2 — 1 — L& — 9X  Therefore the desired
probability is

[PQR]  [XQR] [PQR]

[PQR]  [SQR] [PQR]

[TUR] [TUR] [SQR] (MX)2 QX _ (B-A+1)
QX ) PX (B—-17)(B-1)

Using the answers from positions 7 and 9, A =4+ 1+4=9and B=2+7 =9. The first
case applies, so the probability is
(9—2)2 49 79

-2 = ==
16(9 — 1) 128 128



2011 Super Relay Solutions 133

10.

11.

12.

13.

14.

15.

Note that in general, log, ¢ = log. ¢*. Using this identity yields log, 27 = logy(2T)? =

log, z*F. Thus the left hand side of the given equation simplifies to log, 27 ~!. Express each
side in base 64: log, 2?71 = logg, z%~* = logg, 2?* = logga®. Thus k = 37T — 2. With
T =95, k=27.

Let x be the length of the shorter base of the trapezoid. The area of the trapezoid is % -2

(x+x+3)=T+1,80 = % — 1. Drop perpendiculars from each vertex of the shorter base
to the longer base, and note that by symmetry, the feet of these perpendiculars lie % =1.5
units away from their nearest vertices of the trapezoid. Hence the congruent sides have length

V1.52+22 =25 With T'= 16, = 7, and the desired sum of the lengths is 9.5.

The expected number of heads for Susan is % If Leo flips his coin NV times, the expected

number of heads for Leo is % Thus % > %, so N > % With T' = 10, the smallest possible
value of N is 16.

Working together, Dennis and Edward take % = 24 minutes to mow a lawn. When the three
of them work together, it takes them 22—4 = 12 minutes to mow a lawn. Thus they can mow 5
lawns per hour. With 7" =1, they can mow 5 -2 = 10 lawns in 2 hours.

Note that sin (5—2T)7r = COS (;T — (5—2T)7r> = COS (% — 27T> = COS % Thus the desired

T T
quantity is sin? 7” + cos? % = 1 (independent of T').

Squaring each side gives 20 + /1 + x = 25, thus T +x =5, and x = 25 —T. With T' = 11,
r = 14.

Using the angle sum formula, 180° - (n — 2) = 180° -3 4 180° - 6 = 180°-9. Thus n — 2 = 9,
and n = 11.
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2012 Team Problems

In AABC, m/ZA = m/ZB = 45° and AB = 16. Mutually tangent circular arcs are drawn
centered at all three vertices; the arcs centered at A and B intersect at the midpoint of AB.
Compute the area of the region inside the triangle and outside of the three arcs.

Compute the number of ordered pairs of integers (a, b) such that 1 < a <50, 1 < b < 50, and
log, a is rational.

Suppose that 5-letter “words” are formed using only the letters A, R, M, and L. Each letter
need not be used in a word, but each word must contain at least two distinct letters. Compute
the number of such words that use the letter A more than any other letter.

Positive integers aq, as, as, . .. form an arithmetic sequence. If a; = 10 and a,, = 100, compute

Uaq, -

The graphs of y = 22 — |z| — 12 and y = |z| — k intersect at distinct points A, B, C, and D,
in order of increasing x-coordinates. If AB = BC' = C'D, compute k.

The zeros of f(z) = 2%+ 225 + 32* + 523 + 82 + 13z + 21 are distinct complex numbers.
Compute the average value of A+ BC+ DEF over all possible permutations (A, B,C, D, E, F)
of these six numbers.

Given noncollinear points A, B, C, segment AB s trisected by points D and E, and F' is the
midpoint of segment AC'. DF and BF intersect C'E at G and H, respectively. If [DEG] = 18,
compute [FGH].
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T-8. Let N = |(3+v/5)*]|. Compute the remainder when N is divided by 100.

T-9. Let ABC be a triangle with mZ/B = m/ZC = 80°. Compute the number of points P in the
plane such that triangles PAB, PBC', and PC'A are all isosceles and non-degenerate. Note:
the approximation cos 80° ~ 0.17 may be useful.

T-10. If [u] denotes the least integer greater than or equal to u, and |u| denotes the greatest integer
less than or equal to u, compute the largest solution = to the equation

{gJ + [32] = V11 - z.



2012 Team Answers

T-1. 64 — 647 + 32mv/2
T-2. 81
T-3. 165
T-4. 820

T-5. 10+ 2v/2

23
60

-
=
o] ©

T-8. 47

189+/11
11

T-10.
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Because AB =16, AC' = BC' = % = 8v/2. Then each of the large arcs has radius 8, and the

small arc has radius 8v/2 — 8. Each large arc has measure 45° and the small arc has measure

90°. Therefore the area enclosed by each large arc is % - -8 = 8, and the area enclosed
by the small arc is % ST (8\/§ — 8)2 = 487 — 3274/2. Thus the sum of the areas enclosed by

the three arcs is 641 — 327v/2. On the other hand, the area of the triangle is % (8\/5)2 = 64.
So the area of the desired region is 64 — 647 + 327+/2.

Begin by partitioning {2,3,...,50} into the subsets
A = {2,4,8,16,32}

B = {3,9,27}

C = {5,25}

D = {6,36}

E = {7,49}

F = all other integers between 2 and 50, inclusive.

If log, a is rational, then either a and b are both members of one of the sets A, B,C, D, or E,
or a =b € F (see note below for proof). Then the number of possible ordered pairs is

AP+ |BP +|C?+|DP+|E*+|F| = 25+9+44+4+4+35
= 81.

Note: The solution essentially relies on one fact: if log, a is rational, then b and a are
both integral powers of some integer d. This fact can be demonstrated as follows. Suppose
that log,a = m/n; then v"/™ = a = (b/")" = a. Let d = b'/". The proof that d is
an integer requires a significant theorem in number theory: if m and n are relatively prime
positive integers, there exist integers x and y such that max — ny = 1. Now consider the set
S = {Z‘—z | z,y € Z}. Because a and b are rational and x and y are integers, the elements z—;
are all rational numbers. But because a = d™ and b = d", the expression % = Cf;: = 4™,
By the theorem mentioned previously, there exist integers x and y such that mx — ny = 1,
and d™*~™ € S. So d' is rational, hence d is rational. Because the n'" root of an integer is

either an integer or an irrational number, d must be an integer.

Condition on the number n of A’s that appear in the word; n is at least two, because of the
requirement that A occur more often than any other letter, and n is at most 4, because of
the requirement that there be at least two distinct letters. In the case n = 4, there are 3
choices for the other letter, and 5 choices for where to place it, for a total of 15 possibilities.
In the case n = 3, there are two possibilities to consider: either a second letter occurs twice,
or there are two distinct letters besides A. If a second letter occurs twice, there are 3 choices
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for the other letter, and 55; = 10 ways to arrange the three A’s and two non-A’s, for their
locations, for a total of 30 ch01ces If there are two distinct letters besides A, then there are
( ) = 3 ways to pick the two letters, and 537 1, o = 20 ways to arrange them, for a total of
60 words. Thus there are a combined total of 90 words when n = 3. In the case n = 2,
no other letter can occur twice, so all the letters R, M, L, must appear in the word; they can
be arranged in m = 60 ways. The total number of words satisfying the conditions is

therefore 15 + 90 4+ 60 = 165.

Let d be the common difference of the sequence. Then a,, = a;+(az—1)d = 100 = (ay—1)d =
90. But as = a; +d = 10+ d, so (9 + d)d = 90. Solving the quadratic yields d = —15 or
d = 6, but the requirement that a; be positive for all ¢ rules out the negative value, so d = 6
and a, = 10+ (n — 1) - 6. Thus a3 = 10 + 2(6) = 22, and a,, = a = 10 + 21(6) = 136.
Finally, a,,, = ai3s = 10 + 135(6) = 820.

First, note that both graphs are symmetric about the y-axis, so C' and D must be reflections
of B and A, respectively, across the y-axis. Thus xc = —zp and yc = yp, so BC = 2x¢.
For o < 0, the equations become y = 22 +x — 12 and y = —x — k; setting the z-expressions
equal to each other yields the equation x? + 2z + (k —12) = 0, from which z = —14+/13 — k.
Therefore x5 = —1 4+ /13 —k and BC = 2 — 2v/13 — k. (Note that the existence of two
distinct negative values of —1 £+ /13 — k forces 12 < k < 13.)

Thus the x-coordinates of the four points are
ra = —1—V13—k
rg = —1+V13—k
e = 1—+V13—k
rp = 14+V13—-k.

To compute y4, use the second equation y = |x| — k to obtain yx = 1+ 13—k — k =

(1 — k) + /13 — k; similarly, yp = (1 — k) — /13 — k. Therefore

AB = /(zp—24)%+ (yp — ya)?
= \/(2\/13 k)2 +(=2V13 — k)
= 22013 = k).

Because AB = BC 2y/2(13 — k) = 2 — 2/13 — k. Let u = /13 — k; then 2v/2u = 2 — 2u,

from which v = ) f 1+1 75 which equals V2 — 1 by rationalizing the denominator. Thus

13—k=(V2-12%=3-2V2, so k=104 2v2.

Because 10 4+ 2v/2 ~ 12.8, the value of k determined algebraically satisfies the inequality
12 < k < 13 observed above.
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Alternate Solution: Let C = (a,b). Because C' and D lie on a line with slope 1,
D = (a+ h,b+ h) for some h > 0. Because both graphs are symmetric about the y-axis, the
other two points of intersection are A = (—a — h,b+ h) and B = (—a,b), and a > 0.

In terms of these coordinates, the distances are AB = CD = /2h and BC = 2a. Thus the
condition AB = BC' = CD holds if and only if v/2h = 2a, or h = v2a.

The foregoing uses the condition that C' and D lie on a line of slope 1, so now use the remaining
equation and subtract:

b=da*>—a—12;
b+h=(a+h)*—(a+h)—12;
h = 2ah + h* — h.

Because the points are distinct, h # 0. Dividing by h yields 2 — 2a = h = v/2a. Thus

_ 2
a—2+\/§—2—\/§.

Finally, because C' lies on the two graphs, b = a> —a —12 = -8 —3y2 and k =a—b =
10 + 24/2.

There are 6! = 720 permutations of the zeros, so the average value is the sum, S, divided by
720. Setting any particular zero as A leaves 5! = 120 ways to permute the other five zeros,
so over the 720 permutations, each zero occupies the A position 120 times. Similarly, fixing
any ordered pair (B,C') of zeros allows 4! = 24 permutations of the other four zeros, and
BC = CB means that each value of BC occurs 48 times. Finally, fixing any ordered triple
(D, E, F) allows 3! = 6 permutations of the other variables, and there are 3! = 6 equivalent
arrangements within each product DEF', so that the product of any three zeros occurs 36
times within the sum. Let Sy = A+ B+ C + D + E + F (i.e., the sum of the zeros taken
singly), So = AB+ AC +---+ AF + BC +---+ EF (i.e., the sum of the zeros taken two at
a time), and S5 = ABC + ABD + --- 4+ DEF be the sum of the zeros three at a time. Then
S = 1205 + 4855 + 3653. Using the sums and products of roots formulas, S; = —2/1 = =2,
Sy =3/1 =3, and S5 = —5/1 = —5. Thus S = 120(—2) + 48(3) + 36(—5) = —276. The

e is thus 27 23
average value 1S us - — = ———.
& 720 60

Compute the desired area as [EGF B]—[EH B]. To compute the area of concave quadrilateral
EGF B, draw segment BG, which divides the quadrilateral into three triangles, ADEG, ABDG,
and ABGF. Then [BDG] = [DEG] = 18 because the triangles have equal bases and heights.
Because D, G, and F' are collinear, to compute [BGF] it suffices to find the ratio DG/GF.
Use Menelaus’s Theorem on AADF with Menelaus Line EC to obtain

AE DG FC

ED GF CA -
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Because F and F are the midpoints of AD and C'A respectively, AE/ED =1 and FC/CA =
1/2. Therefore DG/GF = 2/1, and [BGF| = $[BDG] = 9. Thus [EGFB] = 18+18+9 = 45.

To compute [EH B], consider that its base EB is twice the base of ADEG. The ratio of their

heights equals the ratio FH/EG because the altitudes from H and G to ﬁ are parallel to
each other. Use Menelaus’s Theorem twice more on AAFEC to find these values:

AD EG CF EG 1 1
DE GC FA T a3 PG =3EC and
AB FEH CF EFH 2 2
BE HCO FA ‘T Fo 37 PH=3EC

Therefore £ = 32 = ¢ Thus [EHB] = ¢ -2 [DEG] = %8, Thus [FGH] = 45 — 28 = 2.

Alternate Solution: The method of mass points leads to the same results as Menelaus’s
Theorem, but corresponds to the physical intuition that masses on opposite sides of a fulcrum
balance if and only if the products of the masses and their distances from the fulcrum are
equal (in physics-speak, the net torque is zero). If a mass of weight 1 is placed at vertex B

and masses of weight 2 are placed at vertices A and C', then AABC' balances on the line W

and also on the line C'E. Thus it balances on the point H where these two lines intersect.

Replacing the masses at A and C' with a single mass of weight 4 at their center of mass F,
the triangle still balances at H. Thus BH/HF = 4.

Next, consider ABFEF. Placing masses of weight 1 at the vertices B and F and a mass of
weight 4 at F, the triangle balances at G. A similar argument shows that DG/GF = 2 and
that EG/GH = 5. Because ADEG and AFHG have congruent (vertical) angles at G, it
followsgthat [DEG]/[FHG]| = (DG/FG)-(EG/HG) = 2-5=10. Thus [FGH] = [DEG]/10 =
18

10 5

Let « = 34+ +/5 and f = 3 — /5, so that N = |o*], and let M = o* + 5%, When the
binomials in M are expanded, terms in which v/5 is raised to an odd power have opposite signs,
and so cancel each other out. Therefore M is an integer. Because 0 < < 1, 0 < 3 < 1,
and so M —1 < o < M. Therefore M —1 = N. Note that o and 8 are the roots of
2% = 62 — 4. Therefore a"*? = 60" — 4a™ and "2 = 64" — 45", Hence a2 + 712 =
6(a™t + ") —4(a™+ B"). Thus the sequence of numbers {a" + 3"} satisfies the recurrence
relation ¢, o = 6¢, 11 — 4c,. All members of the sequence are determined by the initial values
¢o and c¢q, which can be computed by substituting 0 and 1 for n in the expression o™ + (",

yielding co = (3 +v/5)° + (3 —v5)° =2, and ¢; = (3 +v/5)' + (3 — v/5)! = 6. Then
¢, = (34+V5)?+ (3—5)*=6c; —4cy = 36 — 8 = 28,
s = (B+V5)?+(3—V5) =60y —4e; = 168 — 24 = 144,

and because the final result is only needed modulo 100, proceed using only remainders modulo
100.
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n(l|2]3|4 5 (6|7 8|9 10|11 12|13 |14 |15 |16 |17
Cn | 612844 52|36 |84 |92]36|48 |44 |72 |56 |48 |64 |92 |96

n (1811920 |21 22|23 24 (25|26|27|28[29|30]|31|32]33]|34
Cn | 8 | 6452562844 52|36 | &8 | 4 92|36 |48 |44 | 72|56 |48

Thus N leaves a remainder of 48 — 1 = 47 when divided by 100.

Alternate Solution: As in the previous solution, let & = 3+ /5 and 8 = 3 — /5, so
that N = o3* + 3% — 1 as argued above.

A straightforward way to compute powers of o and 3 is by successive squaring. Paying
attention to just the last two digits of the integer parts yields the following values:

o® =14+ 6V/5;
ot = 196 + 180 + 168V/5 = 76 + 68V/5;
a® = 96 + 18V/5;

a'% = 36 + 56v/5;
a*? = 76 + 72V/5;
o* =a?- o =24+ 64V/5.
Similarly, replacing v/5 with —/5 yields 3** = 24 — 644/5. Thus
N = (24 +64V/5) + (24 — 64v/5) — 1 = 47 (mod 100).

Alternate Solution: As in the previous solutions, let & = 3 ++/5 and 8 = 3 — /5,
so that N = a3 + 334 — 1 as argued above.

Now consider the binomial expansions more carefully:

, 34\ .. 34\ . 34 34 ,
ot =334 (1)353\/3+ (2)332-5+ (3)331-5\/5+---+ (33>3-516\/5+517;

4 4 4 4
B = 3% — (31)333\/5+ (32>332~5— (33)331-5\/S+-~— <3 )3.516\/5+517;

33
4 4
N:2(334_|_ (32)332~5+'--—|— <§2)32.516+517> 1

The following argument shows that every term that is summarized by the ellipsis (- --) in the
expression for N is a multiple of 50. First, each such term has the form (3,)3%~2%5* where
2<k<15.

Thus it is enough to show that the binomial coefficient is even. Because (34) = ( 3 ), it

2% 34—2k
is enough to check this for 2 < k£ < 8. Keep track of powers of 2: (324) is an integer, so
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<344) = (324) : 3;% is a multiple of 23 (

is a multiple of 22; and so on.

34) _ (34) - 30-29

6 4) 756 34) - (34) =

is also a multiple of 23 (8 6 73

It can also be shown that the sum of the last two terms is a multiple of 50. Again, there are
plenty of factors of 5, so it is enough to note that both terms are odd, because (g;) = % =
17 - 33.

Thanks to the initial factor of 2 in the expression for N (outside the parentheses), the previous
paragraphs show that N = 2(334 + (324) 332 5) — 1 (mod 100).

Now consider the powers of 3. Because 3* = 81, we find that 3% = 80> +2-80 +1 =
61 (mod 100), 32 = 41 (mod 100), 3'® = 21 (mod 100), and 3?° = 1 (mod 100). (Note:
those familiar with Euler’s generalization of Fermat’s Little Theorem will recognize this as
an example, because ¢(25) = 25 — 5 = 20.) Therefore 3% = 320 . 32 = 41 (mod 100) and
33 =32.3%2 =69 (mod 100).

Finally, N = 2(69+17-33-41-5) —1=2-69+10- (17-33-41) =1 =38+ 10— 1 =47
(mod 100).

Focus on APBC'. Either PB = PC or PB = BC or PC = BC.

If PB = PC, then P lies on the perpendicular bisector [ of side BC. Considering now APAB,
if PA = PB, then PA = PC, and P must be the circumcenter of AABC' call this location
P,. If PA= AB, then PA = AC, and P, B, C' all lie on a circle with center A and radius AB.
There are two intersection points of that circle with [, one on each arc with endpoints B and
C; label the one on the major arc P, and on the minor arc P3;. Finally, if PB = AB, then
PB = AC by the transitive property and PC = AC by the perpendicular bisector theorem,
so PBAC is a rhombus; P is the reflection of A across BC. Call this point Pj.

If PB = BC, then P must lie on the circle centered at B with radius BC'. Considering
APAB, if PA = AB, then P lies on the circle centered at A with radius AB. Now ©A
and ®B intersect at two points, but one of them is C, so the other intersection must be the
location of P, which is P5. The condition PB = AB is impossible, because it implies that
AB = BC, which is false because in AABC, mZC > m/ZA = 20°, so AB > BC'. The third
possibility for APAB is that PA = PB, implying that the perpendicular bisector of AB
intersects ®B, which only occurs if BC/AB > 1/2 (although if BC/AB = 1/2, the triangle
is degenerate). But BC/AB = 2cos80°, and the given approximation cos80° ~ 0.17 implies
that BC/AB = 0.34. Hence the perpendicular bisector of AB does not intersect ®B. Thus
the assumption PB = B( yields only one additional location for P, P5. Similarly, PC' = BC'
yields exactly one more location, Fg, for a total of 6 points. All six points, and their associated
triangles, are pictured below.
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T-10. Let f(z) = |£]+[3z]. Observe that f(z+3) = f(z)+1+9 = f(x)+10. Let g(z) = f(z)— L.
Then g is periodic, because g(x +3) = f(z) + 10 — me — % = g(x). The graph of g is shown
below:

2

ke W M W W W
BLVBAAL AR AL RSAARIAVY AR ARV AN

-210 5 0 5 10

Because g(z) is the (vertical) distance between the graph of y = f(z) and the line y = %x,

the fact that ¢ is periodic implies that f always stays within some fixed distance D of the line
Yy = 13—056. On the other hand, because 1f—£ > /11, the graph of y = %aj gets further and further

away from the graph of y = v/11x as x increases. Because the graph of y = f(x) remains near
y = 2z, the graph of y = f(z) drifts upward from the line y = v/11x.

For each integer n, define the open interval [, = ("T’l, ). In fact, f is constant on I,,, as the
following argument shows. For z € I,,, 5 — % < £ < 2. Because n is an integer, there are
no integers between § — % and g, so L%J is constant; similarly, [3x] is constant on the same
intervals. Let [, be the value of f on the interval I,,, and let L,, = f(%), the value at the right
end of the interval I,,. If n is not a multiple of 9, then [,, = L,,, because as x increases from
n — € to n, the floor function does not increase. This means that f is actually constant on
the half-closed interval ("T’l, 2]. If neither n nor n 4 1 are multiples of 9, then 4y = [, + 1.
However if n is a multiple of 9, then L, = [, + 1 and l,,4; = L, + 1. (The value of f(x)

increases when z increases from n — ¢ to n, as well as going from n to n + ¢.)

Hence on each interval of the form (3n — 3,3n), the graph of f looks like 9 steps of height
1 and width %, all open on the left and closed on the right except for the last step, which is
open on both ends. Between the intervals (3n — 3,3n) and (3n,3n + 3), f(x) increases by 2,

with f(3n) halfway between steps. This graph is shown below:
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On each interval (3n — 3,3n), the average rate of change is 3 < V11, so the steps move down
relative y = +/11z within each interval. At the end of each interval, the graph of f rises
relative to y = V11z. Thus the last intersection point between f(z) and 11z will be on
the ninth step of one of these intervals. Suppose this intersection point lies in the interval
(3k — 3,3k). The ninth step is of height 10k — 1. Set « = 3k — r, where r < §. Then the
solution is the largest k£ for which

10k—1 = V11(3k — 1) (0<r<—)

k(10— 3v11) = 1—V1lr<1

1
— =10+ 3Vv11 < 20.
10 — 3v11

Because 0 < 19(10 — 3v/11) < 1, k = 19 implies a value of r between 0 and \/LH And because

I
V11 37
_10k—1  189V11

r=3k—r= =
V11 11

is the largest solution to f(z) = V/11z.

Alternate Solution: Let z be the largest real number for which |£| + [32] = V/11x.
Because the left-hand side of this equation is an integer, it is simpler to work with n = v/11x
instead of . The equation becomes

vl =
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A little bit of computation shows that 3 \ﬁ + \/iﬁ > 1, so the equation cannot hold for large
values of n. To make this explicit, write
L n J n and [ 3n —‘ 3n N
— — T 1N fe— = —F S,
3v11 3V 11 V11 V11

where 7 and s are real numbers between 0 and 1. (If n # 0, then r and s are strictly between
0 and 1.) Then

1>r$(3\7ﬁ{33¢_J [%3_} %
- <3J%F"+IVZZ> { J [ W

:n<ﬁ+ﬁ—1>,

son <1/(2=+ - —1) =99+ 30v/11 = 198.45. . ..

3WVI1 V11
Use trial and error with n = 198,197,196, ..., to find the value of n that works. Computing
the first row of the following table to three decnnal digits, and computing both —— and

1
to the same degree of accuracy, allows one to calculate the remaining rows Wlth accepta le

round-off errors.
n  n/(3V11) 3n/yV11

198 19.900  179.098
197 19.799  178.193
196  19.699  177.289
195 19.598  176.384
194 19.498  175.480
193 19.397  174.575
192 19.297  173.671
191 19.196  172.766
190 19.096  171.861
189  18.995  170.957

189+/11
11

Because n = 189 = 18 + 171, the final answer is x =
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2012 Individual Problems

Compute the largest prime divisor of 15! — 13!.

Three non-overlapping squares of positive integer side lengths each have one vertex at the
origin and sides parallel to the coordinate axes. Together, the three squares enclose a region
whose area is 41. Compute the largest possible perimeter of the region.

A circle with center O and radius 1 contains chord AB of length 1, and point M is the midpoint
of AB. If the perpendicular to AO through M intersects AO at P, compute [M AP].

Suppose that p and ¢ are two-digit prime numbers such that p? — ¢> = 2p + 6¢ + 8. Compute
the largest possible value of p + ¢.

The four zeros of the polynomial z# + jz? + kx + 225 are distinct real numbers in arithmetic
progression. Compute the value of j.

Compute the smallest positive integer n such that

n, [V, [V/n], [V/n], [V/n], [V/n], [¥/n], and [¥/n]

are distinct.

If n is a positive integer, then n!! is defined to be n(n — 2)(n — 4)---2 if n is even and
n(n—2)(n—4)---1ifnis odd. For example, 8!! =8-6-4-2 =384 and 9!! =9-7-5-3-1 = 945.
Compute the number of positive integers n such that n!! divides 2012!!.

1 35

On the complex plane, the parallelogram formed by the points 0, z, 7, and 2z + 1 has area el

z
and the real part of z is positive. If d is the smallest possible value of ‘z + §|, compute d?.

One face of a 2 x 2 x 2 cube is painted (not the entire cube), and the cube is cut into eight
1 x 1 x 1 cubes. The small cubes are reassembled randomly into a 2 x 2 x 2 cube. Compute
the probability that no paint is showing.

In triangle ABC, AB = BC. A trisector of /B intersects AC at D. If AB, AC, and BD are
integers and AB — BD =7, compute AC'.

148



2012 Individual Answers

I-1. 19

[-2. 32

L3 V3

32
L4 162
L5 —50
L6 4096
L7 1510

[-8. —

[-9. —

[-10. 146
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Factor 15! — 13! to obtain 13!(15- 14 — 1) = 13! - 209. The largest prime divisor of 13! is 13,
so continue by factoring 209 = 11 - 19. Thus the largest prime divisor of 15! — 13! is 19.

Proceed in two steps: first, determine the possible sets of side lengths for the squares; then
determine which arrangement of squares produces the largest perimeter. Let the side lengths
of the squares be positive integers m > n > p. Then m? + n? + p* = 41, so m < 6, and
because 3% 4 32 + 32 < 41, it follows that m > 3. If m = 6, then n2 4+ p?> =5, son = 2 and
p = 1. If m =5, then n? + p? = 16, which has no positive integral solutions. If m = 4, then
n? + p? = 25, which is possible if n = 4 and p = 3. So the two possible sets of values are
m=6,n=2p=lorm=4n=4,p=23.

First consider m = 6, n = 2, p = 1. Moving counterclockwise around the origin, one square
is between the other two; by symmetry, it suffices to consider only the three possibilities for
this “middle” square. If the middle square is the 6-square, then each of the other two squares
has a side that is a subset of a side of the 6-square. To compute the total perimeter, add the
perimeters of the three squares and subtract twice the lengths of the shared segments (because
they contribute 0 to the perimeter). Thus the total perimeter is 4-6+4-24+4-1—2.2—2-1 = 30. If
the middle square is the 2-square, then one of its sides is a subset of the 6-square’s side, and one
of its sides is a superset of the 1-square’s side, for a total perimeter of 4-6+4-2+4.-1—2.2—2-1 =
30. But if the middle square is the 1-square, then two of its sides are subsets of the other
squares’ sides, and the total perimeteris4-6+4-24+4-1—-2-1—-2-1= 32.

If m =4, n =4, and p = 3, similar logic to the foregoing suggests that the maximal perimeter
is obtained when the smallest square is between the other two, yielding a total perimeter of
4-44+4-4+4-3—-2-3—2-3 = 32. Either of the other two arrangements yields a total
perimeter of 4-4+4-4+4-3—-2-3—2-4=30. So the maximum perimeter is 32.

Alternate Solution: Let the side lengths be a, b, and ¢, and let P be the perimeter. If the
a X a square is placed in between the other two (going either clockwise or counterclockwise
around the origin), then

P=3b+|b—a|l+2a+|c—al+3c
To obtain a more symmetric expression, note that for any real numbers x and v,
2 — y| = max{z, y} — min{z, y} = = + y - 2min{a, y}.

Using this identity,
P =4a+ 4b + 4c — 2min{a, b} — 2min{a, c}.

Thus P is the sum of the perimeters of the three, less twice the overlaps. To maximize P,
choose a to be the smallest of the three, which leads to P = 4b + 4c.
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As in the first solution, the two possible sets of values are c=6,b=2,a=1and ¢ = b =4,
a=3.

In the first case, the maximum length of the boundary is P =4-2+4-6 = 32, and in the
second case it is P =4 -4+ 4 -4 = 32. So the maximum perimeter is 32.

Draw auxiliary segment OB, as shown in the diagram below.

[N

8

Triangle OAB is equilateral, so mZOAB = 60°. Then AMAP is a 30°—60°—90° triangle
with hypotenuse AM = 1/2. Thus AP = 1/4 and MP = /3/4, so

wor =) (4)

V3

32

Subtract from both sides and regroup to obtain p? — 2p — (¢* + 6q) = 8. Completing both
squares yields (p — 1)? — (¢ + 3)? = 0. The left side is a difference of two squares; factor to
obtain ((p—1)+(¢+3))((p—1)—(¢+3)) =0, whence (p+q+2)(p—q—4) = 0. For positive
primes p and ¢, the first factor p + ¢ + 2 must also be positive. Therefore the second factor
p — q — 4 must be zero, hence p — 4 = ¢q. Now look for primes starting with 97 and working
downward. If p = 97, then ¢ = 93, which is not prime; if p = 89, then ¢ = 85, which is also
not prime. But if p = 83, then ¢ = 79, which is prime. Thus the largest possible value of p+ ¢
is 83 4+ 79 = 162.

Let the four zeros be p < ¢ < r < s. The coefficient of 2% is 0, so p+q+1r + s = 0.
The mean of four numbers in arithmetic progression is the mean of the middle two numbers,
so ¢ = —r. Then the common difference is r —q = r — (=r) = 2r, so s = r 4+ 2r = 3r
and p = q — 2r = —3r. Therefore the four zeros are —3r, —r, r, 3r. The product of
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the zeros is 9r?; referring to the original polynomial and using the product of roots formula
gives 9r* = 225. Thus r = \/5, the zeros are —3\/5,—\/5, \/5, 3\/5, and the polynomial
can be factored as (z — v/5)(z + V5)(z — 3v/5)(z + 3v/5). Expanding this product yields
(22 — 5)(2% — 45) = 2? — 5022 + 225, so j = —50.

Alternate Solution: Proceed as in the original solution, finding the values —3v5,—v5,V/5,
and 3v/5 for the zeros. By the sums and products of roots formulas, the coefficient of z? is
the sum of all six possible products of pairs of roots:

(—3V5)(—V5) + (—3V5)(V5) + (—=3v5)(3V5) + (—=V5)(V5) + (—V5)(3V5) + (V5)(3V5)

Observing that some of these terms will cancel yields the simpler expression

(—3V/5)(3V5) + (—V5)(V5) = —45 + —5 = —50.

Inverting the problem, the goal is to find seven positive integers a < b<c<d<e< f<g
and a positive integer n such that a®,07,c%,...,¢> <nandn < (a+1)%,(b+1)7,...,(g+1)2
Proceed by cases starting with small values of a.

If @ = 1, then because n < (a + 1)%, n < 256. But because n > (a + 3)°, n > 45 = 1024. So it
is impossible for a to be 1.

If a = 2, then a® = 256 and (a + 1)® = 6561, so 256 < n < 6561. Then b > 3 = b7 > 2187
and ¢ > 4 = ¢ > 4096. So n > 4096. Because (3 + 1)" = 16384 and (4 + 1) = 15625, the
condition n < 6561 found previously guarantees that |/n] = 3 and | ¢/n| = 4. Notice that if
4096 < n < 6561, then [/n] =5, |/n] =8, and | ¢/n] > 16. In fact, [v/4096| = 2* = 16,
and L\/ 4096J = 26 = 64. So the desired value of n is 4096.

If nis even and n < 2012, then n!! | 2012!! trivially, while if n > 2012, 2012!! < n!!, so n!!
cannot divide 2012!!. Thus there are a total of 1006 even values of n such that n!! | 2012!!.
If n is odd and n < 1006, then n!! | 2012!!. To show this, rearrange the terms of 2012!! and
factor:

2012!! = 2-4-6---2010- 2012
= (2-6-10---2010)(4-8-12---2012)
= 2°%(1.3.5...1005)(4-8-12---2012).

However, the condition n < 1006 is not necessary, only sufficient, because n!! also divides
2012 if 1007 - 1009---n | (4 -8 -12---2012). (The factor of 2°% is irrelevant because all
the factors on the left side are odd.) The expression (4 -8 -12---2012) can be factored as
4593(1-2-3----503) = 4°03 . 503!. Examining the numbers 1007, 1009, ... in sequence shows
that 1007 is satisfactory, because 1007 = 19 - 53. On the other hand, 1009 is prime, so it
cannot be a factor of 4°3 . 503!. Thus the largest possible odd value of n is 1007, and there
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are 504 odd values of n altogether. The total is 1006 + 504 = 1510.

Note: The primality of 1009 is not difficult to check by hand. First, standard divisibility tests
show that 1009 is not divisible by 2, 3, 5, or 11. The well-known fact that 1001 = 7-11-13
eliminates both 7 and 13 as factors, leaving only 17, 19,23, 29, 31 to check by hand. Each of
these can be eliminated using long division or by finding a multiple too close to 1009. For
example, 17 | 1020 — 17 = 1003, so 17 cannot also be a factor of 1003 + 6 = 1009. Similar
logic applies to the other potential factors: 19 | 950 + 57 = 1007, 23 | 920 4+ 92 = 1012,
29 | 870 + 145 = 1015, and 31 | 930 + 93 = 1023.

As is usual, let arg z refer to measure of the directed angle whose vertex is the origin, whose
initial ray passes through 1 (i.e., the point (1,0)), and whose terminal ray passes through z.

Then argl/z = —argz. Using the formula absiny for the area of the parallelogram with
sides a and b and included angle v yields the equation
35

1
3 = 2] - ‘;‘ -sin(2 arg z).

However, |1/z] = 1/ |z|, so the right side simplifies to sin(2 arg z).

To compute the length ¢ of the diagonal from 0 to z + 1/z, use the Law of Cosines and the
fact that consecutive angles of a parallelogram are supplementary:

2

A o= |2+ E —2|z|-‘l cos(m — 2arg z)
2 2
112
= |2]*+ ~ — 2cos(m — 2arg 2)
112
= |2]*+ Z + 2 cos(2arg z).

This expression separates into two parts: the first, ]z|2+|1 / z|2, is independent of the argument
(angle) of z, while the second, 2 cos(2 arg z), is determined by the condition that sin(2 arg z) =
35/37. The minimum value of |z|* + |1/z| is 2, as can be shown by the Arithmetic Mean-
Geometric Mean inequality applied to ]2\2 and |1/ z|2:

|2 + /2 2 24/ | [1/2)" = 2.

The value of cos(2arg z) is given by the Pythagorean Identity:

(Qarg ) = /1 35Y Lo 1 12
c rg ) = Y ) _ et 4t
oS\~ ate 37 V' " 1360~ "V 1369 37

Because the goal is to minimize the diagonal’s length, choose the negative value to obtain

12 50

P?=2-2.==_
37 37
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Alternate Solution: Using polar coordinates, write
z= r(cos& +isin9),

so that

2 = 7“’1(0089 —isin&).

Without loss of generality, assume that z is in the first quadrant, so that § > 0. Then the
angle between the sides 0z and 0z~1 is 260, and the side lengths are r and r~!, so the area of

the parallelogram is
35

§ =
Note that 0 < 8 < /2, 50 0 < 20 < 7, and there are two values of # that satisfy this equation.
Adding the expressions for z and z~! and calculating the absolute value yields

7' sin(20) = sin 26.

1.2
’er—’ = (r+r")%cos® 0+ (r—r~")*sin*0

2
= (r*+7r7%)(cos® 0 +sin® @) + 2r - v~ (cos® § — sin” 0)
= r24+7r 24+ 2co0s26.

Minimize the terms involving r using the Arithmetic-Geometric Mean inequality:
242 > /r2 . p2 =2,

with equality when 72 = =2, that is, when r = 1. For the term involving 6, recall that there
are two possible values:

372 — 352 37 +35)(37 — 35 12
cos 20 = +4/1 —sin? 20 = + T:i\/( + 3;( >:i§.

To minimize this term, take the negative value, yielding

12 50

P?=2-2 ===
37 37

Alternate Solution: If z =z + yi, then compute 1/z by rationalizing the denominator:

I -y -y

= = + i
z o wty? o a?4y? 2 4y?

The area of the parallelogram is given by the absolute value of the 2 x 2 determinant

1
x? + y?

x Y _
x/(2* + %) —y/(z®+y?)

r Y| —2xy
vy a4y
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That is,
2y 35

EET

Calculation shows that

x 2 Y )2 5 5 1 x? —q?
<x+x2+y2> +<y 2 + y? (@ +y)+x2+y2+ x? + 52

As in the previous solution, the sum of the first two terms is at least 2, when 22 +4* = 1. The
trick for relating the third term to the area is to express both the third term and the area in
terms of the ratio

112
-+
z

t=12.
X
Indeed,
22y 2t -y 11— (1+t)(1—1)
= and = =
2 +y? 142 2 +y? 1412 1+t

As in the previous solution, assume without loss of generality that z is in the first quadrant,

so that t > 0. As found above,
2t 35
14+ 37
It is not difficult to solve for ¢ using the quadratic formula, but the value of ¢ is not needed
to solve the problem. Observe that

(1+1¢)? 2t 35

A S = 14+ =
142 1+ ¢2 37’

11—V (1+0? 1-t2 72 2 [12V
1+t2) 1+t 1+t 37 37 \37)°

In order to minimize d, take the negative square root, leading to

so that

11— 24 50
d>=2+2- =2 =_
T 37 37

Note: The relation between the two alternate solutions is that if
z=1x+yi=r(cosf + isinf),
then t = y/z = tan 6. Similarly
22 = (2% — y*) + (2xy)i = r*(cos 260 + isin 26)

and |2%| = |z|*> = 2? + y* = r?, whence



156

I-10.

2012 Individual Solutions

Thus the trick used in the alternate solution corresponds precisely to the trigonometric iden-
tities
1 —tan?6 2tan

g — — 0 G 0g— 2RO
o’ 1+ tan?6’ St 1 —tan?4

Call each 1 x 1 x 1 cube a cubelet. Then four cubelets are each painted on one face, and the

other four cubelets are completely unpainted and can be ignored. For each painted cubelet,

the painted face can occur in six positions, of which three are hidden from the outside, so the

probability that a particular painted cubelet has no paint showing is 3/6 = 1/2. Thus the
1

probability that all four painted cubelets have no paint showing is (1/2)* = st.

Let E be the point where the other trisector of ZB intersects side AC. Let AB = BC = a,
and let BD = BE = d. Draw X on BC so that BX =d. Then CX = 7.

B

AN

(>~

c

4 D ¢ X

The placement of point X guarantees that ABEX = ABDE by Side-Angle-Side. There-
fore /BXFE = /BEX = /BDE, and so ZCXFE = ZADB = ZCEB. By Angle-Angle,
ANCEX ~ ACBE. Let EX = ¢ and EC' = z. Then comparing ratios of corresponding sides

yields
7 T

C J—

d = d+T

Using the right proportion, 22 = 7(d+7). Because d is an integer, z? is an integer, so either x is
an integer or irrational. The following argument shows that x cannot be irrational. Applying
the Angle Bisector Theorem to ABCD yields DE = ¢ = -4 - 2. Then AC = 2z + ¢ =

2

d+7
(2 + #). Because the expression (2 + ﬁ) is rational, AC' will not be an integer if z is
irrational.

Hence x is an integer, and because z? is divisible by 7, = must also be divisible by 7. Let
x = Tk so that d = ck. Rewrite the original proportion using 7k for x and ck for d:

C . X
d ~— d+7
c Tk
ck o ck+7T
Th? = ck+T
Tk = c—l—z.
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Because the left side of this last equation represents an integer, 7/k must be an integer, so

either k = 1 or k = 7. The value k = 1 gives the extraneous solution ¢ = 0. So k = 7, from
which ¢ = 48. Then d = 336 and AC' = 2x + ¢ =249 4 48 = 146.



Power Question 2012: Cops and Robbers

Every day, each Cop searches one hideout: the Cops know the location of all hideouts and which
hideouts are adjacent to which. Cops are thorough searchers, so if the Robber is present in the
hideout searched, he is found and arrested. If the Robber is not present in the hideout searched, his
location is not revealed. That is, the Cops only know that the Robber was not caught at any of the
hideouts searched; they get no specific information (other than what they can derive by logic) about
what hideout he was in. Cops are not constrained by edges on the map: a Cop may search any
hideout on any day, regardless of whether it is adjacent to the hideout searched the previous day.
A Cop may search the same hideout on consecutive days, and multiple Cops may search different
hideouts on the same day. In the map above, a Cop could search A on day 1 and day 2, and then
search C' on day 3.

The focus of this Power Question is to determine, given a hideout map and a fixed number of Cops,
whether the Cops can be sure of catching the Robber within some time limit.

Map Notation: The following notation may be useful when writing your solutions. For a map

M, let h(M) be the number of hideouts and e(M) be the number of edges in M. The safety of a
hideout H is the number of hideouts adjacent to H, and is denoted by s(H).

la. Consider the hideout map M below.

Show that one Cop can always catch the Robber. 1]

The Cop number of a map M, denoted C'(M ), is the minimum number of Cops required to guarantee
that the Robber is caught. In 1la, you have shown that C(M) = 1.

1b. The map shown below is Cg, the cyclic graph with six hideouts. Show that three Cops are

sufficient to catch the Robber on Cg, so that C(Cg) < 3. 2]
A; 4,
45 4s

158
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lc. Show that for all maps M, C'(M) < h(M). 2]

2a. Find C(M) for the map below. 2]

2b. Show that C(M) < 3 for the map below. 2]
D c
E B
F A
G L
H K
I J

2c. Generalize the result of 2a: if IC,, is a map with n hideouts in which every hideout is adjacent
to every other hideout (also called the complete map on n hideouts), determine C(K,,).  [3]

The police want to catch the Robber with a minimum number of Cops, but time is of the essence.
For a map M and a fixed number of Cops ¢ > C(M), define the capture time, denoted D (M, c),
to be the minimum number of days required to guarantee a capture using ¢ Cops. For example, in
the graph from 1b, if three Cops are deployed, they might catch the Robber in the first day, but if
they don’t, there is a strategy that will guarantee they will capture the Robber within two days.
Therefore the capture time is D(Cg, 3) = 2.

3. A path on n hideouts is a map with n hideouts, connected in one long string. (More formally,
a map is a path if and only if two hideouts are adjacent to exactly one hideout each and all

other hideouts are adjacent to exactly two hideouts each.) It is denoted by P,,. The maps Ps
through Pg are shown below.

Ag
As As
A /*A/f A m AA/
AI 2 A1 2 AI 2 AI 2

Show that D(P,,1) < 2n for n > 3. 4]
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4. A cycle on n hideouts is a map with n hideouts, connected in one loop. (More formally, a

map is a cycle if every hideout is adjacent to exactly two hideouts.) It is denoted by C,,. The
maps Cz through Cg are shown below.

A A; A,
AZ A[ A] A[ A3 Al
A;
A3 A5 A4 A6
A3 A4 A4 A5
a. Determine C'(C,) for n > 3. (Note that this is determine and not compute.) 2]
b. Show that D(C,,C(Cy,)) < 2 for n > 3. 2]

Definition: The workday number of M, denoted W (M), is the minimum number of Cop workdays
needed to guarantee the Robber’s capture. For example, a strategy that guarantees capture within
three days using 17 Cops on the first day, 11 Cops on the second day, and only 6 Cops on the third
day would require a total of 174+ 11 + 6 = 34 Cop workdays.

d.
6.

Determine W (M) for each of the maps in problem 2a and 2b. [4]

Let M be a map with n > 3 hideouts. Prove that 2 < W(M) < n, and that these bounds
cannot be improved. In other words, prove that for each n > 3, there exist maps M; and M,

such that W(M;) =2 and W (M,) = n. 6]

Definition: A map is bipartite if it can be partitioned into two sets of hideouts, A and B, such
that AN B = (), and each hideout in A is adjacent only to hideouts in B, and each hideout in B is
adjacent only to hideouts in A.

Ta.
7b.

10.

Prove that if M is bipartite, then C'(M) < n/2. 3]

Prove that C(M) < n/2 for any map M with the property that, for all hideouts H; and Ha,
either all paths from H; to Hy contain an odd number of edges, or all paths from H; to H,
contain an even number of edges. (3]

. A map M is called k-perfect if its hideout set H can be partitioned into equal-sized subsets

Ay, As, ..., Ay such that for any j, the hideouts of A; are only adjacent to hideouts in A;;; or
A;_1. (The indices are taken modulo k: the hideouts of A; may be adjacent to the hideouts
of Ay.) Show that if M is k-perfect, then C'(M) < 22. 4]

Find an example of a map M with 2012 hideouts such that C'(M) = 17 and W (M) = 34, or
prove that no such map exists. 5]

Find an example of a map M with 4 or more hideouts such that W (M) = 3, or prove that no
such map exists. 5]



Solutions to 2012 Power Question

1. a. Have the Cop stay at A for 2 days. If the Robber is not at A the first day, he must be
at one of B;—Bg, and because the Robber must move along an edge every night, he will
be forced to go to A on day 2.

b. The Cops should stay at {A;, A3, A5} for 2 days. If the Robber evades capture the first
day, he must have been at an even-numbered hideout. Because he must move, he will
be at an odd-numbered hideout the second day. Equivalently, the Cops could stay at

{Ay, Ay, Ag} for 2 days.

c. Let n = h(M). The following strategy will always catch a Robber within two days using
n — 1 Cops, which proves that C'(M) < n — 1. Choose any subset S of n — 1 hideouts
and position n — 1 Cops at the hideouts of S for 2 days. If the Robber is not caught on
the first day, he must have been at the hideout not in S, and therefore must move to a
hideout in & on the following day.

2. a. (M) = 6. The result of 1c applies, so C(M) < 6. To see that 6 is minimal, note that it
is possible for the Robber to go from any hideout to any other hideout in a single night.
Suppose that on a given day, the Robber successfully evades capture. Without loss of
generality, assume that the Robber was at hideout A;. Then the only valid conclusion
the Cops can draw is that on the next day, the Robber will not be at A;. Thus the
only hideout the Cops can afford to leave open is A; itself. If they leave another hideout
open, the Robber might have chosen to hide there, and the process will repeat.

b. The following strategy guarantees capture using three Cops for four consecutive days, so
C(M) < 3. Position three Cops at {B, E, H} for two days, which will catch any Robber
who starts out at B,C, D, E, F,G, or H, because a Robber at C' or D would have to
move to either B or E, and a Robber at F' or G would have to move to either F or H.
So if the Robber is not yet caught, he must have been at I, J, K, L, or A for those two
days. In this case, an analogous argument shows that placing Cops at B, H, K for two
consecutive days will guarantee a capture.

c. The result in 1c applies, so C(K,) < n—1. It remains to show that n — 1 is minimal. As
was argued in 2a, the Robber always has n — 1 choices of where to move the next day, so
a strategy using less than n — 1 Cops can never guarantee capture. Thus C(IC,,) > n — 2.

3. The following argument shows that C'(P,) = 1, and that capture occurs in at most 2n — 4
days. It helps to draw the hideout map as in the following diagram, so that odd-numbered
hideouts are all on one level and even-numbered hideouts are all on another level; the case
where n is odd is shown below. (A similar argument applies where n is even.)
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Each night, the Robber has the choice of moving diagonally left or diagonally right on this
map, but he is required to move from top to bottom or vice-versa.

For the first n — 2 days, the Cop should search hideouts As, Az, ..., A,_1, in that order. For
the next n — 2 days, the Cop should search hideouts A,,_1, A,_2, ..., As, in that order.

The Cop always moves from top to bottom, or vice-versa, except that he searches A, 1 two
days in a row. If the Cop is lucky, the Robber chose an even-numbered hideout on the first
day. In this case, the Cop and the Robber are always on the same level (top or bottom) for
the first half (n — 2 days) of the search. The Cop is searching from left to right, and the
Robber started out to the right of the Cop (or at A,, the first hideout searched), so eventually
the Robber is caught (at A,_1, if not earlier).

If the Robber chose an odd-numbered hideout on the first day, then the Cop and Robber will
be on different levels for the first half of the search, but on the same level for the second half.
For the second half of the search, the Robber is to the left of the Cop (or possibly at A,_1,
which would happen if the Robber moved unwisely or if he spent day n — 2 at hideout A,).
But now the Cop is searching from right to left, so again, the Cop will eventually catch the
Robber.

The same strategy can be justified without using the zig-zag diagram above. Suppose that
the Robber is at hideout Ag on a given day, and the Cop searches hideout Ac. Whenever the
Cop moves to the next hideout or the preceding hideout, C' changes by +1, and the Robber’s
constraint forces R to change by +1. Thus if the Cop uses the strategy above, on each of the
first n — 2 days, either the difference R — C' stays the same or it decreases by 2. If on the first
day R — C' is even, either R — C is 0 (the Robber was at A, and is caught immediately) or
is positive (because C' = 2 and R > 4). Because the difference R — C' is even and decreases
(if at all) by 2 each day, it cannot go from positive to negative without being zero. If on the
first day R — C'is odd, then the Robber avoids capture through day n — 2 (because R — C'is
still odd), but then on day n — 1, R changes (by £1) while C' does not. So R — C'is now even
(and is either 0 or negative), and henceforth either remains the same or increases by 2 each
day, so again, R — C' must be zero at some point between day n — 1 and day 2n — 4, inclusive.

a. C(C,) = 2. Position one Cop at A; and have the Cop search that hideout each day. This
strategy reduces C,, to P,,_1, because the Robber cannot get past A;. Then the second
Cop can pursue the strategy from problem 3 on hideouts {As, ..., A,} to guarantee
capture. Thus C'(C,) < 2. On the other hand, one Cop is obviously insufficient because
the Robber has two choices of where to go every day, so it is impossible for one Cop to
cover both possible choices.

b. If the second Cop makes it all the way to hideout A,, without capturing the Robber, then
the second part of the strategy from part (a) can be improved by having the Cops walk
back towards each other in a “pincers” move. The details are as follows. If n is odd,
then when the second Cop reaches A,,, his and the first Cop’s hideouts are both odd. By
hypothesis, the Robber’s hideout has the opposite (even) parity. (Otherwise the second
Cop would have caught the Robber the first time around.) So the two Cops should
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each “wait” (that is, search A; and A, again) for one day, after which they will have
the same parity as the Robber. Then the first Cop should search hideouts in increasing
order while the second Cop searches in decreasing order. This part of the search takes
at most ”T_l days, for a total of (n — 1) + 1+ ”T_l days, or 3”2_1 days. If n is even, then
when the second Cop reaches hideout A,,, the Robber is on an odd hideout (but not A;),
and so the first Cop’s hideout is already the same parity as the Robber’s hideout. So on
the next day, the first Cop should search Ay while the second Cop should re-search A,,.
Thereafter, the first Cop searches consecutively increasing hideouts while the second Cop
searches consecutively decreasing ones as in the case of n odd. In this case, the search

takes (n — 1) + 1+ 252 = 222 days.

5. For the map M from 2a, W (M) = 7. The most efficient strategy is to use 7 Cops to blanket all
the hideouts on the first day. Any strategy using fewer than 7 Cops would require 6 Cops on
each of two consecutive days: given that any hideout can be reached from any other hideout,
leaving more than one hideout unsearched on one day makes it is impossible to eliminate
any hideouts the following day. So any other strategy would require a minimum of 12 Cop
workdays.

For the map M from 2b, W(M) = 8. The strategy outlined in 2b used three Cops for a
maximum of four workdays, yielding 12 Cop workdays. The most efficient strategy is to use 4
Cops, positioned at {B, F, H, K} for 2 days each. The following argument demonstrates that
8 Cop workdays is in fact minimal. First, notice that there is no advantage to searching one
of the hideouts between vertices of the square (for example, C') without searching the other
hideout between the same vertices (for example, D). The Robber can reach C' on day n if
and only if he is at either B or F on day n — 1, and in either case he could just as well go
to D instead of C'. So there is no situation in which the Robber is certain to be caught at
C rather than at D. Additionally, the Robber’s possible locations on day n + 1 are the same
whether he is at C' or D on day n, so searching one rather than the other fails to rule out
any locations for future days. So any successful strategy that involves searching C' should also
involve searching D on the same day, and similarly for /' and G, I and J, and L and A. On
the other hand, if the Robber must be at one of C' and D on day n, then he must be at either
B or E on day n + 1, because those are the only adjacent hideouts. So any strategy that
involves searching both hideouts of one of the off-the-square pairs on day n is equivalent to a
strategy that searches the adjacent on-the-square hideouts on day n+1; the two strategies use
the same number of Cops for the same number of workdays. Thus the optimal number of Cop
workdays can be achieved using strategies that only search the “corner” hideouts B, E, H, K.

Restricting the search to only those strategies searching corner hideouts B, E, H, K, a total
of 8 workdays can be achieved by searching all four hideouts on two consecutive days: if the
Robber is at one of the other eight hideouts the first day, he must move to one of the two
adjacent corner hideouts the second day. But each of these corner hideouts is adjacent to two
other corner hideouts. So if only one hideout is searched, for no matter how many consecutive
days, the following day, the Robber could either be back at the previously-searched hideout or
be at any other hideout: no possibilities are ruled out. If two adjacent corners are searched,
the Cops do no better, as the following argument shows. Suppose that B and E are both
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searched for two consecutive days. Then the Cops can rule out B, E, C, and D as possible
locations, but if the Cops then switch to searching either H or K instead of B or E, the Robber
can go back to C' or D within two days. So searching two adjacent corner hideouts for two
days is fruitless and costs four Cop workdays. Searching diagonally opposite corner hideouts
is even less fruitful, because doing so rules out none of the other hideouts as possible Robber
locations. Using three Cops each day, it is easy to imagine scenarios in which the Robber
evades capture for three days before being caught: for example, if B, E, H are searched for
two consecutive days, the Robber goes from I or J to K to L. Therefore if three Cops are
used, four days are required for a total of 12 Cop workdays.

If there are more than four Cops, the preceding arguments show that the number of Cops
must be even to produce optimal results (because there is no advantage to searching one
hideout between vertices of the square without searching the other). Using six Cops with four
at corner hideouts yields no improvement, because the following day, the Robber could get
to any of the four corner hideouts, requiring at least four Cops the second day, for ten Cop
workdays. If two or fewer Cops are at corner hideouts, the situation is even worse, because
if the Robber is not caught that day, he has at least nine possible hideouts the following day
(depending on whether the unsearched corners are adjacent or diagonally opposite to each
other). Using eight Cops (with four at corner vertices) could eliminate one corner vertex as
a possible location for the second day (if the non-corner hideouts searched are on adjacent
sides of the square), but eight Cop workdays have already been used on the first day. So 8
Cop workdays is minimal.

A single Cop can only search one hideout in a day, so as long as M has two or more hideouts,
there is no strategy that guarantees that a lone Cop captures the Robber the first day. Then
either more than one Cop will have to search on the first day, or a lone Cop will have to search
for at least 2 days; in either of these cases, W (M) > 2. On the other hand, n Cops can always
guarantee a capture simply by searching all n hideouts on the first day, so W (M) < n.

To show that the lower bound cannot be improved, consider the star on n hideouts; that is,
the map &, with one central hideout connected to n — 1 outer hideouts, none of which is
connected to any other hideout. (The map in la is S7.) Then W (S,) = 2, because a single
Cop can search the central hideout for 2 days; if the Robber is at one of the outer hideouts on
the first day, he must go to the central hideout on the second day. For the upper bound, the
complete map K, is an example of a map with W (M) = n. As argued above, the minimum
number of Cops needed to guarantee a catch is n — 1, and using n — 1 Cops requires two days,
for a total of 2n — 2 Cop workdays. So the optimal strategy for IC,, (see 2c¢) is to use n Cops
for a single day.

a. Suppose M is bipartite, and let A and B be the sets of hideouts referenced in the
definition. Because A and B are disjoint, either |A| < n/2 or |B| < n/2 or both.
Without loss of generality, suppose that |.A| < n/2. Then position Cops at each hideout
in A for two days. If the Robber was initially on a hideout in B, he must move the
following day, and because no hideout in B is connected to any other hideout in B, his
new hideout must be a hideout in A.
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b. The given condition actually implies that the graph is bipartite. Let A; be a hideout in
M, and let A be the set of all hideouts V' such that all paths from A; to V' have an even
number of edges, as well as A; itself; let B be the set of all other hideouts in M. Notice
that there are no edges from A; to any other element A; in A, because if there were,
that edge would create a path from A; to A; with an odd number of edges (namely 1).
So A; has edges only to hideouts in B. In fact, there can be no edge from any hideout
A; in A to any other hideout A; in A, because if there were, there would be a path with
an odd number of edges from A; to A; via A;. Similarly, there can be no edge from any
hideout B; in B to any other hideout B; in B, because if there were such an edge, there
would be a path from A; to B; with an even number of edges via B;. Thus hideouts in
B are connected only to hideouts in A and vice versa; hence M is bipartite.

Because a Robber in A; can only move to a hideout in A4; 1 or A;,1, this map is essentially
the same as the cyclic map C,. So the Cops should apply a similar strategy. First, position
n/k Cops at the hideouts of set A; and n/k Cops at the hideouts of set A;. On day 2, leave
the first n/k Cops at A;, but move the second group of Cops to Az. Continue until the second
set of Cops is at Ay; then “wait” one turn (search A, again), and then search backward A;_1,
Aj_a, ete.

There are many examples. Perhaps the simplest to describe is the complete bipartite map
on the hideouts A = {4, As,..., A1z} and B = {By, By, ..., Biggs }, which is often denoted
M = Ki71995. That is, let M be the map with hideouts A U B such that A; is adjacent to B;
for all 7 and 7, and that A; is not adjacent to A;, nor is B; adjacent to B;, for any ¢ and j.

If 17 Cops search the 17 hideouts in A for two consecutive days, then they are guaranteed to
catch the Robber. This shows that C(M) < 17 and that W(M) < 34. If fewer than 17 Cops
search on a given day, then the Robber has at least one safe hideout: he has exactly one choice
if the Cops search 16 of the hideouts A; and the Robber was hiding at some B; the previous
day, 1995 choices if the Robber was hiding at some A; the previous day. Thus C'(M) = 17.

On the other hand, fewer than 34 Cop workdays cannot guarantee catching the Robber.
Unless the Cops search every A; (or every B;) on a given day, they gain no information about
where the Robber is (unless he is unlucky enough to be caught).

The complete bipartite map is not the simplest in terms of the number of edges. Try to find
a map with 2012 hideouts and as few edges as possible that has a Cop number of 17 and a
workday number of 34.

No such map exists. Let M be a map with at least four hideouts. The proof below shows
that either W/(M) > 3 or else M is a star (as in the solution to problem 6), in which case
W(M) = 2.

First, suppose that there are four distinct hideouts A;, A,, By, and B, such that A; and A,
are adjacent, as are By and B,. If the Cops make fewer than four searches, then they cannot
search {A;, Ay} twice and also search {Bj, Bo} twice. Without loss of generality, assume the
Cops search {A;, Ay} at most once. Then the Robber can evade capture by moving from A;
to Ay and back again, provided that he is lucky enough to start off at the right one. Thus
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W(M) > 3 in this case. For the second case, assume that whenever A, is adjacent to A, and
B is adjacent to By, the four hideouts are not distinct. Start with two adjacent hideouts, and
call them A; and A,. Consider any hideout, say B, that is not one of these two. Then B must
be adjacent to some hideout, say C. By assumption, A;, A, B, and C are not distinct, so
C = Ay or C'= A,. That is, every hideout B is adjacent to A; or to A,.

If there are hideouts By and B,, distinct from A; and A, and from each other, such that Bj is
adjacent to A; and B, is adjacent to As, then it clearly violates the assumption of this case.
That is, either every hideout B, distinct from A; and A,, is adjacent to Ay, or every such
hideout is adjacent to As. Without loss of generality, assume the former.

Because every hideout is adjacent to A; (except for A; itself), the foregoing proves that the
map M is a star. It remains to show that there are no “extra” edges in the map. For the
sake of contradiction, suppose that By and By are adjacent hideouts, both distinct from Aj.
Because the map has at least four hideouts, choose one distinct from these three and call
it Ay. Then these four hideouts violate the assumption of this case.
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The rational number r is the largest number less than 1 whose base-7 expansion consists of

two distinct repeating digits, r = 00ABABAB .... Written as a reduced fraction, r = g
Compute p + ¢ (in base 10).

Let T = TNYWR. Triangle ABC has AB = AC. Points M and N lie on BC such that
AM and AN trisect ZBAC, with M closer to C. If m/AMC = T°, then mZ/ACB = U°.
Compute U.

Let T'=TNYWR. At Wash College of Higher Education (Wash Ed.), the entering class has
n students. Each day, two of these students are selected to oil the slide rules. If the entering
class had two more students, there would be T" more ways of selecting the two slide rule oilers.
Compute n.

Compute the least positive integer n such that the set of angles
{123°,246°,...,n- 123"}

contains at least one angle in each of the four quadrants.

Let T = TNYWR. In ARMLvania, license plates use only the digits 1-9, and each license
plate contains exactly T'— 3 digits. On each plate, all digits are distinct, and for all £ < T — 3,
the k™ digit is at least k. Compute the number of valid ARMLvanian license plates.

Let T = TNYWR. Let R be the region in the plane defined by the inequalities 2 +y* > T
and |z| + |y| < v2T. Compute the area of region R.
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R1-1. 95
R1-2. 75
R1-3. 37

R2-1. 11
R2-2. 256
R2-3. 1024 — 2567
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In base 7, the value of r must be 0.656565 . .. = 0.65;. Then 100;-7 = 65.657, and (100;—1)r =
657. In base 10, 657 = 6 -7+ 5 = 4715 and 100; — 1 = 7> — 1 = 48;9. Thus r = 47/48, and
p+q=95.

Because AABC' is isosceles with AB = AC, mZABC = U° and mZBAC = (180 — 2U)°.
Therefore m/MAC' = (M)O = (60 — %U)O. Then (60 — %U) + U+ T = 180, so %U =
120 — T" and U = 3(120 — T'). Substituting 7" = 95 yields U = 75.

With n students, Wash Ed. can choose slide-rule oilers in (g) = @ ways. With n 4 2

students, there would be (";2) = WFQ)QM ways of choosing the oilers. The difference is

(”+2)2(”+1) - "("2_1) = T. Simplifying yields (”2+3"+22)_(”2_”) =2n+1="T,s0on =511
Because T'= 75, n = 37.

The first angle is 123°, which is in Quadrant II, the second (246°) is in Quadrant III, and
the third is in Quadrant I, because 3 - 123° = 369° = 9° mod 360°. The missing quadrant
is IV, which is 270° — 246° = 24° away from the second angle in the sequence. Because
3-123° = 9° mod 360°, the terminal ray of the (n + 3)™ angle is rotated 9° counterclockwise
from the n'" angle. Thus three full cycles are needed to reach Quadrant IV starting from the
second angle: the fifth angle is 255°, the eighth angle is 264°, and the eleventh angle is 273°.
Son =11.

There are 9 valid one-digit plates. For a two-digit plate to be valid, it has to be of the form
AB, where B € {2,...,9}, and either A € {2,...,9} with A # B or A = 1. So there are 8
ways to choose B and 8 — 1 4+ 1 = 8 ways to choose A, for a total of 8 - 8 = 64 plates. In
general, moving from the last digit to the first, if there are k ways to choose digit n, then
there are k — 1 ways to choose digit n — 1 from the same set of possibilities as digit n had,
plus one additional way, for a total of kK —1+1 = k choices for digit n — 1. So if a license plate
has d digits, there are 10 — d choices for the last digit and for each digit before it, yielding
(10 — d)¢ possible d-digit plates. Using d = T — 3 = 8, there are 2% = 256 plates.

The first inequality states that the point (z,y) is outside the circle centered at the origin with
radius /7', while the second inequality states that (x,y) is inside the tilted square centered

2
at the origin with diagonal 2v/2T. The area of the square is 4 - % <\/ ZT) = 4T, while the
area of the circle is simply 7T, so the area of R is 4T — 7T = 1024 — 2567.
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TB-1. Triangle ABC has mZA > m/B > m/ZC. The angle between the altitude and the angle
bisector at vertex A is 6°. The angle between the altitude and the angle bisector at vertex B
is 18°. Compute the degree measure of angle C'

TB-2. Compute the number of ordered pairs of integers (b, c), with —20 < b < 20, —20 < ¢ < 20,
such that the equations 22 + bz + ¢ = 0 and 2 + cx + b = 0 share at least one root.

TB-3. A seventeen-sided die has faces numbered 1 through 17, but it is not fair: 17 comes up
with probability 1/2, and each of the numbers 1 through 16 comes up with probability 1/32.
Compute the probability that the sum of two rolls is either 20 or 12.
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TB-1. 44°
TB-2. &1

TB-3. —
; 128
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Let the feet of the altitudes from A and B be E and D, respectively, and let F' and G be the
intersection points of the angle bisectors with AC' and BC', respectively, as shown below.

A

-
C G E B

Then m/ZGAE = 6° and mZDBF = 18°. Suppose mZFBC = z° and mZCAG = y°.
So mZCAE = (y + 6)° and mZCBD = (z + 18)°. Considering right triangle BDC,
mZC = 90° — (z 4+ 18)° = (72 — z)°, while considering right triangle AEC, m/ZC =
90° — (y +6)° = (84 —y)°. Thus 84 —y = 72—z and y — x = 12. Considering AABE,
m/FEAB = (y —6)° and mZEBA = 22°, s0 (y — 6) + 2x = 90, or 2z + y = 96. Solving the
system yields x = 28,y = 40. Therefore mZA = 80° and m/ZB = 56°, so mZC' = 44°.

Alternate Solution: From right triangle ABE, 90° = (%A — 60) + B, and from right
triangle ABD, 90° = (%B — 180) + A. Adding the two equations gives 180° = %(A+ B) —24°,

so A+ B =2.204° = 136° and C' = 180° — (A + B) = 44°.

Let r be the common root. Then r2 +br+c=71r>4+cr+b=br —cr = b—c. So either b= ¢
or r = 1. In the latter case, 1 +b+c=0,s0 c = —1—b.

There are 41 ordered pairs where b =c. If c = —1 —b and —20 < b < 20, then —21 < ¢ < 19.
Therefore there are 40 ordered pairs (b, —1 —b) where both terms are in the required intervals.
Thus there are 41 + 40 = 81 solutions.

The rolls that add up to 20 are 17+ 3, 16 +4, 1545, 14 +6, 13+ 7, 12+ 8, 11 + 9, and
10+ 10. Accounting for order, the probability of 17 +3is 2 - L + % 1=2. % s =32 The

232 2 32— 1024°
combination 10+ 10 has probability 3% . 3% = ﬁ; the other six combinations have probability

2. 3% . 3L2 = 10%, for a total of % = % (again, accounting for two possible orders per

combination). The rolls that add up to 12 are 1 + 11,2+ 10,3+ 9,4+ 8,5+ 7, 6 + 6, all
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% — WZM except the last, which has probal;(ility (g%)z, for a

total of ﬁ. Thus the probability of either sum appearing is % + ulﬁ =50 =T

of which have probability 2 - % .
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If x,y, and 2z are positive integers such that zy = 20 and yz = 12, compute the smallest
possible value of x + z.

Let T'=TNYWR. Let A= (1,5) and B = (T'— 1,17). Compute the value of = such that
(x,3) lies on the perpendicular bisector of AB.

Let T =TNYWR. Let N be the smallest positive T-digit number that is divisible by 33.
Compute the product of the last two digits of V.

Let T = TNYWR. In the square DEFG diagrammed at right, D E
points M and N trisect F'G, points A and B are the midpoints of
EF and DG, respectively, and EM N AB =5 and DNNAB = H. u
If the side length of square DEFG is T, compute [DESH]. B \

N
Let T = TNYWR. For complex z, define the function fi(z) = 2, and for n > 1, f,(z) =
foc1(Z). IE f1(2) + 2f5(2) + 3f3(2) + 4f4(2) + 5f5(2) = T + Ti, compute |z|.

'~

&

G

<

F

Let T = TNYWR. Compute the number of ordered pairs of positive integers (a,b) with the
property that ab = T% - 210'2, and the greatest common divisor of a and b is 1.

N
Let T = TNYWR. Given that sinf = %, compute the largest possible value of the

infinite series cos@ + cos? 6 + cos* 0 + . . ..

Let R be the larger number you will receive, and let r be the
smaller number you will receive. In the diagram at right (not Y

drawn to scale), circle D has radius R, circle K has radius r, Y r

and circles D and K are tangent at C. Line ﬁ is tangent to
circles D and K. Compute Y P.

Let T=TNYWR. When T is expressed as a reduced fraction, let m and n be the numerator
and denominator, respectively. A square pyramid has base ABC'D, the distance from vertex
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10.

11.

12.

13.

14.

15.

P to the base is n — m, and PA = PB = PC = PD = n. Compute the area of square
ABCD.

Let T = TNYWR, and let d = |T|. A person whose birthday falls between July 23 and
August 22 inclusive is called a Leo. A person born in July is randomly selected, and it is given
that her birthday is before the d" day of July. Another person who was also born in July is
randomly selected, and it is given that his birthday is after the d™® day of July. Compute the
probability that exactly one of these people is a Leo.

Let T = TNYWR. Given that log, 4% +1log, 2% = 6! - T - x, compute .

Let T = TNYWR. For some real constants a and b, the solution sets of the equations
2>+ (5b—T —a)r =T+ 1 and 22° 4+ (T + 8a — 2)x = —10b are the same. Compute a.

Let T = TNYWR, and let K = T — 2. If K workers can produce 9 widgets in 1 hour,

2 . .
compute the number of workers needed to produce % widgets in 4 hours.

Let T'=TNYWR, and append the digits of T' to A A B (for example, if T = 17, then the

possible value of A + B.

Given that April 15, 2012 fell on a Sunday, what is the next year in which April 15¢ will fall
on a Sunday?



10.

11.

12.

13.

14.

15.

20

15

V26

32

W] =

10v/6

450

—14
—10
20
14

2018
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Note that x and z can each be minimized by making y as large as possible, so set y =
lem(12,20) = 4. Then x =5,z =3, and = + z = 8.

The midpoint of AB is (£,11), and the slope of B | is 7=. Thus the perpendicular bisector of
AB has slope I and passes through the point (T 11). Thus the equation of the perpendicular

bisector of AB isy = (350 )z + (11 — 25 T ). Plugging y = 3 into this equation and solving
for x yields x = 9—_6+— With T = 8§, 1t follows that = = %+— 16 + 4 = 20.

The sum of the digits of N must be a multiple of 3, and the alternating sum of the digits must
be a multiple of 11. Because the number of digits of N is fixed, the minimum N will have the
alternating sum of its digits equal to 0, and therefore the sum of the digits of N will be even,
so it must be 6. Thus if T" is even, then N = 10...023, and if T is odd, then N =10...032.
~ —

T—-30’s T—-30’s

Either way, the product of the last two digits of N is 6 (independent of T').

Note that DESH is a trapezoid with height % Because AS and BH are midlines of triangles
EFM and DGN respectively, it follows that AS = BH = Z Thus SH =T —2- % = 2L

3
Thus [DESH] = {(T'+2F)- £ = 5T2. With T = 6, the desu"ed area is 15.

Because z = z, it follows that f,(z) = z when n is odd, and f,(2) = Z when n is even. Taking
2 = a+bi, where a and b are real, it follows that >0_, kfi(2 ) = 15a+3bi. Thusa = &, b =

157
and |z| = va? + b = %%. With T' = 15, the answer is v/26.

If the prime factorization of ab is p{'p5...p", where the p;’s are distinct primes and the
e;’s are positive integers, then in order for ged(a,b) to equal 1, each p; must be a divisor
of exactly one of a or b. Thus the desired number of ordered pairs is 2¥ because there are
2 choices for each prime divisor (i.e., p; | @ or p; | b). With T = /26, it follows that
(v/26)%0-210'2 = (210.1310).210'2 = 222.3'2.512.712. 1310 Thus there are five distinct prime
divisors, and the answer is 2° = 32.

Using sin? 0 + cos?§ = 1 gives cos? 6 = %, so to maximize the sum, take cosf = % Using
the formula for the sum of an infinite geometric series gives 8T — |— With T' = 32, the

1-8/|T)

e 8 1
answer 1s 57 = 3"

Note that DY and ﬁ_are both perpendicular to line W Let J be the foot of the per-
pendicular from K to DY. Then PKJY is a rectangle and YP = JK = vDK? — DJ? =
V(R+71)>—(R—r)?=2VRr. With R =450 and r = 3, the answer is 2/150 = 101/6.
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9. By the Pythagorean Theorem, half the diagonal of the square is \/n? — (n — m)? = v/2mn — m2.
Thus the diagonal of the square is 2v/2mn — m?2, and the square’s area is 4mn — 2m?. With

T= 1%, m = 9,n = 17, and the answer is 450.

10. Note that there are 9 days in July in which a person could be a Leo (July 23-31). Let the
woman (born before the d*® day of July) be called Carol, and let the man (born after the
d™ day of July) be called John, and consider the possible values of d. If d < 21, then Carol
will not be a Leo, and the probability that John is a Leo is ﬁ. If d = 22 or 23, then
the probability is 1. If d > 24, then John will be a Leo, and Carol will not be a Leo With

probability 1 — M With T" = —14, the first case applies, and the desired probability is =

11. Note that 4% = 2%& thus log, 48 = 2. 8!, Similarly, log, 28" — 8 Thus 2.8 + 85! =

2
6!(2-7-8+7-8) = 6‘ 140. Thus 140 = Tz, and with T'= —10, x = —14.

no|co

12. Divide each side of the second equation by 2 and equate coefficients to obtain 56 — T — a =
= —|— 4a — 1 and T+ 1= —5b. Thus b = T“ , and plugging this value into the first equation

ylelds a= —5. With T = 20, the answer is —10.

13.  Because T" workers produce 9 widgets in 1 hour, 1 worker will produce % 9 widgets in 1 hour.
Thus 1 worker will produce widgets in 4 hours. In order to produce = 720 widgets in 4 hours,

it will require 3260/7? =20 Workers (independent of T').

14.  Let R be the remainder when 7' is divided by 11. Note that the alternating sum of the digits
of the number must be divisible by 11. This sum will be congruent mod 11 to B—A+A—R =
B — R, thus B = R. Because A’s value is irrelevant, to maximize A + B, set A = 9 to yield
A+ B =9+ R. For T =2018, R =5, and the answer is 9 + 5 = 14.

15.  Note that 365 = 7 - 52 + 1. Thus over the next few years after 2012, the day of the week for
April 1% will advance by one day in a non-leap year, and it will advance by two days in a
leap year. Thus in six years, the day of the week will have rotated a complete cycle, and the
answer is 2018.
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Let x be the smallest positive integer such that 1584 - x is a perfect cube, and let y be the
smallest positive integer such that zy is a multiple of 1584. Compute y.

Emma goes to the store to buy apples and peaches. She buys five of each, hands the shopkeeper
one $5 bill, but then has to give the shopkeeper another; she gets back some change. Jonah
goes to the same store, buys 2 apples and 12 peaches, and tries to pay with a single $10 bill.
But that’s not enough, so Jonah has to give the shopkeeper another $10 bill, and also gets
some change. Finally, Helen goes to the same store to buy 25 peaches. Assuming that the
price in cents of each fruit is an integer, compute the least amount of money, in cents, that
Helen can expect to pay.

Circle O has radius 6. Point P lies outside circle O, and the shortest distance from P to circle

O is 4. Chord AB is parallel to O<—F>’, and the distance between AB and O<—f>’ is 2. Compute
PA? + PB2.

A palindrome is a positive integer, not ending in 0, that reads the same forwards and back-
wards. For example, 35253,171,44, and 2 are all palindromes, but 17 and 1210 are not.
Compute the least positive integer greater than 2013 that cannot be written as the sum of
two palindromes.

Positive integers x,y, z satisfy xy + z = 160. Compute the smallest possible value of x + yz.

2 4
Compute cos® 77r + cos® 77T + cos® 877T

In right triangle ABC with right angle C, line £ is drawn through C and is parallel to AB.
Points P and @ lie on AB with P between A and @, and points R and S lie on ¢ with C
between R and S such that PQRS is a square. Let PS intersect AC in X, and let QR
intersect BC' in Y. The inradius of triangle ABC' is 10, and the area of square PQRS is 576.
Compute the sum of the inradii of triangles AXP, CXS, CYR, and BY Q.

Compute the sum of all real numbers x such that

5 -15]-7
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T-9.

T-10.

Two equilateral triangles of side length 1 and six isosceles triangles with legs of length x and
base of length 1 are joined as shown below; the net is folded to make a solid. If the volume of
the solid is 6, compute x.

Let S ={1,2,...,20}, and let f be a function from S to S; that is, for all s € S, f(s) € S.

20
Define the sequence si, sg, 83, ... by setting s, = Z(fo -0 f)(k). That is, s = f(1) +
k=1 M

o F(20), 2= FUF)) 4+ F(F20)), 55 = FUFCFD) + FUFCF2D) +- - + FF(F(20))),

etc. Compute the smallest integer p such that the following statement is true: The sequence
S1, S2, S3, . . . must be periodic after a certain point, and its period is at most p. (If the sequence
is never periodic, then write co as your answer.)
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T-1. 12
T-2. 1525
T-3. 272
T-4. 2019
T-5. 50
T-6. —=
T-7. 14

T-8. =21

5V 39
T-9. L

T-10. 140
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In order for 1584 - = to be a perfect cube, all of its prime factors must be raised to powers
divisible by 3. Because 1584 = 2% .32 .11,  must be of the form 23%+2.33m+1. 113742 .3 for
nonnegative integers k, m,n,r, r > 0. Thus the least positive value of x is 22 - 3 - 112 = 1452.
But in order for zy to be a positive multiple of 1584, zy must be of the form 2 - 3% - 11¢. d,
where a >4, b> 2, ¢> 1, and d > 1. Thus y must equal 22 - 3! = 12.

Let a be the price of one apple and p be the price of one peach, in cents. The first transaction
shows that 500 < 5a + 5p < 1000, hence 100 < a + p < 200. The second transaction shows
that 1000 < 2a + 12p < 2000, so 500 < a 4+ 6p < 1000. Subtracting the inequalities yields
300 < 5p < 900, so 60 < p < 180. Therefore the price of 25 peaches is at least 2561 = 1525
cents.

Extend AB to point ) such that PQ L AQ as shown, and let M be the midpoint of AB.
(The problem does not specify whether A or B is nearer P, but B can be assumed to be
nearer P without loss of generality.)

<Y

Then OP = 10, PQ = OM = 2, and OB = 6. Thus MB = /62 — 22 = 44/2. Because
QM = OP = 10, it follows that QB = 10 — 4v/2 and QA = 10 4+ 4v/2. So

PA*+ PB* = (QA*+ QP +(QB*+QP?)
= (10 +4v2)? + 22 + (10 — 4v/2)? 4 2
— 272,

If a4+ b > 2014, then at least one of a,b must be greater than 1006. The palindromes greater
than 1006 but less than 2014 are, in descending order, 2002, 1991, 1881, ..., 1111. Let a
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represent the larger of the two palindromes. Then for n = 2014, a = 2002 is impossible,
because 2014 — 2002 = 12. Any value of a between 1111 and 2000 ends in 1, so if a+b = 2014,
b ends in 3, and because b < 1000, it follows that 303 < b < 393. Subtracting 303 from 2014
yields 1711, and so a < 1711. Thus a = 1661 and b = 353. A similar analysis shows the
following results:

2015 = 1551 + 464;
2016 = 1441 + 575;
2017 = 1331+ 686; and
2018 = 1221 + 797.

But 2019 cannot be expressed as the sum of two palindromes: b would have to end in 8, so
b = 808 4 10d for some digit d. Then 2019 — 898 < a < 2019 — 808, hence 1121 < a < 1211,
and there is no palindrome in that interval.

First consider the problem with x, y, z positive real numbers. If xy+2 = 160 and z is constant,
then y = £2=2 yielding = + yz = = + W. For a,x > 0, the quantity = + £ is minimized
when 2 = y/a (proof: use the Arithmetic-Geometric Mean Inequality AJ“TB > /AB with
A=z and B = 2); in this case, z + ¢ = 2\/a. Thus x +yz > 2,/2(160 — z). Considered as a

function of z, this lower bound is increasing for z < 80.

These results suggest the following strategy: begin with small values of z, and find a factoriza-
tion of 160—z such that x is close to 1/z(160 — z). (Equivalently, such that ¥ is close to z.) The
chart below contains the triples (x,y, z) with the smallest values of z+yz, conditional upon z.

z (z,y,2) T+ yz
T (53,3,1) 56
2 (79,2,2) 83
3 (157,1,3) 160
4 (26,6,4) 50
5 (31,5,5) 56
6 (22,7,6) 64

Because x + yz > 24/2(160 — 2), it follows that x + yz > 64 for 6 < z < 80. And because
x +yz > 80 for z > 80, the minimal value of x + yz is 50.

Note: In fact, 160 is the smallest positive integer such that xy + z = N requires z > 4 in the
minimal solution for x + yz. The smallest values of N for which z = 2,...,12, are 8, 48, 160,
720, 790, 1690, 4572, 13815, 22031, 22032, 79965.

The identity cos 30 = 4 cos® @ — 3 cos @ can be rewritten into the power-reducing identity

1 3
cos® f = 100839 + ZCOS@.
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Thus if D is the desired sum,

2 4 8
D = cos® 77T + cos® 77T + cos® 77T
1 67 n 127 L 241 . 3 27 N 4 . 8
= —|cos— + cos — + cos — — | cos — 4 cos — + cos — | .
4 7 7 7 4 7 7 7
Observe that cos 247” = cos 107”, SO
D 1 67 n 127 n 107 n 3 2T n 47 n 8
= — [ cos — 4 cos — + cos — — | cos — 4 cos — +cos — | .
4 7 7 7 4 7 7 7
Notice also that cosf = cos(2m — ) implies cos 127’7 = coS 27”, coS 107” = CoS 47”, and cos 87” =

coS 67”. Rewriting D using the least positive equivalent angles yields

D — 1 67r+ 27T+ 4 +3 27T+ 471'+ o
= 1 cos - cos - cos - 1 cos - cos - cos -

27 47 o6
= C0S — —+ cosS — + cos —.

7 7 7

To evaluate this sum, use the identity cosf = cos(2m — ) again to write

9D 27 n 47 . 67 n 8 . 107 n 127
= C0S — + €0S — + €0S — + €OS — + cos oS .

7 7 7 7 7 7
If a = cos 27” + 7 sin 27“, notice that the right side of the equation above is simply the real part
of the sum a + o? 4+ o + a* + o® + ab. Because a” is a solution to the equation 27 = 1 for
n=20,1,...,6, thesum 1 +a+a?+--- + a% equals 0. Hence « + a? +---+a’ = —1 and
D=-1/2.

Alternate Solution: Construct a cubic polynomial in x for which cos 27”, cos 47”, and
8w

cos < are zeros; then the sum of their cubes can be found using techniques from the theory

of equations. In particular, suppose the three cosines are zeros of #® + bx? + cx + d. Then

b = —(COS2—7T+COS4—7T+COS8—7T)
7 7 7 )
21 47 27 87 T 81
c = COSTCOS7+COS7COS7+COS7COST, and
d = —COSZ—TFCOSZL—WCOSS—?T.
7 7 7

Use complex seventh roots of unity (as in the previous solution) to find b = 1/2. To find e,
use the product-to-sum formula 2 cos A cos B = cos(A + B) + cos(A — B) three times:

6 . 2m . 10 N 6 n 4m . 127
cos — +cos — c0s —— + o8 - cos —- +cos —
2 4 6 8 10 12
= 08 T 4 COS & 4 COS - 4 COS = + €S —— + COS TW [because cos @ = cos(2m — 0)]

7 7 7 7 7
= -1

2c
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Thus ¢ = —1/2.
To compute d, multiply both sides by sin 2= = and use the identity 2sin 6 cos 6 = sin 26:
J 2m . 27 27 4 8T
sin — = —sin — cos — c0S — Cos —
7 7 7 7 7

1 . 4r 47 8
= ——sin — coS — Ccos —

2 7 7 7

1 . 8« 8
= ——sin —cos —
4 7 7
1 . 167
= ——sin—.
8 7
Because sin 167” = sin 27, the factors on both sides cancel, leaving
d=—1 / 8.
Thus cos 2 =, COS 47”, and cos T 7 are roots of 3 —|— — %x — 8, so each value also satisfies the
equation 2% = 24 51: + 1 - Hence the desued sum can be rewritten as
3 2m + cos® 4 N 3 8T 1 o 2 n o 4m n o 8T
cos® — 4 cos® — 4 cos® — = cos? — + cos? — + cos? —
7 7 7 2 7 7 7
. 1 2m n 4T n 8T n 3
— | cos — + cos — + cos — =.
2 7 7 7 8
Previous work has already established that cos 7 + cos 7 +cos ¥ = —1/2, so it remains to

compute cos? 2 4-cos? L 4cos? 2. The identity A?+B*+C? = (A+B—|—C’)2—2(AB+BC’+AC’)
allows the use of previous results: cos? 2 + cos® I + cos® & = (—1/2)? — 2(—1/2) = 5/4.
Thus

cos327r+cos347r+cos 87T——1 o +1 —1 +3— !
7 7 7 2\4 2\ 2 g8 2

Note that in right triangle ABC with right angle C', the inradius r is equal to Lbc, where

a = BC, b= AC, and ¢ = AB, because the inradius equals the distance from the vertex of
the right angle C to (either) point of tangency along AC or BC. Thus the sum of the inradii
of triangles AXP,CXS,CYR, and BY (@ is equal to one-half the difference between the sum
of the lengths of the legs of these triangles and the sum of the lengths of the hypotenuses of
these triangles. Let ¢ be the side length of square PQQRS. Then the sum of the lengths of the
legs of triangles AXP,CXS,CY R, and BY (@ is

AP+ PX +XS+SC+CR+RY +YQ +QB
= AP+ PS+ SR+ RQ+QB
= AP+t+t+t+QB
= AB— PQ+ 3t
= c—t+3t
c—+2t.
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The sum of the lengths of the hypotenuses of triangles AXP,CXS,CYR, and BY(Q is
AX + XC+CY +YB = AC+ CB = b+ a. Hence the sum of the inradii of tri-
angles AXP,CXS CYR, and BYQ is %(‘Hb) = t — r. Thus the desired sum equals

V76 — 10 = 24 — 10 = 14.

Because the quantity on the left side is the difference of two integers, x/7 must be an integer,
hence x is an integer (in fact a multiple of 7). Because the denominators on the left side are
2 and 3, it is convenient to write © = 6¢ + r, where 0 < r < 5, so that |z/2] = 3¢ + [r/2]
and |z/3] = 2q+ |r/3]. Then for r = 0,1,...,5 these expressions can be simplified as shown
in the table below.

T 01 2 3 4 5}

15] 3¢ 13q[3¢g+1|3¢g+1|3¢+2|3¢+2

15] 29 |2q| 2¢ |2¢q+1|2¢+1|2¢+1
3-8/l lgqglag+l ] g |q+1 | qg+1

Now proceed by cases:

r=0: Then ¢ =x/6. But from the statement of the problem, ¢ = /7, so x = 0.
r=1 Theng=(x—-1)/6=a/T=x=T.

r=2: Theng=(r—2)/6and ¢+ 1=2/7,s0 (x +4)/6 =2x/7, and x = —28.
r=3: Then q=(z—3)/6 and ¢ = z/7, so x = 21.

r=4: Thenqg=(r—4)/6and ¢+ 1=2/7,s0 (x +2)/6 =2x/7, and x = —14.
r=>5 Theng=(x—5)/6 and ¢+ 1=2/7,s0 (x+1)/6 =2/7, and x = —T7.

The sum of these valuesis 0 +7+ —28 +21 + —14 + -7 = —

First consider a regular octahedron of side length 1. To compute its volume, divide it into
two square based pyramids with edges of length 1. Such a pyramid has slant height \/75 and

height \/ f X2 so0 its volume is l -1%. ﬁ = ﬁ. Thus the octahedron

has volume twice that or 2 The result of folding the net shown is actually the image of a
regular octahedron after bemg stretched along an axis perpendicular to one face by a factor
of r. Because the octahedron is only being stretched in one dimension, the volume changes
by the same factor r. So the problem reduces to computing the factor r and the edge length
of the resulting octahedron.

For convenience, imagine that one face of the octahedron rests on a plane. Seen from above
the plane, the octahedron appears as shown below.
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Let P be the projection of A onto the plane on which the octahedron rests, and let @ be the
foot of the perpendicular from P to BC'. Then PQ) = Rc — Ry, where R¢ is the circumradius

and RI the inradius of the equilateral triangle. Thus PQ = 2 <‘/7§> — 3 <\/T§> = \/?5. Then

BP? = PQ*+ BQ* =32+ 1 =1,50 AP = AB*> - BP* =2, and AP =

“[&

Now let a vertical stretch take place along an axis parallel to jﬁ If the scale factor is r, then
AP = “f , and because the stretch occurs on an axis perpendicular to BP, the length BP is
unchanged as can be seen below.

9
volume to the old volume:

Thus AB? = ’” + % = 6243 Tt remains to compute r. But r is simply the ratio of the new

6 18
P=—=—=9V2.
\/T§ \/§

Thus AB? = SOVE — 918 — 325 and AR = 339,

T-10. If f is simply a permutation of S, then {s,} is periodic. To understand why, consider a smaller
set T = {1,2,3,4,5,6,7,8,9,10}. If f :[1,2,3,4,5,6,7,8,9,10] — [2,3,4,5,1,7,8,6,9,10],
then f has one cycle of period 5 and one cycle of period 3, so the period of f is 15. However,

SO+ [2)+ FB) + f(4) + f(5) + [(6) + f(7) + f(8) + f(9) + f(10) =
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2+3+4+5+1+7+8+6+9+10 =55,

because f just rearranges the order of the summands. So s; = s, and for all n, s,, = s,,41; in
short, the period of {s,} is just 1.

In order for {s,} to have a period greater than 1, f must be many-to-one, so that some values
occur more than once (and some values do not occur at all) in the sum f(1)+ f(2)+-- -+ f(10)
(or, in the original problem, f(1)+ f(2) +---+ f(20)). For example, consider the function f,
below:

£2:11,2,3,4,5,6,7,8,9,10] — [2,3,4,5,1,10,9, 10,7, 3].

Note that s; =2+3+4+5+14+10+9410+7+3 # 55, so {s,} is not immediately periodic.
But {s,} is eventually periodic, as the following argument shows. The function f, has two
cycles: 1 -2 -3 —+4—5—1,and 7 — 9 — 7. There are also two paths that meet up
with the first cycle: 6 -+ 10 -3 — --- and 8 - 10 — 3 — ---. Thus for all £ in 7', fo(f2(k))
is an element of one of these two extended cycles. Thus {s,} eventually becomes periodic.

The criterion that the function be many-to-one is necessary, but not sufficient, for {s,} to
have period greater than 1. To see why, consider the function ¢ : [1,2,3,4,5,6,7,8,9,10] —
2,3,4,5,6,1,8,7,8,7). This function is many-to-one, and contains two cycles, 1 — 2 —
3—+4—5—6—>1and 7 — 8 — 7. But because ¢g(9) = 8 and ¢(10) = 7, the sum
$1=24+34+4+54+6+14+8+7+8+7, while s =3+44+5+6+1+24+7+8+7+8. In fact,
for n > 1, s,41 = s,, because applying f only permutes the 6-cycle and switches the two 7’s
and two 8’s. That is, in the list (go---0g)(1),...,(go---0g)(10), the values 7 and 8 both
—— ——

show up exactly twice. This cycle is balanced: each of its elements shows up the same number
of times for all n in the list (go---0g)(1),...,(go -0 g)(10), for all n after a certain point.
~—— ~——

n n
The conclusion is that not all many-to-one functions produce unbalanced cycles.

There are two ways a function g can produce balanced cycles. First, the cycles can be self-
contained, so no element outside of the cycle is ever absorbed into the cycle, as happens
with the 6-cycle in the example above. Alternatively, the outside elements that are absorbed
into a cycle can all arrive at different points of the cycle, so that each element of the cycle
occurs equally often in each iteration of g. In the example above, the values g(9) = 7 and
g(10) = 8 balance the 7 — 8 — 7 cycle. On the other hand, in the function f; above,
f(f(6)) = f(f(8)) = f(f(1)) = 3, making the large cycle unbalanced: in sq, the value 3

appears three times in s, but the value 2 only appears once in ss.

The foregoing shows that only unbalanced cycles can affect the periodicity of {s,}. Because
each element of a balanced cycle occurs equally often in each iteration, the period of that
component of the sum s,, attributed to the cycle is simply 1. (The case where f is a permu-
tation of S is simply a special case of this result.) In the above example, the large cycle is
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unbalanced. Note the following results under fs.

n

—~
n (f20---0 f5)(T) Sn
1 [2,3,4,5,1,10,9,10,7,3] 54
2 [3,4,5,1,2,3,7,3,9,4] 41
3 [4,5,1,2,3,4,9.4,7,5] 40
4 [5,1,2,3,4,5,7,5,9,1] 42
5 [1,2,3,4,5,1,9,1,7,2] 35
6 [2,3,4,51,2,7,2,9,3] 38
7 [3,4,5,1,2,3,9,3,7,4] 41
8  [4,5,1,2,3,4,7,4,9,5] 40
9 [5,1,2,3,4,5,9,5,7,1] 42

) = Ty Y )

YA

The period of {s,} for f; is 5, the period of the unbalanced cycle.

The interested reader may inquire whether all unbalanced cycles affect the periodicity of {s, };
we encourage those readers to explore the matter independently. For the purposes of solving
this problem, it is sufficient to note that unbalanced cycles can affect {s,}’s periodicity.

Finally, note that an unbalanced k-cycle actually requires at least k 4+ 1 elements: £ to
form the cycle, plus at least 1 to be absorbed into the cycle and cause the imbalance. For
the original set S, one way to create such an imbalance would be to have f(20) = f(1) =
2,f(2) = 3,f(3) = 4,...,f(19) = 1. This arrangement creates an unbalanced cycle of
length 19. But breaking up into smaller unbalanced cycles makes it possible to increase
the period of {s,} even more, because then in most cases the period is the least com-
mon multiple of the periods of the unbalanced cycles. For example, f : [1,2,3,...,20] =
2,3,4,5,6,7,8,9,1,1,12,13,14,15,16,17,18,11,11,11] has an unbalanced cycle of length 9
and an unbalanced cycle of length 8, giving {s,} a period of 72.

So the goal is to maximize lem{ky, ko,..., ky} such that ky + ko + -+ + kyy + m < 20.
With m = 2, the maximal period is 72, achieved with k; = 9 and ky = 8. With m = 3,
k14 ko + ks < 17, but lem{7,6,4} = 84 < lem{7,5,4} = 140. This last result can be obtained
with unbalanced cycles of length 4, 5, and 7, with the remaining four points entering the three
cycles (or with one point forming a balanced cycle of length 1, i.e., a fixed point). Choosing
larger values of m decreases the values of k so far that they no longer form long cycles: when
m =4, ki + ko + ks + k4 < 16, and even if ky = 2, k3 = 3, and ky = 5, for a period of 30, the
largest possible value of k; = 6, which does not alter the period. (Even k; =7, ks = 5, and
ks = k4 = 2 only yields a period of 70.) Thus the maximum period of s,, is 140. One such
function f is given below.

9 10 11 12 13 14 15 16 17 18 19 20

n‘ 2
10 6 6 13 14 15 16 17 18 12 12 20

12
f(n)]23

345678
411789
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2013 Individual Problems

Call a positive integer fibbish if each digit, after the leftmost two, is at least the sum of the
previous two digits. Compute the greatest fibbish number.

An ARMLbar is a 7 x 7 grid of unit squares with the center unit square removed. A portion
of an ARMLbar is a square section of the bar, cut along the gridlines of the original bar.
Compute the number of different ways there are to cut a single portion from an ARMLbar.

Regular hexagon ABCDEF and regular hexagon GHIJKL both have side length 24. The
hexagons overlap, so that G is on AB, B is on GH, K is on DE, and D is on JK. If
(GBCDKL| = {[ABCDEF], compute LF.

Compute the largest base-10 integer A BC' D, with A > 0, such that ABC D = B!+ C!+ D\.

Let X be the number of digits in the decimal expansion of 1001000 “and let Y be the
number of digits in the decimal expansion of 100010 " Compute |logy Y.

Compute the smallest possible value of n such that two diagonals of a regular n-gon intersect
at an angle of 159 degrees.

Compute the number of quadratic functions f(x) = ax?®+ bx + ¢ with integer roots and integer
coefficients whose graphs pass through the points (0,0) and (15, 225).

A bubble in the shape of a hemisphere of radius 1 is on a tabletop. Inside the bubble are five
congruent spherical marbles, four of which are sitting on the table and one which rests atop
the others. All marbles are tangent to the bubble, and their centers can be connected to form
a pyramid with volume V' and with a square base. Compute V.

Compute the smallest positive integer base b for which 16, is prime and 97, is a perfect square.

For a positive integer n, let C'(n) equal the number of pairs of consecutive 1’s in the binary
representation of n. For example, C'(183) = ('(10110111,) = 3. Compute C(1) + C(2) +
C(3)+---+C(256).
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10112369

96

18

5762

13

60

448
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The largest fibbish number is 10112369. First, if A; Ay --- A, is an n-digit fibbish number
with A; and Ay # 0, the number created by prepending the digits A; and 0 to the number is
larger and still fibbish: 4,0 A; Ay--- A, > A; Ay - A,. Suppose that A; = 0 and Az = Ay,

so that the number begins égéé_lf the number is to be fibbish, A4 > A; > 0. Then if
Ay > 2 and A, > 2, because the number is fibbish, A5 > 4, and Ag > 6. In this case there can
be no more digits, because A5 + Ag > 10. So the largest possible fibbish number beginning
with 20 is 202246. If A; = 2 and A; = 1, then A3 must be at least 3, and the largest possible
number is 21459; changing Az to 3 does not increase the length. Now consider A; = 1. If
Ay =1, then A3 > 2, Ay > 3, A5 > 5, and Ag > 8. There can be no seventh digit because
that digit would have to be at least 13. Increasing As to 3 yields only two additional digits,
because Ay > 4, A5 > 7. So Az = 2 yields a longer (and thus larger) number. Increasing Ay
to 4 yields only one additional digit, A5 > 6, because A4+ A5 > 10. But if A4 = 3, increasing
As to 6 still allows Ag = 9, yielding the largest possible number of digits (8) and the largest
fibbish number with that many digits.

Note that any portion of side length m > 4 will overlap the center square, so consider only
portions of side length 3 or less. If there were no hole in the candy bar, the number of
portions could be counted by conditioning on the possible location of the upper-left corner of
the portion. If the portion is of size 1 x 1, then the corner can occupy any of the 7% squares
of the bar. If the portion is of size 2 x 2, then the corner can occupy any of the top 6 rows
and any of the left 6 columns, for 62 = 36 possible 2 x 2 portions. In general, the upper-left
corner of an m X m portion can occupy any of the top 8 — m rows and any of the left 8 — m
columns. So the total number of portions from an intact bar would be 72 + 62 4 52. Now when
m < 3, the number of m x m portions that include the missing square is simply m?, because
the missing square could be any square of the portion. So the net number of portions is

46245232 -22-12 = (49+36+25) —(9+4+1)
= 110 — 14
= 96.

Alternate Solution: First ignore the missing square. As in the previous solution, the
number of m X m portions that can fit in the bar is (8 —m)?. So the total number of portions
of all sizes is simply

T(7T+1)(2-7T+1)

.. 12— = 140.

To exclude portions that overlap the missing center square, it is useful to consider the location
of the missing square within the portion. If an m x m portion includes the missing center
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square, and m < 4, then the missing square could be any one of the m? squares in the
portion. If m = 5, then the missing square cannot be in the leftmost or rightmost columns of
the portion, because then the entire bar would have to extend at least four squares past the
hole, and it only extends three. By similar logic, the square cannot be in the top or bottom
rows of the portion. So for m = 5, there are 3 -3 = 9 possible positions. For m = 6, the
two left and two right columns are excluded, as are the two top and the two bottom rows, for
2 - 2 = 4 possible positions for the portion. And in a 7 x 7 square, the only possible location
of the hole is in the center. So the total number of portions overlapping the missing square is

12422 4+3%24+424+32+22+1%2 = 44,

The difference is thus 140 — 44 = 96.1

The diagram below shows the hexagons.

A G B H

E K D J
The area of hexagon GBC' DK L can be computed as [GBCDKL] = [ABCDEF|-[AGLKEF],
and [AGLK EF] can be computed by dividing concave hexagon AGLK EF into two parallel-

ograms sharing FL. If AB = s, then the height AFE is sv/3, so the height of parallelogram
AGLF is 23, Thus [AGLF] = LF - *£3 and [AGLKEF| = LF - 5/3. On the other hand,

the area of a regular hexagon of side length s is % Because [BCDK L] = {{ABCDEF],
it follows that [AGLKEF] = {[ABCDEF], and

2 2

2 4

whence LF' = %3. With s = 24, the answer is 18.

Alternate Solution: Compute [BCDKLG] as twice the area of trapezoid BCLG. If
AB = s, then BG = s — LF and CL = 2s — LF, while the height of the trapezoid is %5

!The answer 115 was also accepted for this problem because of an alternate (and unintended) reasonable inter-
pretation of the problem statement. Some students also counted portions that contained the “hole”, with the hole
being strictly inside the portion, and not along its edges.
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Thus the area of the trapezoid is:

1 (ﬂ sv/3(3s — 2LF)

)((s—LF)—l—(Zs—LF)): 1

2\ 2

Double that area to obtain

[BODKLG] = 8\/3(332_ 2LE)

On the other hand, [ABCDEF] = 323 s

2

5v/3(3s — 2LF) 3523

2 4
3s
3s —2LF = —
N 2
3
LF = Z_LS'

Substituting s = 24 yields LF = 18.

Let ABCD = N. Because 7! = 5040 and 8! = 40,320, N must be no greater than
7'+ 6! + 6! = 6480. This value of N does not work, so work through the list of possi-
ble sums in decreasing order: 7!+ 6! 4+ 5!, 7! + 6! 4 4!, etc. The first value that works is
N =5762="7+6!+ 2!

Alternate Solution: Let ABCD = N. Because 7! = 5040 and 8! = 40,320, to find
the maximal value, first consider values of N that include 7 as a digit. Suppose then that
N = 5040 4+ X! + Y!. To force a 7 to appear in this sum with maximal N, let X = 6, which
yields N = 5040 + 720 + Y'! = 5760 + Y'!. This value of N has a 7 (and a 6), so search for
values of Y to find ones that satisfy the conditions of the problem. Only ¥ =1 and YV = 2
will do, giving 5761 and 5762. Hence 5762 is the maximum possible value of N.

The number of digits of n is |logn| + 1. Because 100000 — (102)1000°° = 5 — 9.
100019900 4 1. Similarly, Y = 3 - 10,0001%%9%° + 1. Using the change-of-base formula,

logY _ log3 4 log10,000'%00%
logX ~ log2+ log 100010.000
log 3 4+ 100,000 log 10,000
log 2 + 10,000 log 1000
log 3 + 100,000 - 4
log 2 4+ 10,000 - 3
400,000 + log 3
30,000 + log 2 -

logy Y =
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Both log3 and log2 are tiny compared to the integers to which they are being added. If
the quotient 400,000/30,000 were an integer (or extremely close to an integer), the values of
these logarithms might matter, but 400,000/30,000 = 40/3 = 13.3, so in this case, they are

irrelevant. Hence 400,000 10
1 Y| = . =|—| =13.
ogx Y] {30,000J {3J

Let the vertices of the polygon be Ag, Ay, ..., A,_1. Considering the polygon as inscribed in
a circle, the angle between diagonals Ag4; and AgA; is 1 - (%) i =il = (%) . The
()

diagonal A, Ak, can be considered as the rotation of AygA; through k/n of a circle, or
So the diagonals ApA; and AjAjy, intersect at a combined angle of (%) + (%)o.

Without loss of generality, assume ¢ < j (otherwise relabel vertices in the opposite order, with
Ay becoming Ag). Then the desired number is the least n such that

(180(] —z)) L 360k o
n n

Multiply both sides of the equation by n and factor to obtain 180(j — ¢ + 2k) = 159n, thus
60(7 — i + 2k) = 53n. Because 53 and 60 are relatively prime and (j — ¢ 4+ 2k) is an integer,
it follows that 60 | n. So the smallest possible value is n = 60; one set of values that satisfies
the equation is i =1, j =54, k = 0.

Because the graph passes through (0,0), conclude that ¢ = 0. Then
f(15) =225 = a(15)* + b(15) = 225a + 15b = 225,

from which b = 15—15a. On the other hand, f can be factored as f(x) = ax(z+b/a), so if the
roots are integers, b/a must be an integer. Divide both sides of the equation b = 15— 15a by a
to obtain b/a = 15/a—15. Thus 15/a must be an integer, and a € {£1,+3, £5, £15}. Because
b = 15—15a is linear, each of these values for a yields a unique integer value for b, so there are
8 such ordered pairs. The values of a, b, and the nonnegative root are given in the table below.

a b | Root

1 0 0

3|1 —30 10

5| —60 12
15 | =210 14
-1 30 30
-3 60 20
-5 90 18
—15 240 16
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[-8. The first step is to compute the radius r of one of the marbles. The diagram below shows a
cross-section through the centers of two diagonally opposite marbles.

Triangle BQR appears to be equilateral, and in fact, it is. Reflect the diagram in the tabletop
AC to obtain six mutually tangent congruent circles inside a larger circle:

I~
o]

~
’
N
’
~————

—————

Because the circles are congruent, their centers are equidistant from B, and the distances
between adjacent centers are equal. So ) can be obtained as the image of R under a rotation
of 360°/6 = 60° counterclockwise around B. Then PQ =r = BQ = BR = 2r = BD =
3r, hence r = 1/3. Notice too that the height of the pyramid is simply the radius r and
the diagonal of the square base is twice the altitude of the equilateral triangle BQR, that
is, 2 - %g = rv/3. So the area of the base is 3r?/2. Thus the volume of the pyramid is
(1/3)(3r?/2)(r) = r®/2. Because r = 1/3, the volume is 1/54.

[-9. Because 9 is used as a digit, b > 10. The conditions require that b+ 6 be prime and 9b6+7 be a
perfect square. The numbers modulo 9 whose squares are congruent to 7 modulo 9 are 4 and
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5. S0 9b+7 = (9k+4)? or (9k+5)? for some integer k. Finally, b must be odd (otherwise b+ 6
is even), so 9b 4+ 7 must be even, which means that for any particular value of &, only one of
9k + 4 and 9k + 5 is possible. Taking these considerations together, k£ = 0 is too small. Using
k = 1 makes 9k + 4 odd, and while (9-1+5)? = 196 = 9-21 + 7 is even, because 21 + 6 = 27
is composite, b # 21. Using k = 2 makes 9k + 4 even, yielding 222 = 484 = 9-53 4 7, and
53+ 6 = 59 is prime. Thus b = 53, and 53 + 6 = 59 is prime while 9-53 + 7 = 484 = 222,

Group values of n according to the number of bits (digits) in their binary representations:

Bits | C'(n) values Total
C(10,) = 0
2 o(i) =1 !
5 | C(100,) =0 C(1015) = 0 5
C(110,) =1 C(111,) =2
L | C(1000;) =0 C(1001,) =0 C(1100;) =1 C(110T,) =1 |
C(1010,) =0 C(1011,) =1 C(1110,) =2 C(111l,) =3

Let B, be the set of n-bit integers, and let ¢, = >, .5 C(k) be the sum of the C-values for
all n-bit integers. Observe that the integers in B, can be obtained by appending a 1 or a 0
to the integers in B,,. Appending a bit does not change the number of consecutive 1’s in the
previous (left) bits, but each number in B, generates two different numbers in B, ;. Thus
Cny1 equals twice 2¢, plus the number of new 11 pairs. Appending a 1 will create a new pair
of consecutive 1’s in (and only in) numbers that previously terminated in 1. The number of
such numbers is half the number of elements in B,,. Because there are 2"~! numbers in B,
there are 2”2 additional pairs of consecutive 1’s among the elements in B, ;. Thus for n > 2,
the sequence {c,} satisfies the recurrence relation

Cni1 = 26, + 2772

(Check: the table shows c3 = 3 and ¢4 = 8, and 8 =2 -3+ 2%1) Thus

5 = 2-¢,+272=2.84+4=20,

6 = 2-c5+22=2.2048 =48,

¢ = 2-¢6+2072=2.48 416 =112, and
s = 2-c;+272=2.112+ 32 = 256.

Because C'(256) = 0, the desired sum is ¢; 4 ¢ + ¢3 + ¢4 + ¢5 + ¢6 + ¢7 + ¢g, which equals 448.



Power Question 2013: Power of (Urban) Planning

In ARMLopolis, every house number is a positive integer, and City Hall’s address is 0. However,
due to the curved nature of the cowpaths that eventually became the streets of ARMLopolis, the
distance d(n) between house n and City Hall is not simply the value of n. Instead, if n = 3*n/,
where k > 0 is an integer and n’ is an integer not divisible by 3, then d(n) = 37*. For example,
d(18) = 1/9 and d(17) = 1. Notice that even though no houses have negative numbers, d(n) is
well-defined for negative values of n. For example, d(—33) = 1/3 because —33 = 3' - —11. By
definition, d(0) = 0. Following the dictum “location, location, location,” this Power Question will
refer to “houses” and “house numbers” interchangeably.

Curiously, the arrangement of the houses is such that the distance from house n to house m, written
d(m,n), is simply d(m —n). For example, d(3,4) = d(—1) = 1 because —1 = 3% - —1. In particular,
if m = n, then d(m,n) = 0.

la. Compute d(6), d(16), and d(72). [1 pt]
1b. Of the houses with positive numbers less than 100, find, with proof, the house or houses which

is (are) closest to City Hall. 2 pts]
le. Find four houses at a distance of 1/9 from house number 17. [1 pt]

1d. Find an infinite sequence of houses {h,} such that
d(17,hy) > d(17,hy) > -+ > d(17,hy) > d(17, hypyq) > -+ - . 2 pts]

The neighborhood of a house n, written N'(n), is the set of all houses that are the same distance
from City Hall as n. In symbols, N'(n) = {m | d(m) = d(n)}. Geometrically, it may be helpful to
think of N'(n) as a circle centered at City Hall with radius d(n).

2a. Find four houses in N (6). 1 pt]
2b. Suppose that n is a house with d(n) = 1. Find four houses in N'(n). [1 pt]

2c. Suppose that n is a house with d(n) = 1/27. Determine the ten smallest positive integers m
(in the standard ordering of the integers) such that m € N (n). 2 pts]

3a. Notice that d(16) = d(17) = 1 and that d(16,17) = 1. Is it true that, for all m,n such that
d(m) =d(n) =1 and m # n, d(m,n) = 17 Either prove your answer or find a counterexample.

[1 pt]
3b. Suppose that d(m) = d(n) = 1/3* and that m # n. Determine the possible values of d(m,n).
[2 pts]
3c. Suppose that d(17,m) = 1/81. Determine the possible values of d(16,m). 2 pts]

A visitor to ARMLopolis is surprised by the ARMLopolitan distance formula, and starts to wonder
about ARMLopolitan geometry. An ARMULopolitan triangle is a triangle, all of whose vertices are
ARMLopolitan houses.
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4a.
4b.

da.
ob.
oC.
5d.

Power Question 2013: Power of (Urban) Planning

Show that d(17,51) < d(17,34) + d(34,51) and that d(17,95) < d(17, 68) + d(68,95). [1 pt]

If a =17 and b = 68, determine all values of ¢ such that d(a,c) = d(a,b). 2 pts]
Prove that, for all a and b, d(a,b) < max{d(a),d(b)}. 2 pts]
Prove that, for all a, b, and ¢, d(a, ¢) < max{d(a,b),d(b,c)}. 2 pts]
Prove that, for all a, b, and ¢, d(a,c) < d(a,b) + d(b, c). [1 pt]

After thinking about it some more, the visitor announces that all ARMLopolitan triangles
have a special property. What is it? Justify your answer. 2 pts]

Unfortunately for new development, ARMLopolis is full: every nonnegative integer corresponds
to (exactly one) house (or City Hall, in the case of 0). However, eighteen families arrive and are
looking to move in. After much debate, the connotations of using negative house numbers are
deemed unacceptable, and the city decides on an alternative plan. On July 17, Shewad Movers
arrive and relocate every family from house n to house n + 18, for all positive n (so that City Hall
does not move). For example, the family in house number 17 moves to house number 35.

6a.
6b.

7a.

7b.

Tc.

7d.

8a.

Find at least one house whose distance from City Hall changes as a result of the move. [1 pt]

Prove that the distance between houses with consecutive numbers does not change after the
move. 2 pts]

The residents of N (1) value their suburban location and protest the move, claiming it will
make them closer to City Hall. Will it? Justify your answer. 2 pts]

Some residents of A(9) claim that their tightly-knit community will be disrupted by the move:
they will be scattered between different neighborhoods after the change. Will they? Justify
your answer. 2 pts]

Other residents of N'(9) claim that their community will be disrupted by newcomers: they say
that after the move, their new neighborhood will also contain residents previously from several
different old neighborhoods (not just the new arrivals to ARMLopolis). Will it? Justify your
answer. 2 pts]

Determine all values of n such that N'(n) will either entirely relocate (i.e., all residents r of
N (n) are at a different distance from City Hall than they were before), lose residents (as in
7b), or gain residents besides the new ARMLopolitans (as in 7c). 2 pts]

One day, Paul (house 23) and Sally (house 32), longtime residents of AV/(1), are discussing the
“2 side” of the neighborhood, that is, the set of houses {n | n = 3k + 2, k € Z}. Paul says “I
feel like I'm at the center of the “2 side”: when I looked out my window, I realized that the
“2 side” consists of exactly those houses whose distance from me is at most 1/3.” Prove that
Paul is correct. 2 pts]
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8b.

8c.

Sally replies “It’s not all about you: I have the same experience!” Justify Sally’s claim; in
other words, prove that {n | n = 3k + 2, k € Z} consists exactly of those houses whose
distance from Sally’s house is at most 1/3. 2 pts]

Paul’s and Sally’s observations can be generalized. For any z, let D,.(z) = {y | d(z,y) < r},
that is, D, (z) is the disk of radius r. Prove that if d(x, z) = r, then D,(x) = D,(2). [2 pts]

Paul’s and Sally’s experiences may seem incredible to a newcomer to ARMLopolis. Given a circle,
any point on the circle is the center of the circle (so really a center of the circle). But ARMLopolitan
geometry is even stranger than that!

9a. Ross takes a walk starting at his house, which is number 34. He first visits house ny, such that

9b.

d(n1,34) = 1/3. He then goes to another house, ny, such that d(ny,ny) = 1/3. Continuing in
that way, he visits houses ns, ng, ..., and each time, d(n;,n;41) = 1/3. At the end of the day,
what is his maximum possible distance from his original house? Justify your answer. [2 pts]

Generalize your answer to 9a: given a value of ng, determine the rational values of r for which
the sequence ni,ns, ... with d(n;,n;y1) = r is entirely contained in a circle of finite radius
centered at ny. 2 pts]

It turns out that the eighteen newcomers are merely the first wave of a veritable deluge of enthusiastic
arrivals: infinitely many, in fact. ARMLopolis finally decides on a drastic expansion plan: now house
numbers will be rational numbers. To define d(p/q), with p and ¢ integers such that pg # 0, write
p/q = 3kp' /¢, where neither p’ nor ¢ is divisible by 3 and k is an integer (not necessarily positive);
then d(p/q) = 37F.

10a.
10b.
10c.

Compute d(3/5),d(5/8), and d(7/18). [1 pt]
Determine all pairs of relatively prime integers p and ¢ such that p/q € N (4/3). 1 pt]
A longtime resident of IMOpia moves to ARMLopolis and hopes to keep his same address.

When asked, he says “My old address was e, that is, the sum & + % + % + .... I'd really
like to keep that address, because the addresses of my friends here are all partial sums of
this series: Alice’s house is &, Bob’s house is é + %, Carol’s house is & + % + %, and
so on. Just let me know what I have to do in order to be near my friends!” After some
head-scratching, the ARMLopolitan planning council announces that this request cannot be
satisfied: there is no number, rational or otherwise, that corresponds to the (infinite) sum, or
that is arbitrarily close to the houses in this sequence. Prove that the council is correct (and

not just bureaucratic). 2 pts]
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. Factoring, 6 = 2-3', 16 = 16 - 3", and 72 = 8- 3%, so d(6) = 1/3, d(16) = 1, and
d(72) = 1/9.
. If n = 3*m where 3 1 m, then d(n) = 1/3%. So the smallest values of d(n) occur when

k is largest. The largest power of 3 less than 100 is 3* = 81, so d(81) = 1/3* = 1/81 is
minimal.

. Ifd(n,17) =1/9, then 9 | (n — 17) and 271 (n — 17). So n = 17+ 9k where k € Z is not
divisible by 3. For k = —1, 1, 2, 4, this formula yields n = 8, 26, 35, and 53, respectively.

. There are many possible answers; the simplest is h,, = 17 + 3", yielding the sequence
{20, 26, 44, 98, ...},

. Because d(6) = 1/3, N(6) is the set of all houses n such that d(n) = 1/3, equivalently,
where n = 3k and k is not divisible by 3. So N (6) = {3,6,12,15,21,24,...}.

. Using similar logic to 2a, N'(n) = {m € ZT | 3tm}. So N(n) = {1,2,4,5,7,8,...}.

. Here, N'(n) = {m | m = 27k, where 3 t k}. The ten smallest elements of N (n) are 27,
54, 108, 135, 189, 216, 270, 297, 351, and 378.

a. The statement is false. d(n,m) < 1if 3| (n —m), so for example, if n = 2 and m = 5.

. If d(m) = d(n) = 1/3%, rewrite m = 3*m’ and n = 3*n’ where m’ and n’ are not divisible
by 3. Then m —n = 35(m/ —n'). If 3| (m’ —n’), then d(m,n) < 1/3%. If 3¢ (m' —n/),
then d(m,n) = 1/3%. So the set of possible values of d(m,n) is {379 | ¢ > k,q € ZT}.

. Because d(17,m) = 1/81, 17 —m = 811, where | € Z and 3t 1. So m = 17 — 81l and
m — 16 =1 — 811. Hence 3 tm — 16, and d(m, 16) = d(m — 16) = 1.

. Because d(17,34) = d(17) = 1, d(34,51) = d(17) = 1, and d(17,51) = d(34) = 1,
it follows that d(17,51) < (17 34) + d(34,51). Because d(17,68) = d(51) = 1/3,
d(68,95) = d(27) = 1/27, and d(17,95) = d(78) = 1/3, it follows that d(17,95) <
d(17,68) + d(68,95).

. Because d(17,68) = 1/3, the condition implies that 3 | (¢ — 17) but 9 { (¢ — 17). Thus
either c — 17 = 9k + 3 or ¢ — 17 = 9k + 6 for some k € Z. Solving for ¢ yields ¢ = 9k + 20
or ¢ =9k + 23, equivalently c =9k +2or c =9k +5, k€ Z, k > 0.

. Write a = 3% and b = 3°by, where 3 { ap and 3 { by. First consider the case a = f3.
Then a — b = 3%(ag — bp). In this case, if 3 | (ag — by), then 3*(ag — by) = 37¢, where
3tcand o < 7; s0d(a—b) =37 < 3% =d(a) = db). If 31 (ap— by), then
d(a,b) =3 =d(a) = d(b). If @ # B, suppose, without loss of generality, that a < 5 (so
that d(a) > d(b)). Then a — b = 3%(ag — 3°~%by). In this second factor, notice that the
second term, 3°7%b, is divisible by 3 but the first term ay is not, so their difference is not
divisible by 3. Thus d(a,b) = 37 = d(a). Therefore d(a,b) = d(a) when d(a) > d(b),
and similarly d(a,b) = d(b) when d(b) > d(a). Hence d(a,b) < max{d(a),d(b)}.
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b.

7.
b.
C.
d.
8. a
b

. If n = 3k + 2, then d(32,n)

Note that d(a,c) = d(a — ¢) = d((a — b) — (¢ — b)) = d(a — b,c — b). Then d(a,c) <
max{d(a,b),d(c,b)} by part ba, and the fact that d(c,b) = d(b, c).

Because d(x,y) > 0 for all  # y, max{d(a,b),d(b,c)} < d(a,b) + d(b,c) whenever
a # b # c. Thus d(a,c) < d(a,b) + d(b,c) when a,b,c are all different. If a = b # ¢,
then d(a,b) = 0, d(a,c) = d(b,c), so d(a,c) < d(a,b) + d(b,c). And if a = ¢ # b, then
d(a,c) = 0 while d(a,b) = d(b,c) > 0, so d(a,c) < d(a,b) + d(b,c).

The foregoing shows that all ARMLopolitan triangles are isosceles! Examining the proof
in ba, note that if d(a) # d(b), then d(a,b) = max{d(a),d(b)}. Applying that observation
to the proof in 5b, if d(a,b) # d(b,c), then d(a,c¢) = max{d(a,b),d(b,c)}. So either
d(a,b) = d(b,c) or, if not, then either d(a,c) = d(a,b) or d(a,c) = d(b,c). Thus all

ARMLopolitan triangles are isosceles.

. For example, d(9) = 1/9 and d(9+18) = 1/27. In general, if n = 9427k, then d(n) = 1/9,

but d(n + 18) = d(27 + 27k) < 1/27.

Note that d(m+18,n+18) = d((m+18) —(n+18)) = d(m—n) = d(m, n). In particular,
if m =n+ 1, then d(m,n) = 1, thus d(m + 18, n + 18) is also 1.

a. No, they won’t move. If a € N(1), then 34 a. Thus 31 (a + 18), and so d(a + 18) = 1.

Yes, they will be split apart. If a € N(9), then 9 | a but 27 { a, so a = 27k + 9
or a = 27k + 18. Adding 18 has different effects on these different sets of houses:
27k +18 — 27k + 36, which is still in A (9), while 27k +9 + 27k + 27, which is in N/ (27r)
for some r € Z*, depending on the exact value of a. For example, a = 9 — 27, while
a = 63 — 81, and d(81) = 3% That is, d(a + 18) < 373 whenever a = 27k + 9, with
equality unless a = 63 mod 81.

The question is whether it is possible that = ¢ A(9) but = + 18 € AN(9). Because
d(9) = 1/9, there are two cases to consider: d(z) > 1/9 and d(z) < 1/9. In the first case,
9t z (either x is not divisible by 3, or x is divisible by 3 and not 9). These houses do not
move into N(9):  Z 0mod 9 = x + 18 #Z 0 mod 9. On the other hand, if d(z) < 1/9,
then 27 | z, i.e., z = 27k. Then x + 18 = 27k + 18 which is divisible by 9 but not by 27,
so d(z + 18) = 9. So in fact every house x of ARMLopolis with d(z) < 1/9 will move
into A(9)!

As noted in 7c, all houses in N (3%), where k& > 3, will move into N'(9). On the other
hand, houses of the form 27k + 9 will find that their distance from City Hall decreases,
so each of those now-vacated neighborhoods will be filled by residents of the old A/ (9).
None of N (1), N (2), or N(3) will be affected, however.

. If n =3k + 2, then d(23,n) = d(3k — 21), and because 3k — 21 = 3(k —7), d(3k — 21) <

1/3. On the other hand, if d(23,n) < 1/3, then 3 | (n — 23), so n — 23 = 3k, and
n=3k+23=3k+7)+2.

= d(3k — 30) < 1/3. Similarly, if d(32,n) < 1/3, then
3|n—32=n=3k+32=3(k+10) + 2.
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. Show that D,(z) C D,(z) and conversely. Suppose that y € D,(x). Then d(z,y) < r.

Because d(z,z) = r, by bb, d(y,z) < max{d(z,y),d(z,z)} = r. Soy € D,(z). Thus
D,(x) € D,(z). Similarly, D,(z) C D,(z), so the two sets are equal.

. The maximum possible distance d(34,n;) is 1/3. This can be proved by induction

on k: d(n1,34) < 1/3, and if both d(ng—1,34) < 1/3 and d(ng_1,nx) < 1/3, then
maX{d(”k—l? 34)7 d(nk—lank’)} S 1/3 S0 by 5b7 d<347 nk’) S 1/3

. The sequence is contained in the disk for all rational values of r, by the same logic as

in 9a.

. d(3/5) =1/3,d(5/8) =1, and d(7/18) = 9.
b. Because d(4/3) = 1/3, N'(4/3) = {p/q in lowest terms such that 3 | ¢ and 9 { ¢}. Thus

the set of all possible (p, q) consists precisely of those ordered pairs (p'r, ¢'r), where r is
any non-zero integer, p’ and ¢’ are relatively prime integers, 3 | ¢/, and 91 ¢

. The houses in this sequence actually get arbitrarily far apart from each other, and so

there’s no single house which they approach. If H, = & +=+- - -+, then d(H,,, H,—1) =
d(1/n!) = 3% where k = [n/3| + [n/9] + [n/27] ... . In particular, if n! = 3* - ng, where
k > 0 and 3 { ng, then d(H,, H,_;) = 3%, which can be made arbitrarily large as n
Increases.



2013 Relay Problems

R1-1. A set S contains thirteen distinct positive integers whose sum is 120. Compute the largest
possible value for the median of S.

R1-2. Let T'=TNYW R. Compute the least positive integer b such that, when expressed in base
b, the number T ends in exactly two zeroes.

R1-3. Let T = TNYWR. Suppose that a; = 1, and that for all positive integers n, a,.1 =
L/a% + 34} . Compute the least value of n such that a,, > 1007

R2-1. Compute the smallest n such that in the regular n-gon A;A3As--- A, mZA; AygAiz3 < 60°.

R2-2. Let T = TNYWR. A cube has edges of length T. Square holes of side length 1 are drilled
from the center of each face of the cube through the cube’s center and across to the opposite
face; the edges of each hole are parallel to the edges of the cube. Compute the surface area
of the resulting solid.

R2-3. Let T'= TNYWR. Compute |log,(1+2+4+---+27)].
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R2-2.
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2013 Relay Solutions

Let S; be the set of the least six integers in S, let m be the median of S, and let Sg be
the set of the greatest six integers in S. In order to maximize the median, the elements
of St should be as small as possible, so start with S, = {1,2,3,4,5,6}. Then the sum of
St’s elements is 21, leaving 99 as the sum of m and the six elements of Sg. If m = 11
and Sg = {12,13,14,15,16,17}, then the sum of all thirteen elements of S is 119. It is
impossible to increase m any further, because then the smallest set of numbers for Sg would
be {13,14,15,16,17,18}, and the sum would be at least 126. To get the sum to be exactly
120, simply increase either 6 to 7 or 17 to 18. The answer is 11.

For any integers n and b, define d(n,b) to be the unique nonnegative integer k such that
V¥ | n and b | n; for example, d(9,3) = 2, d(9,4) = 0, and d(18,6) = 1. So the problem
asks for the smallest value of b such that d(7!,0) = 2. If p is a prime and p | b, then
d(T!,b) < d(T",p), so the least value of b such that d(T"!,b) = 2 must be prime. Also, if b is
prime, then d(T!,b) = |T/b| + |T/b*| + |T/b*| + ---. The only way that d(T,b) can equal
2 is if the first term |7/b] equals 2 and all other terms equal zero. (If T > 0%, then b > 2
implies 7'/b > b > 2, which would mean the first two terms by themselves would have a sum
of at least 3.) Thus 2b < T < 3b, hence b < T/2 and T//3 < b. For T' = 11, the only such b
is 5.

Start by computing the first few terms of the sequence: a; = 1,a; = (\/35} = 6,a3 =
[V70] =9, and ay = [V115| = 11. Note that when m > 17, (m +1)? = m* + 2m + 1 >

m? + 34, so if a, > 17, apy1 = L/a% + 34-‘ =a, + 1. So it remains to continue the sequence

until a,, > 17: a5 = 13, ag = 15, a; = 17. Then forn > 7, a,, = 17+ (n — 7) = n + 10, and
a, > 1007 = n > 1007 — 10. With T"' =5, n > 490, and the least value of n is 491.

If the polygon is inscribed in a circle, then the arc A; A3 intercepted by £A; AsgAq3 has mea-
sure 12(360°/n), and thus mZA; Ay A3 = 6(360°/n). If 6(360/n) < 60, then n > 6(360),/60 =
36. Thus the smallest value of n is 37.

After the holes have been drilled, each face of the cube has area 72 — 1. The three holes meet
ina 1 x 1 x 1 cube in the center, forming six holes in the shape of rectangular prisms whose
bases are 1 x 1 squares and whose heights are (7"— 1) /2. Each of these holes thus contributes
A4(T —1)/2 = 2(T — 1) to the surface area, for a total of 12(7" — 1). Thus the total area is
6(T% — 1) +12(T — 1), which can be factored as 6(T' —1)(T + 1 +2) = 6(T — 1)(T + 3). With
T = 37, the total surface area is 6(36)(40) = 8640.

Let S =log,(1+2+4+---+27). Because 1 +2+4+---+27 = 27+ — 1 the change-of-base
formula yields
g log, (271 — 1)
B log, 4 '
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Let k = logy(27T! —1). Then T < k < T + 1,80 T/2 < S < (T +1)/2. If T is even, then
S| =T/2;if T is odd, then |S| = (T —1)/2. With T' = 8640, the answer is 4320.



TB-1.

TB-2.

TB-3.

2013 Tiebreaker Problems

Let ARML be a trapezoid with bases AR and ML, such that MR = RA = AL and LR =
AM = ML. Point P lies inside the trapezoid such that /ZRMP = 12° and ZRAP = 6°.
Diagonals AM and RL intersect at D. Compute the measure, in degrees, of angle APD.

A regular hexagon has side length 1. Compute the average of the areas of the 20 triangles
whose vertices are vertices of the hexagon.

Paul was planning to buy 20 items from the ARML shop. He wanted some mugs, which cost
$10 each, and some shirts, which cost $6 each. After checking his wallet he decided to put
40% of the mugs back. Compute the number of dollars he spent on the remaining items.
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TB-1.  First, determine the angles of ARML. Let mZM = x. Then mZLRM = x because ALRM
is isosceles, and mZRLM = 180° — 2z. Because AR || LM, mZARM = 180° — = and
m/ARL = 180° — 2z, as shown in the diagram below.

A R

L M

However, AARL is also isosceles (because AR = AL), so mZALR = 180° — 2z, yielding
mZALM = 360° — 4x. Because m/RML = m/ZALM, conclude that 360° — 4z = =z, so
x = 72°. Therefore the base angles L and M have measure 72° while the other base angles A
and R have measure 108°. Finally, the angle formed by diagonals AM and LR is as follows:
m/RDM = 180° — m/LRM — m/AMR = 180° — 72° — 36° = 72°.

Now construct equilateral AROM with O on the exterior of the trapezoid, as shown below.

A R

L 1%

Because AR = RM = RO, triangle OAR is isosceles with base AO. The measure of ZARO
is 108° + 60° = 168°, so mZ/RAO = (180 — 168)°/2 = 6°. Thus P lies on AO. Additionally,
m/POM = m/ZAOM = 60° — 6° = 54°, and mZPMO = 60° + 12° = 72° by construction.
Thus mZM PO = 180° — 72° — 54° = 54°, hence APMO is isosceles with PM = OM. But
because OM = RM, ARMP is isosceles with RM = MP, and RM = DM implies that
APDM is also isosceles. But mZRM P = 12° implies that mZPM D = 36° — 12° = 24°, so
m/DPM = 78°. Thus mZAPD = 180° — mZOPM — m/ZDPM = 180° — 54° — 78° = 48°.
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There are 6 triangles of side lengths 1, 1, v/3; 2 equilateral triangles of side length v/3; and 12
triangles of side lengths 1, v/3, 2. One triangle of each type is shown in the diagram below.

o N

Each triangle in the first set has area v/3/4; each triangle in the second set has area 3v/3/4;
and each triangle in the third set has area v/3/2. The average is

V3 33 V3
6(F) +2(2F) +12(%) os 06, s g3

20 - 20 20 °

The problem does not state the number of mugs Paul intended to buy, but the actual number
is irrelevant. Suppose Paul plans to buy M mugs and 20 — M shirts. The total cost is
10M +6(20 — M) However, he puts back 40% of the mugs, so he ends up spending 10(0.6 M) +
6(20 — M) = 6M + 120 — 6 M = 120 dollars.



10.

2013 Super Relay Problems

Compute the smallest positive integer n such that n? + n® +n' +n? is a multiple of 13.

Let T = TNYWR. The diagram at right consists of T con- 4 B

gruent circles, each of radius 1, whose centers are collinear, and (H m

each pair of adjacent circles are externally tangent to each other.
Compute the length of the tangent segment AB.

T circles

Let T = TNYWR. Compute 2'°678 — glosr2,

Let T =TNYWR. At some point during a given week, a law enforcement officer had issued
T + 2 traffic warnings, 20 tickets, and had made T+ 5 arrests. How many more tickets must
the officer issue in order for the combined number of tickets and arrests to be 20 times the
number of warnings issued that week?

Let T = TNYW R. In parallelogram ARM L, points P and Q trisect AR and points W, X,Y, Z
divide ML into fifths (where W is closest to M, and points X and Y are both between W
and Z). If [ARM L] =T, compute [PQW Z].

Let T = TNYWR. Compute the number of positive perfect cubes that are divisors of
(T + 10)!.

Let T = TNYWR. The graph of y = 2® + 22 — T intersects the z-axis at points A and M,
which are diagonally opposite vertices of square ARM L. Compute [ARM L.

Let S be the set of prime factors of the numbers you receive from positions 7 and 9, and
let p and g be the two least distinct elements of S, with p < ¢. Hexagon HEXAGO is
inscribed in circle w, and every angle of HEXAGO is 120°. If HE = XA = GO = p and
EX = AG = OH = q, compute the area of circle w.

Let T=TNYWR. A group of n friends goes camping; two of them are selected to set up the
campsite when they arrive and two others are selected to take down the campsite the next
day. Compute the smallest possible value of n such that there are at least T" ways of selecting
the four helpers.

Let T = TNYW R. The parabola y = 22+ T'z is tangent to the parabola y = —(z — 27)? + b.
Compute b.
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2013 Super Relay Problems

Let T'=TNYWR. The first two terms of a sequence are a; = 3/5 and as = 4/5. For n > 2,

if n is odd, then a, = a®>_; —a?_,, while if n is even, then a,, = 2a,_»a,_3. Compute the sum

of the squares of the first T'— 3 terms of the sequence.

Let T'=TNYWR. A regular n-gon has exactly 7" more diagonals than a regular (n — 1)-gon.
Compute the value of n.

Let T"=TNYWR. The sequence ay,as,as, ..., is arithmetic with a4 = 13 and agy = 20.
Compute the value of k for which a, = T.

Let T = TNYWR. A rectangular prism has a length of 1, a width of 3, a height of A, and
has a total surface area of T. Compute the value of h.

The zeros of 2 +bx+93 are r and s. If the zeros of 22 —22x +c are r+1 and s+ 1, compute c.
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11.

12.

13.

14.

15.

184
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Note that n? + n’ +n' +n3 =n?> +1+n+n = (n? + 1)(1 + n). Because 13 is prime, 13
must be a divisor of one of these factors. The smallest positive integer n such that 13 | 1+ n
is n = 12, whereas the smallest positive integer n such that 13 | n> + 1 is n = 5.

For each point of tangency of consecutive circles, drop a perpendicular from that point to AB.
For each of the T'—2 circles between the first and last circles, the distance between consecutive
perpendiculars is 2 - 1 = 2. Furthermore, the distance from A to the first perpendicular
equals 1 (i.e., the common radius of the circles), which also equals the distance from the last
perpendicular to B. Thus AB =14+ (T"—2)-2+1=2(T —1). With 7" = 5, it follows that
AB=2-4=8.

Let logy 8 = 2. Then T® = 8. Thus the given expression equals 2% — (T%)10872 = 2v _*loer2 —
2% — Tlosr2" = 22 _ 2% — ( (independent of T').

The problem requests the value of k such that 20+ k+ T 45 = 20(T' + 2), thus k = 197 + 15.
With T'= 0, it follows that £ = 15.

Let h be the distance between AR and ML, and for simplicity, let AR = ML = 15n.
Then [ARML] = 15nh, and [PQW Z] = (1/2)(PQ + W Z)h. Note that PQ = 15n/3 = 5n
and WZ = 15n — 3n — 3n = 9n. Thus [PQW Z] = Tnh = (7/15) - [ARM L] = 7T/15. With
T = 15, the answer is 7.

Let N =T + 10. In order for k% (k € N) to be a divisor of N!, the largest odd prime factor
of k (call it p) must be less than or equal to N/3 so that there are at least three multiples
of p among the product of the first N positive integers. If p = 3, then the smallest possible
value of N is 9, and the largest perfect cube factor of 9! is 2¢ - 33. Similarly, if p = 5, then
the smallest possible value of N is 15, and the largest perfect cube factor of 15! is 27 - 35 . 53.
With T'= 7, N = 17, and the largest perfect cube factor of 17! is 2% . 3% .53, Thus k* | 17! if
and only if &k | 2° - 3% - 5!, Therefore k = 2%3¥5%, where x, ¥, z are nonnegative integers with
x<5y<2 z<1,yielding 6 - 3-2 = 36 possible values of k.

Note that the x-coordinates of A and M correspond to the two roots ry,ry of 2% + 2x — T.
If s is the side length of square ARML, then AM = sv/2 = |r| — 13| = /(r1 —1m3)% =
V(r1+r2)? —driry = \/(=2)2 —4(-T) = 2¢/1+T. Thus [ARML] = s* = 2(1 + T). With
T =36,[ARML]| = 74.

The given information implies that triangles HEX, X AG, and GOH are congruent, hence
triangle H X G is equilateral. If HX = s, then the radius of the circle circumscribing AH X G
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10.

11.

12.

is 5//3 so that the circle’s area is 7s?/3. It remains to compute s. With m/HEX = 120°,
use the Law of Cosines to find

HX? = HE*>+EX?—-2HE - -EX -cos120°
= p’+¢° —2pq(—1/2)
= p*+¢*+pq.

Using the answers 74 and 7 from positions 7 and 9, respectively, conclude that S = {2,7,37}
and that (p,q) = (2,7). Hence the foregoing yields HX? = 4 + 49 + 14 = 67. Thus the area

. . 67T
of circle w is 5

%) ways of choosing the
n—3)

There are (g) ways of choosing the two people to set up and
n(n—1) . (n—2)(
2 2

four people, or ways total; call this function C'(n). For the least n such that
"(”71)("472)("73) > T, as a rough approximation, note that n — 3 < v4T < n. With T' = 184,
the approximation becomes n — 3 < v/736 < n. Now 5* = 625 while 6* = 1296, so 5 < n < 9.
Try values starting from n = 6:

two people to take down the campsite, so there are ways of choosing the

n(n—1)(n—2)(n—3)
4

6-5-4-3

4
7-6-5-4

4

90,

= 210.

Thusn=171.

In this case, the two parabolas are tangent exactly when the system of equations has a
unique solution. (Query: Is this the case for every pair of equations representing parabolas?)
So set the right sides equal to each other: z? + Tz = —(z — 2T)? + b. Then 2* + Tz =
—22 4+ 4Tx —4T? +b, or equivalently, 22?2 — 3Tz +4T% —b = 0. The equation has a double root
when the discriminant is 0, so set (—37')% — 4(47?% —b)(2) = 0 and solve: 97? — 3272 +8b = (
implies —2372 + 8b = 0, or b = 237%8. Using T = 8 yields b = 184.

Using the identity (% —y®)*+ (2zy)? = (z*+y?)?, notice that a3, +a3,., = (a3, —a3,_1)*+
(2a2na2n-1)* = (a3, + a3,_,)*. So surprisingly, for all n € N, a3, ., + a3,,, = 1. Thus if n is
even, the sum of the squares of the first n terms is n/2. With T'= 19, T'— 3 = 16, and the
sum is 8.

Using the formula D(n) = @ twice yields D(n)—D(n—1) = ”253”—”2_g”+4 =24 — -2
SoT =n—2,thusn =T+ 2, and with T'=17, n = 19.




218 2013 Super Relay Solutions

13. If d is the common difference of the sequence, then the n'" term of the sequence is a, =
a6+ d(n — 16). The values a156 = 13 and agp = 20 yield d = (20 — 13)/(30 — 16) = 1/2, hence
a, =13+ (1/2)(n — 16). If a,, = T, then n = 2(T — 13) + 16 = 27 — 10. With 7' = 27/2, it
follows that n = 17.

14.  The surface area is given by the expression 2-1-34+2-1-h+2-3-h = 6 4+ 8h. Because
6+8h =T, h=2L5 With T =114, h = 108/8 = 27/2.

15.  Use sums and products of roots formulas: the desired quantity ¢ = (r+1)(s+1) = rs+r+s+1.
From the first equation, rs = 93, while from the second equation, (r+1)+(s+1) =r+s+2 =
22. Sors+r+s+1=93+22—-1=114.
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2014 Team Problems

a multiple of 11. Compute Y.

A point is selected at random from the interior of a right triangle with legs of length 2v/3
and 4. Let p be the probability that the distance between the point and the nearest vertex is
less than 2. Then p can be written in the form a + v/br, where a and b are rational numbers.
Compute (a, b).

The square ARM L is contained in the xy-plane with A = (0,0) and M = (1,1). Compute
the length of the shortest path from the point (2/7,3/7) to itself that touches three of the
four sides of square ARM L.

For each positive integer k, let Sy denote the infinite arithmetic sequence of integers with first
term k and common difference k2. For example, S5 is the sequence 3,12,21,.... Compute
the sum of all k£ such that 306 is an element of Sj.

Compute the sum of all values of k£ for which there exist positive real numbers z and y
satisfying the following system of equations.

log, y* +log, 2° = 2k —1
log,2y® —log.2* = k—3

Let W = (0,0), A = (7,0), S = (7,1), and H = (0,1). Compute the number of ways to tile
rectangle WASH with triangles of area 1/2 and vertices at lattice points on the boundary of
WASH.

Compute sin? 4° + sin® 8° + sin? 12° + - - - + sin® 176°.
Compute the area of the region defined by x? + y* < |z| + |y|.

The arithmetic sequences aq, as, as, ..., asg and by, by, bs, . . ., byy consist of 40 distinct positive
integers, and asg + b1y = 1000. Compute the least possible value for byy + aq4.

Compute the ordered triple (z,y, z) representing the farthest lattice point from the origin that
satisfies zy — 2% = y?2z — o = 14.
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2014 Team Solutions

that a number is a multiple of 11 if and only if the alternating sum of the digits is a multiple
of 11. Because 1+ 3 4 5+ 7 = 16, the sum of the remaining digits, namely 2 + X + Y, must
equal 5 or 16. Thus X + Y must be either 3 or 14, making X =3 —-Y (if Y =0, 1, 2, or 3)
or14—-Y (if Y =5,6,7,8, or9). Thus a solution (X,Y") exists unless Y = 4.

Label the triangle as AABC, with AB = 2v/3 and BC = 4. Let D and FE lie on AB such
that DB = AE = 2. Let F be the midpoint of BC, so that BF = FC = 2. Let G and H lie
on AC, with AG = HC = 2. Now draw the arcs of radius 2 between £ and G, D and F, and
F and H. Let the intersection of arc DF and arc EG be J. Finally, let M be the midpoint
of AB. The completed diagram is shown below.

SIS,

B F C

The region R consisting of all points within AABC' that lie within 2 units of any vertex is
the union of the three sectors FAG, DBF', and FCH. The angles of these sectors, being the
angles ZA, /B, and ZC', sum to 180°, so the sum of their areas is 2r. Computing the area of
R requires subtracting the areas of all intersections of the three sectors that make up R.

The only sectors that intersect are EAG and DBF. Half this area of intersection, the part
above M J, equals the difference between the areas of sector DBJ and of AMBJ. Triangle
MBJisal:+/3:2right triangle because BM = /3 and BJ = 2, so the area of AM B.J is \/75
Sector DBJ has area +(4m) = %, because mZDBJ = 30°. Therefore the area of intersection

of the sectors is 2(3 — \/75) =2 V3. Hence the total area of R is 27 — (& - V3) = 4 V3.

47
The total area of AABC is 4v/3, therefore the desired probability is ii}f = ﬁg + i. Then

2
_1 (Y (1L
a=7and b= (3\/§> = 5-, hence the answer is (4, 27).

Consider repeatedly reflecting square ARM L over its sides so that the entire plane is cov-
ered by copies of ARML. A path starting at (2/7,3/7) that touches one or more sides and
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returns to (2/7,3/7) corresponds to a straight line starting at (2/7,3/7) and ending at the
image of (2/7,3/7) in one of the copies of ARM L. To touch three sides, the path must cross
three lines, at least one of which must be vertical and at least one of which must be horizontal.

g

If the path crosses two horizontal lines and the line z = 0, it will have traveled a distance of 2
units vertically and 4/7 units vertically for a total distance of /22 + (4/7)? units. Similarly,

the total distance traveled when crossing two horizontal lines and x = 1 is 1/22 + (10/7)2, the
total distance traveled when crossing two vertical lines and y = 0 is /22 + (6/7)?, and the
total distance traveled when crossing two vertical lines and y = 1 is /22 + (8/7)2. The least

of these is 9
V224 (4)7)?2 = ?\/53.

If 306 is an element of Sy, then there exists an integer m > 0 such that 306 = k 4+ mk?. Thus
k| 306 and k? | 306 — k. The second relation can be rewritten as k | 306/k — 1, which implies
that k& < /306 unless k& = 306. The prime factorization of 306 is 2-32- 17, so the set of factors
of 306 less than /306 is {1,2,3,6,9,17}. Check each in turn:

306 — 1 =305, 17]305
306 —2 =304, 2%|304
306 — 3 =303, 3?1303
306 — 6 = 300, 671300
306 — 9 =297, 9?4297
306 — 17 =289,  17* | 289.

Thus the set of possible k is {1,2,17,306}, and the sum is 1 + 2 + 17 + 306 = 326.

Let log,y = a. Then the first equation is equivalent to 2a + g = 2k — 1, and the second

equation is equivalent to 57“ — % = k — 3. Solving this system by eliminating k yields the

quadratic equation 3a%+5a—8 = 0, hence a = 1 or a = —% . Substituting each of these values
of a into either of the original equations and solving for k yields (a, k) = (1,4) or (-3, —42).

Adding the values of k yields the answer of 43/48.
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Alternate Solution: In terms of a = log, y, the two equations become 2a + 2 =2k—1
and %a — 23—@ = k — 3. Eliminate % to obtain 31a = 16k — 33; substitute this into either of the
original equations and clear denominators to get 96k? — 86k — 1192 = 0. The sum of the two
roots is 86/96 = 43/48.

Define a fault line to be a side of a tile other than its base. Any tiling of W ASH can be repre-
sented as a sequence of tiles ti, to, . .., t14, where ¢; has a fault line of W H, t14 has a fault line
of AS, and where t;, and t;, share a fault line for 1 < k < 13. Also note that to determine
the position of tile tx1, it is necessary and sufficient to know the fault line that ¢;,, shares
with ¢, as well as whether the base of t, lies on WA (abbreviated “B” for “bottom”) or on
SH (abbreviated “T” for “top”). Because rectangle W ASH has width 7, precisely 7 of the
14 tiles must have their bases on W A. Thus any permutation of 7 B’s and 7 T’s determines
a unique tiling ¢, ¢, ..., t14, and conversely, any tiling ¢y, %o, ..., %14 corresponds to a unique
permutation of 7 B’s and 7 T’s. Thus the answer is (174) = 3432.

Alternate Solution: Let T'(a,b) denote the number of ways to triangulate the polygon
with vertices at (0,0), (b,0), (a,1), (0,1), where each triangle has area 1/2 and vertices at
lattice points. The problem is to compute T'(7,7). It is easy to see that T'(a,0) = 7(0,b) =1
for all @ and b. If a and b are both positive, then either one of the triangles includes the edge
from (a —1,1) to (b,0) or one of the triangles includes the edge from (a, 1) to (b —1,0), but
not both. (In fact, as soon as there is an edge from (a, 1) to (x,0) with z < b, there must
be edges from (a, 1) to (2/,0) for all z < 2/ < b.) If there is an edge from (a — 1,1) to (b,0),
then the number of ways to complete the triangulation is T'(a — 1, b); if there is an edge from
(a,1) to (b—1,0), then the number of ways to complete the triangulation is 7'(a,b — 1); thus
T(a,b) =T(a—1,b) +T(a,b—1). The recursion and the initial conditions describe Pascal’s
triangle, so T'(a,b) = (a:b). In particular, T(7,7) = (174) = 3432.

1 — cos2x

Because cos2z = 1 — 2sin?z, sin’z = — Thus the desired sum can be rewritten as
1— 8 1- 16° 1-— 352° 44 1
(;OS + C;)S —|—~"+%:7—5(cos8°+cosl6°+~~~—|—cos?>52°).

If o = cos 8°+isin 8°, then « is a primitive 45" root of unity, and 1+a+a?+a3+---+a** = 0.
Hence a + a? + --- + a* = —1, and because the real part of o is simply cos 8n°,

cos &° + cos 16° + - - - + cos 352° = —1.

Thus the desired sum is 22 — (1/2)(—1) = 45/2.

Alternate Solution: The problem asks to simplify the sum

sin?a + sin? 2a + sin?3a + - - - + sin® na
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where a = 4° and n = 44. Because cos2z = 1 — 2sin? z, sin®z = #. Thus the desired

sum can be rewritten as

1—cos2a 1—cosda 1 — cos2na n 1
5 + 5 +-~~—|—T:5—5(0082a+cos4a—|—---+cos2na).

Let @ = cos2a + cos4a + - - - + cos 2na. By the sum-to-product identity,

sin3a —sina = 2cos2asina,
sinba —sin3a = 2cos4asina,
sin(2n 4+ 1)a —sin(2n — 1)a = 2cos2nasina.

Thus

Q@ -2sina = (sin3a —sina) + (sinba —sin3a) + - - - + (sin(2n + 1)a — sin(2n — 1)a)

= sin(2n 4+ 1)a —sina.

With a = 4° and n = 44, the difference on the right side becomes sin 356° — sin 4°; note that
the terms in this difference are opposites, because of the symmetry of the unit circle. Hence

Q-2sin4° = —2sin4°, and
Q = -1
Thus the original sum becomes 44/2 — (1/2)(—1) = 45/2.

Call the region R, and let R, be the portion of R in the ¢ quadrant. Noting that the point
(x,y) is in R if and only if (£, +y) is in R, it follows that [R;] = [Rs] = [R3] = [R4], and so
[R] = 4[R,]. So it suffices to determine [R;].

In the first quadrant, the boundary equation is just 2* +y? =z +y = (z—3)*+ (y —3)* = 3.

2
This equation describes a circle of radius ‘/75 centered at (%, %) The portion of the circle’s
interior which is inside the first quadrant can be decomposed into a right isosceles triangle

with side length 1 and half a circle of radius \/75 Thus [Ri] = § + %, hence [R] =2 + .

Write a,, = a; +r(n — 1) and b, = by + s(n — 1). Then agy + b4 = a3 + by + 197 + 13s, while
bao + a14 = ay + by + 137 + 19s = a9y + b1y + 6(s — r). Because both sequences consist only
of integers, r and s must be integers, so byg + a14 = asg + b14 mod 6. Thus the least possible
value of bgy + a1y is 4. If byy = 3 and ayy = 1, then {a,} must be a decreasing sequence
(else aj3 would not be positive) and asy < —5, which is impossible. The case byg = a14 = 2
violates the requirement that the terms be distinct, and by reasoning analogous to the first
case, byg = 1,a14 = 3 is also impossible. Hence the sum byg + a4 is at least 10. To show

that 10 is attainable, make {a,} decreasing and by as small as possible: set byg = 1, a14 = 9,

P19 _ 166 and

and a, = 23 —n. Then ayy = 3, yielding b4, = 997. Hence s = 490 - 6
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by = 997 — (13)(—166) = 3155, yielding b, = 3155 — 166(n — 1). Because byy = 1 < agg and
big = 167 > ay, the sequences {b,} and {a,} are distinct for 1 < n < 20, completing the proof.
Hence the minimum possible value of byy 4 a14 is 10. [Note: This solution, which improves
on the authors’ original solution, is due to Ravi Jagadeesan of Phillips Exeter Academy.]

First, eliminate z: y(y*z —x) + (xy —2%) = 14(y+1) = 22 —y*2+ 14(y+1) = 0. Viewed as a

v £ \/yS —56(y + 1)
2

the discriminant must be a perfect square. Because y® = (y*)? and (y* — 1)? = y% — 2¢° + 1,
it follows that |[56(y + 1)] > 2|y®| — 1. This inequality only holds for |y| < 5. Within that
range, the only values of y for which y% — 56y — 56 is a perfect square are —1 and —3. If
y= —1,then 2z = —1lorz =0 Ify= -3, then 2 =1 or 2 = —28. After solving for
the respective values of x in the various cases, the four lattice points satisfying the system
are (—15,—1,—-1),(—14,-1,0), (=5, —3, 1), and (—266, —3, —28). The farthest solution point
from the origin is therefore (—266, —3, —28).

. In order for z to be an integer,

quadratic in z, this equation implies z =
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Charlie was born in the twentieth century. On his birthday in the present year (2014), he
notices that his current age is twice the number formed by the rightmost two digits of the
year in which he was born. Compute the four-digit year in which Charlie was born.

Let A, B, and C be randomly chosen (not necessarily distinct) integers between 0 and 4
inclusive. Pat and Chris compute the value of A+ B-C' by two different methods. Pat follows
the proper order of operations, computing A + (B - C'). Chris ignores order of operations,
choosing instead to compute (A + B) - C. Compute the probability that Pat and Chris get
the same answer.

Bobby, Peter, Greg, Cindy, Jan, and Marcia line up for ice cream. In an acceptable lineup,
Greg is ahead of Peter, Peter is ahead of Bobby, Marcia is ahead of Jan, and Jan is ahead
of Cindy. For example, the lineup with Greg in front, followed by Peter, Marcia, Jan, Cindy,
and Bobby, in that order, is an acceptable lineup. Compute the number of acceptable lineups.

In triangle ABC, a =12, b =17, and ¢ = 13. Compute bcos C — ccos B.

The sequence of words {a,} is defined as follows: a; = X, ay = O, and for n > 3, a, is a,_;
followed by the reverse of a,_». For example, a3 = OX, ay = OXO, a5 = OX0OXO, and
ag = OXOXO0OXO. Compute the number of palindromes in the first 1000 terms of this

sequence.

Compute the smallest positive integer n such that 214 - n and 2014 - n have the same number
of divisors.

Let N be the least integer greater than 20 that is a palindrome in both base 20 and base 14.
For example, the three-digit base-14 numeral (13)5(13);4 (representing 13-14%+5-14'413-149)
is a palindrome in base 14, but not in base 20, and the three-digit base-14 numeral (13)3114
is not a palindrome in base 14. Compute the base-10 representation of N.

In triangle ABC, BC = 2. Point D is on AC such that AD = 1 and CD = 2. If
m/BDC = 2m/A, compute sin A.
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1000
[-9. Compute the greatest integer k£ < 1000 such that ( I ) is a multiple of 7.

[-10. An integer-valued function f is called tenuous if f(x) + f(y) > ? for all positive integers x
and y. Let g be a tenuous function such that g(1) + ¢(2) + - - - + g(20) is as small as possible.
Compute the minimum possible value for g(14).
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[-1. 1938
[-2. —
25
[-3. 20
[-4. 10
[-5. 667

[-6. 19133

[-7. 105

[-8.

%

[-9. 979

[-10. 136
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Let N be the number formed by the rightmost two digits of the year in which Charlie was
born. Then his current age is 100 — N 4 14 = 114 — N. Setting this equal to 2N and solving
yields N = 38, hence the answer is 1938.

Alternate Solution: Let N be the number formed by the rightmost two digits of the
year in which Charlie was born. The number of years from 1900 to 2014 can be thought of
as the number of years before Charlie was born plus the number of years since he was born,
or N plus Charlie’s age. Thus N + 2N = 114, which leads to N = 38, so the answer is 1938.

If Pat and Chris get the same answer, then A+ (B-C) = (A+B)-C, or A+ BC = AC+ BC,
or A = AC. This equation is true if A = 0 or C' = 1; the equation places no restrictions on
B. There are 25 triples (A, B,C) where A = 0, 25 triples where C' = 1, and 5 triples where

_ _ : : ‘o 25425-5 _ 45 _ 9
A=0and C = 1. As all triples are equally likely, the answer is == = v = 5.

There are 6 people, so there are 6! = 720 permutations. However, for each arrangement of
the boys, there are 3! = 6 permutations of the girls, of which only one yields an acceptable
lineup. The same logic holds for the boys. Thus the total number of permutations must be
divided by 3!- 3! = 36, yielding 6!/(3! - 3!) = 20 acceptable lineups.

Alternate Solution: Once the positions of Greg, Peter, and Bobby are determined, the

entire lineup is determined, because there is only one acceptable ordering of the three girls.
Because the boys occupy three of the six positions, there are (g) = 20 acceptable lineups.

Using the Law of Cosines, a? + b*> — 2abcos C' = ¢? implies

a®+b* —

b C =
COS o
Similarly,
2 _ 2 2
ccos B = u.
2a
Thus

22 _ 2 2 _ 2 2
bcosC —ccosB = @+ c_4a te

2a 2a
B 202 — 2¢2
a 2a

b? —

a
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With the given values, the result is (172 — 13%)/12 = 120/12 = 10.

Alternate Solution: Let H be the foot of the altitude from A to BC; let BH = =z,
CH =y, and AH = h. Then bcosC =y, ccos B = x, and the desired quantity is QQ =y — z.
However, y +x = a, so y> — 2> = aQ. By the Pythagorean Theorem, y> = b?> — h? and
22 = —h% s0y? — 2t = (b — h?) — (¢ — h?) = b* — % Thus aQ = V* — 2, andQ:¥
as in the first solution.

Let P denote a palindromic word, let @ denote any word, and let R denote the reverse of
word R. Note that if two consecutive terms of the sequence are a, = P, a,11 = @, then
Qpio = QP = QP and Qpyg = QPQ. Thus if a, is a palindrome, so is a,+3. Because a; and
as are both palindromes, then so must be all terms in the subsequences a4, ar, ayg, ... and
a5, A8, A11,y - - - -

To show that the other terms are not palindromes, note that if P’ is not a palindrome,
then QP'Q is also not a palindrome. Thus if a, is not a palindrome, then a,,s is not
a palindrome either. Because a3 = OX is not a palindrome, neither is any term of the
subsequence ag, ag, aq2, - . .. (Alternatively, counting the number of X’s in each word a; shows
that the number of X’s in ag, is odd. So if ag, were to be a palindrome, it would have to
have an odd number of letters, with an X in the middle. However, it can be shown that the

length of asy is even. Thus asz, cannot be a palindrome.)

In total there are 1000 — 333 = 667 palindromes among the first 1000 terms.

Let D(n) be the number of divisors of the integer n. Note that if D(214n) = D(2014n) and
if some p divides n and is relatively prime to both 214 and 2014, then D(%) = D(%).
Thus any prime divisor of the smallest possible positive n will be a divisor of 214 = 2 - 107
or 2014 = 2-19 - 53. For the sake of convenience, write n = 227119*7153¢=11079"!, where
a,b,c,d > 1. Then D(214n) = (a+ 1)be(d+ 1) and D(2014n) = (a+1)(b+ 1)(c+1)d. Divide
both sides by a 4+ 1 and expand to get bed + be = bed + bd 4 e¢d + d, or be — bd — c¢d — d = 0.

Because the goal is to minimize n, try d = 1: bc—b—c—1=0= (b—1)(c—1) = 2, which has
solutions (b,c) = (2,3) and (3,2). The latter gives the smaller value for n, namely 19% - 53 =
19133. The only quadruples (a, b, ¢, d) that satisfy 207119°7153¢-11079"! < 19133 and d > 1
are (1,1,2,2),(1,2,1,2), and (1, 1,1, 3). None of these quadruples satisfies bc —bd —cd—d = 0,
so the minimum value is n = 19133.

Because N is greater than 20, the base-20 and base-14 representations of N must be at least
two digits long. The smallest possible case is that N is a two-digit palindrome in both bases.
Then N = 20a + a = 21a, where 1 < a < 19. Similarly, in order to be a two-digit palindrome
in base 14, N = 14b+b = 15b, with 1 < b < 13. So N would have to be a multiple of both 21
and 15. The least common multiple of 21 and 15 is 105, which has the base 20 representation
of 105 = 5599 and the base-14 representation of 105 = 77,4, both of which are palindromes.
Thus the answer is 105.
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I-8. Let [ABC] = K. Then [BCD] = 2- K. Let DE be the bisector of ZBDC, as shown below.

Notice that m/DBA = m/BDC —m/A = m/A, so triangle ADB is isosceles, and BD = 1.
(Alternately, notice that DE || AB, and by similar triangles, [CDE] = § - K, which means
[BDE] = 2 - K. Because [CDE] : [BDE] =2 and ZBDE = ZCDE, conclude that £ = 2,
thus BD = 1.) Because BCD is isosceles, it follows that cos /ZBDC = $BD/CD = 5. By
the half-angle formula,

. \/1 —cos ZBDC 3 V6
sin A = = ]
2 8 4

[-9. The ratio of binomial coefficients (10k00) / (};ff) = 1O%J6£k‘ Because 1000 is 1 less than a multiple

of 7, namely 1001 = 7- 11 - 13, either 1000 — k£ and k + 1 are both multiples of 7 or neither
is. Hence whenever the numerator is divisible by 7, the denominator is also. Thus for the
largest value of k such that (10}30) is a multiple of 7, ﬁ must equal 7 - §, where p and ¢ are
relatively prime integers and 7 1 ¢. The only way this can happen is when k + 1 is a multiple
of 49, the greatest of which less than 1000 is 980. Therefore the greatest value of k satisfying

the given conditions is 980 — 1 = 979.

Alternate Solution: Rewrite 1000 in base 7: 1000 = 26267;. Let k = abcd,. By Lu-
cas’s Theorem, (10k00) = (2) (2) (i) (2) mod 7. The binomial coefficient (Z ) = 0 only when
q > p. Base 7 digits cannot exceed 6, and k < 1000, thus the greatest value of k£ that works is
25667 = 979. (Alternatively, the least value of k that works is 30; = 21; because (Z) = (nfk),

the greatest such & is 1000 — 21 = 979.)

I-10.  For a tenuous function g, let S, = ¢g(1) + ¢g(2) + - - - + g(20). Then:

Sy = (9(1) +9(20)) + (9(2) + 9(19)) + - - + (9(10) + g(11))
> (202 4+ 1)+ (19° +1) +--- + (11 + 1)
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The following argument shows that if a tenuous function g attains this sum, then g(1) =
g(2) = --- = ¢(10). First, if the sum equals 2495, then g(1) + ¢(20) = 20% + 1, ¢(2) + g(19) =
192 +1,...,9(10) + g(11) = 112 + 1. If g(1) < ¢(2), then g(1) + g(19) < 19? + 1, which
contradicts the tenuousness of g. Similarly, if g(2) > g¢(1), then g(2) + g(20) < 20% + 1.
Therefore g(1) = ¢g(2). Analogously, comparing ¢(1) and ¢(3), g(1) and g(4), etc. shows that

9(1) = 9(2) =9(3) = --- = g(10).

Now consider all functions g for which g(1) = ¢g(2) = --- = ¢g(10) = a for some integer a.
Then g(n) = n*>+1—a for n > 11. Because g(11) + g(11) > 11? = 121, it is the case that
g(11) > 61. Thus 112 + 1 —a > 61 = a < 61. Thus the smallest possible value for g(14) is
142+ 1 — 61 = 136.



Power Question 2014: Power of Potlucks

In each town in ARMLandia, the residents have formed groups, which meet each week to share
math problems and enjoy each others’ company over a potluck-style dinner. Each town resident
belongs to exactly one group. Every week, each resident is required to make one dish and to bring
it to his/her group.

It so happens that each resident knows how to make precisely two dishes. Moreover, no two resi-
dents of a town know how to make the same pair of dishes. Shown below are two example towns.
In the left column are the names of the town’s residents. Adjacent to each name is the list of dishes
that the corresponding resident knows how to make.

ARMLton ARMLville
Resident ‘ Dishes Resident ‘ Dishes
Paul pie, turkey Sally steak, calzones
Arnold | pie, salad Ross calzones, pancakes
Kelly salad, broth David steak, pancakes

The population of a town T, denoted pop(T’), is the number of residents of 7. Formally, the
town itself is simply the set of its residents, denoted by {1, ..., 7pop(r)} unless otherwise specified.
The set of dishes that the residents of 7" collectively know how to make is denoted dish(7"). For
example, in the town of ARMLton described above, pop(ARMLton) = 3, and dish(ARMLton) =
{pie, turkey, salad, broth}.

A town T is called full if for every pair of dishes in dish(7"), there is exactly one resident in T
who knows how to make those two dishes. In the examples above, ARMLville is a full town, but
ARMLton is not, because (for example) nobody in ARMLton knows how to make both turkey and
salad.

Denote by Fy a full town in which collectively the residents know how to make d dishes. That is,
|dish(Fy)| = d.

la. Compute pop(Fiz). 1 pt]
1b. Let n = pop(Fy). In terms of n, compute d. [1 pt]
lc. Let T be a full town and let D € dish(T"). Let 7" be the town consisting of all residents of T’

who do not know how to make D. Prove that 7" is full. 2 pts]

In order to avoid the embarrassing situation where two people bring the same dish to a group dinner,
if two people know how to make a common dish, they are forbidden from participating in the same
group meeting. Formally, a group assignment on T' is a function f : T — {1,2,... k}, satisfying
the condition that if f(r;) = f(r;) for ¢ # j, then r; and r; do not know any of the same recipes.
The group number of a town T', denoted gr(T), is the least positive integer k for which there exists
a group assignment on 7.

For example, consider once again the town of ARMLton. A valid group assignment would be
f(Paul) = f(Kelly) =1 and f(Arnold) = 2. The function which gives the value 1 to each resident
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of ARMLton is not a group assignment, because Paul and Arnold must be assigned to different
groups.

2a. Show that gr(ARMLton) = 2. [1 pt]
2b. Show that gr(ARMLville) = 3. [1 pt]
3a. Show that gr(F,) = 3. [1 pt]
3b. Show that gr(Fs) = 5. 2 pts]
3c. Show that gr(Fs) = 5. 2 pts]

4. Prove that the sequence gr(Fz), gr(Fs), gr(Fs), ... is a non-decreasing sequence. 2 pts]

For a dish D, a resident is called a D-chef if he or she knows how to make the dish D. Define
chefr (D) to be the set of residents in 7" who are D-chefs. For example, in ARMLville, David is a
steak-chef and a pancakes-chef. Further, chef armpvine(steak) = {Sally, David}.

5. Prove that

> |chefr(D)| = 2pop(T). [2 pts]
Dedish(T)
6. Show that for any town 7" and any D € dish(T), gr(T") > |chefr(D)]. 2 pts]

If gr(T) = |chefr(D)| for some D € dish(T"), then T is called homogeneous. If gr(T) > |chefr(D)|
for each dish D € dish(T), then T is called heterogeneous. For example, ARMLton is homogeneous,
because gr(ARMLton) = 2 and exactly two chefs make pie, but ARMLville is heterogeneous,
because even though each dish is only cooked by two chefs, gr(ARMLville) = 3.

7. For n = 5,6, and 7, find a heterogeneous town T of population 5 for which |dish(T)| = n.
[3 pts]

A resident cycle is a sequence of distinct residents rq,...,7, such that for each 1 <i <n — 1, the
residents r; and r; .1 know how to make a common dish, residents r,, and r; know how to make a
common dish, and no other pair of residents r; and r;, 1 <4,7 < n know how to make a common
dish. Two resident cycles are indistinguishable if they contain the same residents (in any order),
and distinguishable otherwise. For example, if r1, 79,73, 74 is a resident cycle, then ry, 71,74, 73 and
r3, T2, 71,74 are indistinguishable resident cycles.

8a. Compute the number of distinguishable resident cycles of length 6 in Fg. [1 pt]
8b. In terms of k£ and d, find the number of distinguishable resident cycles of length & in Fy. [1 pt]

9. Let T be a town with at least two residents that has a single resident cycle that contains every
resident. Prove that 7' is homogeneous if and only if pop(T’) is even. 3 pts]

10. Let T be a town such that, for each D € dish(T), |chef7(D)| = 2.
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a. Prove that there are finitely many resident cycles C, Cs, ..., C; in T' so that each resident
belongs to exactly one of the C;. (3 pts]
b. Prove that if pop(T') is odd, then T is heterogeneous. 3 pts]

11. Let T be a town such that, for each D € dish(7T'), |chefr(D)| = 3.

a. Either find such a town T for which |dish(7)| is odd, or show that no such town exists.

2 pts]
b. Prove that if 7' contains a resident cycle such that for every dish D € dish(T'), there
exists a chef in the cycle that can prepare D, then gr(7T") = 3. 3 pts]

12. Let k be a positive integer, and let T" be a town in which |chefr(D)| = k for every dish
D € dish(T"). Suppose further that |dish(7")| is odd.

a. Show that k is even. [1 pt]

b. Prove the following: for every group in 7', there is some dish D € dish(7") such that no

one in the group is a D-chef. [3 pts]

c. Prove that gr(T) > k. 3 pts]

13a. For each odd positive integer d > 3, prove that gr(Fy) = d. [3 pts]

13b. For each even positive integer d, prove that gr(Fy) =d — 1. [4 pts]
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. There are (127) = 136 possible pairs of dishes, so F;7 must have 136 people.

b. With d dishes there are (g) = # possible pairs, so n = dQT’d. Then 2n = d? — d, or

d?> —d — 2n = 0. Using the quadratic formula yields d = 1148 VQHS” (
value).

ignoring the negative

. The town T" consists of all residents of T" who do not know how to make D. Because T
is full, every pair of dishes {d;,d;} in dish(T") can be made by some resident 7;; in T". If
d; # D and d; # D, then r;; € T'. So every pair of dishes in dish(7") \ {D} can be made
by some resident of 7”. Hence T is full.

. Paul and Arnold cannot be in the same group, because they both make pie, and Arnold
and Kelly cannot be in the same group, because they both make salad. Hence there
must be at least two groups. But Paul and Kelly make none of the same dishes, so they
can be in the same group. Thus a valid group assignment is

Paul — 1
Kelly — 1
Arnold — 2.

Hence gr(ARMLton) = 2.

. Sally and Ross both make calzones, Ross and David both make pancakes, and Sally
and David both make steak. So no two of these people can be in the same group, and
gr(ARMLville) = 3.

. Let the dishes be d,ds,ds,ds and let resident r;; make dishes d; and d;, where ¢ < j.
There are six pairs of dishes, which can be divided into nonoverlapping pairs in three
ways: {1,2} and {3,4}, {1,3} and {2,4}, and {1,4} and {2,3}. Hence the assignment
712,734 F> 1, 713,794 — 2, and 714,793 — 3 is valid, hence gr(F,) = 3.

. First, gr(F5) > 5: there are (g) = 10 people in F5, and because each person cooks two
different dishes, any valid group of three people would require there to be six different
dishes—yet there are only five. So each group can have at most two people. A valid

assignment using five groups is shown below.

Residents | Group
12,735 1
713,745 2
714,723 3
15, T'24 4
795, 134 5

. Now there are (%) = 15 people, but there are six different dishes, so it is possible (if done
2

carefully) to place three people in a group. Because four people in a single group would
require there to be eight different dishes, no group can have more than three people, and
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so 15/3 = 5 groups is minimal. (Alternatively, there are five different residents who can
cook dish d;, and no two of these can be in the same group, so there must be at least
five groups.) The assignment below attains that minimum.

Residents | Group
712,734, T56 1
713,725, 46 2
714,726, 735 3
15,724,736 4
716, 723, T45 5

Pick some n > 2 and a full town JF,, whose residents prepare dishes dy, . . ., d,,, and let gr(F,,) =
k. Suppose that f,, : F,, — {1,2,...,k} is a valid group assignment for F,,. Then remove from
F,, all residents who prepare dish d,,; by problem 1c, this operation yields the full town F,_;.
Define f,—1(r) = fu(r) for each remaining resident r in F,,. If r and s are two (remaining)
residents who prepare a common dish, then f,(r) # f.(s), because f, was a valid group
assignment. Hence f,,_1(r) # f,_1(s) by construction of f,,_;. Therefore f,,_; is a valid group
assignment on JF,_1, and the set of groups to which the residents of F,,_; are assigned is a
(not necessarily proper) subset of {1,2,...,k}. Thus gr(F,_1) is at most k, which implies the
desired result.

. Because each chef knows how to prepare exactly two dishes, and no two chefs know how to

prepare the same two dishes, each chef is counted exactly twice in the sum X |chefr(D)|. More
formally, consider the set of “resident-dish pairs”:

S ={(r,D) € T x dish(T) | r makes D}.
Count |S] in two different ways. First, every dish D is made by |chefr(D)| residents of T', so
S|="Y_ |chefr(D)].
Dedish(T)
Second, each resident knows how to make exactly two dishes, so

S| =) 2=2pop(T).

rel

. Let D € dish(T"). Suppose that f is a valid group assignment on 7T". Then for r, s € chefr(D),

if r # s, it follows that f(r) # f(s). Hence there must be at least |chefy(D)| distinct groups
in the range of f, i.e., gr(T") > |chefr(D)|.

For n = 5, this result is attained as follows:

Resident | Dishes
Amy dl, dQ
Benton dg, dg
Carol ds, dy
Devin d4, d5
Emma d5, d1
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For each dish D, note that chefr(D) = 2. But gr(7) > 2, because if 7" had at most two
groups, at least one of them would contain three people, and choosing any three people will
result in a common dish that two of them can cook. Hence T is heterogeneous.

For n > 6, it suffices to assign dishes to residents so that there are three people who must
be in different groups and that no dish is cooked by more than two people, which guarantees
that gr(7") > 3 and chefr (D) < 2 for each dish D.

Resident | Dishes
Amy d1 s d2
Benton | d,ds
Carol do, ds
Devin d4, d5
Emma ds, dg

Note that Devin’s and Emma’s dishes are actually irrelevant to the situation, so long as they
do not cook any of dy, ds, d3, which already have two chefs each. Thus we can adjust this setup
for n = 7 by setting Devin’s dishes as d4, d5s and Emma’s dishes as dg, d7. (In this last case,
Devin and Emma are extremely compatible: they can both be put in a group with anyone
else in the town!)

8. a. Because the town is full, each pair of dishes is cooked by exactly one resident, so it is
simplest to identify residents by the pairs of dishes they cook. Suppose the first resident
cooks (dy,dy), the second resident (ds,d3), the third resident (ds,ds), and so on, until
the sixth resident, who cooks (dg,d;). Then there are 8 choices for d; and 7 choices
for dy. There are only 6 choices for ds, because d3 # d; (otherwise two residents would
cook the same pair of dishes). For k > 3, the requirement that no two intermediate
residents cook the same dishes implies that dy,; cannot equal any of dy,...,d;_1, and
of course dy and di,, must be distinct dishes. Hence there are 8-7-6-5-4-3 = 20,160
six-person resident cycles, not accounting for different starting points in the cycle and
the two different directions to go around the cycle. Taking these into account, there are
20,160/(6 - 2) = 1,680 distinguishable resident cycles.

b. Using the logic from 8a, there are d(d — 1)---(d — k + 1) choices for dy,ds,...,d;. To
account for indistinguishable cycles, divide by k possible starting points and 2 possible

directions, yielding d(dfl)'él({dfkﬂ) or 2k((§u_k)! distinguishable resident cycles.

9. Note that for every D € dish(T), chefy(D) < 2, because otherwise, 71,79, ...,7, could not
be a resident cycle. Without loss of generality, assume the cycle is ry,79,...,r,. If n is
even, assign resident r; to group 1 if i is odd, and to group 2 if ¢ is even. This is a valid
group assignment, because the only pairs of residents who cook the same dish are (r;,7;41)
fori=1,2,...,n—1 and (r,,r;). In each case, the residents are assigned to different groups.
This proves gr(7T") = 2, so T is homogeneous.

On the other hand, if n is odd, suppose for the sake of contradiction that there are only two
groups. Then either r; and r, are in the same group, or for some ¢, r; and r;,; are in the
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same group. In either case, two residents in the same group share a dish, contradicting the
requirement that no members of a group have a common dish. Hence gr(7") > 3 when n is
odd, making T heterogeneous.

a. First note that the condition |chefr(D)| = 2 for all D implies that pop(7’) = |dish(T)],

using the equation from problem 5. So for the town in question, the population of the
town equals the number of dishes in the town. Because no two chefs cook the same pair
of dishes, it is impossible for such a town to have exactly two residents, and because each
dish is cooked by exactly two chefs, it is impossible for such a town to have only one
resident.

The claim is true for towns of three residents satisfying the conditions: such towns must
have one resident who cooks dishes d; and ds, one resident who cooks dishes dy and d3,
and one resident who cooks dishes d3 and d;, and those three residents form a cycle. So
proceed by (modified) strong induction: assume that for some n > 3 and for all positive
integers k such that 3 < k < n, every town 7" with k residents and |chefr(D)| = 2 for all
D € dish(T') can be divided into a finite number of resident cycles such that each resident
belongs to exactly one of the cycles. Let T}, be a town of n residents, and arbitrarily pick
resident r; and dishes d; and ds cooked by r;. Then there is exactly one other resident
ro who also cooks dy (because |chefr, (dy)| = 2). But ry also cooks another dish, ds,
which is cooked by another resident, r3. Continuing in this fashion, there can be only
two outcomes: either the process exhausts all the residents of T;,, or there exists some
resident r,,, m < n, who cooks the same dishes as 7,,_1 and r, for £ < m — 1.

In the former case, r, cooks another dish; but every dish besides d; is already cooked by
two chefs in T),, so r, must also cook dy, closing the cycle. Because every resident is in
this cycle, the statement to be proven is also true for T,.

In the latter case, the same logic shows that r,, cooks d;, also closing the cycle, but there
are other residents of T;, who have yet to be accounted for. Let C; = {ry,...,r,}, and
consider the town 7" whose residents are T, \ C;. Each of dishes dy, ..., d,, is cooked by
two people in C1, so no chef in 7" cooks any of these dishes, and no dish in 7" is cooked
by any of the people in C (because each person in C already cooks two dishes in the set
dish(C1)). Thus |chefr (D)| = 2 for each D in dish(7"). It follows that pop(7”) < pop(T)
but pop(7”) > 0, so by the inductive hypothesis, the residents of 7" can be divided into
disjoint resident cycles.

Thus the statement is proved by strong induction.

. In order for T' to be homogeneous, it must be possible to partition the residents into

exactly two dining groups. First apply 10a to divide the town into finitely many resident
cycles C;, and assume towards a contradiction that such a group assignment f : T —
{1,2} exists. If pop(T’) is odd, then at least one of the cycles C; must contain an odd
number of residents; without loss of generality, suppose this cycle to be C7, with residents
1,79, ..., Torr1. (By the restrictions noted in part a, & > 1.) Now because r; and r;;;
cook a dish in common, f(r;) # f(ry1) for all &. Thus if f(r;) = 1, it follows that
f(r2) = 2, and that f(rs) = 1, etc. So f(r;) = f(r1) if ¢ is odd and f(r;) = f(re) if i is
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even; in particular, f(rory1) = f(1). But that equation would imply that r; and roxq
cook no dishes in common, which is impossible if they are the first and last residents
in a resident cycle. So no such group assignment can exist, and gr(7") > 3. Hence T is
heterogeneous.

. In problem 5, it was shown that

2pop(T) = Y |chefr(D)].

Dedish(T)

Therefore e yin(r) [chefr(D)] is even. But if |chefr(D)| = 3 for all D € dish(T), then
the sum is simply 3 |dish(7")|, so |dish(7")| must be even.

. By problem 6, it must be the case that gr(7) > 3. Let C = {r,79,...,7,} denote a

resident cycle such that for every dish D € dish(7T'), there exists a chef in C' that can
prepare D. Each resident is a chef for two dishes, and every dish can be made by two
residents in C' (although by three in 7"). Thus the number of residents in the resident
cycle C' is equal to |dish(T")|, which was proved to be even in the previous part.

Define a group assignment by setting

1 itrgC
f(r)y=42 ifr=r; and i is even

3 ifr=r; and 7 is odd.

For any D € dish(T), there are exactly three D-chefs, and exactly two of them belong
to the resident cycle C. Hence exactly one of the D-chefs r will have f(r) = 1. The
remaining two D-chefs will be r; and r;,; for some i, or r; and r,. In either case, the
group assignment f will assign one of them to 2 and the other to 3. Thus any two
residents who make a common dish will be assigned different groups by f, so f is a valid
group assignment, proving that gr(7") = 3.

. From problem 5,

2pop(T) = Y |chefr(D)].
Dedish(T)
Because |chefr(D)| = k for all D € dish(7"), the sum is k- dish(7). Thus 2popT =
k - dish(T"), and so k - dish(7") must be even. By assumption, |dish(7")| is odd, so k must
be even.

. Suppose for the sake of contradiction that there is some n for which the group R = {r €

T | f(r) = n} has a D-chef for every dish D. Because f is a group assignment and f
assigns every resident of R to group n, no two residents of R make the same dish. Thus
for every D € dish(T"), exactly one resident of R is a D-chef; and each D-chef cooks
exactly one other dish, which itself is not cooked by anyone else in R. Thus the dishes
come in pairs: for each dish D, there is another dish D’ cooked by the D-chef in R and
no one else in R. However, if the dishes can be paired off, there must be an even number
of dishes, contradicting the assumption that |dish(7)| is odd. Thus for every n, the set
{r €T | f(r) =n} must be missing a D-chef for some dish D.
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c. Let f be a group assignment for 7', and let R = {r € T'| f(r) = 1}. From problem 12b,

there must be some D € dish(7") with no D-chefs in R. Moreover, f cannot assign two
D-chefs to the same group, so there must be at least k other groups besides R. Hence
there are at least 1 + k different groups, so gr(T") > k.

. Fix D € dish(F,). Then for every other dish D’ € dish(F;), there is exactly one chef

who makes both D and D', hence |chefz,(D)| = d — 1, which is even because d is odd.
Thus for each D € dish(Fy), |chefz,(D)| is even. Because |dish(F;)| = d is odd and
|chefz,(D)| = d — 1 for every dish in Fy, problem 12c applies, hence gr(Fy) > d — 1.

Label the dishes Dy, D, ..., Dy, and label the residents r; ; for 1 <17 < j < dso that r; ; is
a D;-chef and a Dj-chef. Define f : F; — {0,1,...,d—1} by letting f(r; ;) = i+j mod d.

Suppose that f(r;;) = f(rke), so i +j = k+ ¢ mod d. Then r; ; and r;, are assigned to
the same group, which is a problem if they are different residents but are chefs for the
same dish. This overlap occurs if and only if one of 7 and j is equal to one of k and /. If
i =k, then j = ¢ mod d. As j and ¢ are both between 1 and d, the only way they could
be congruent modulo d is if they were in fact equal. That is, 7; ; is the same resident as
rke. The other three cases (i = ¢, j = k, and j = {) are analogous. Thus f is a valid
group assignment, proving that gr(F,) < d. Therefore gr(Fy) = d.

. In problem 4, it was shown that the sequence gr(F3), gr(Fs3),. .. is nondecreasing. If d is

even, gr(F,) > gr(Fa-1), and because d—1 is odd, problem 13a applies: gr(Fy—1) = d—1.
Hence gr(Fy) > d — 1. Now it suffices to show that gr(F;) < d — 1 by exhibiting a valid
group assignment f : Fy — {1,2,...,d — 1}.

Label the dishes Dy, ..., Dy, and label the residents r; ; for 1 <7 < j < d so that r; ; is
a D;-chef and a Dj-chef. Let R = {r;; | i,j # d}. That is, R is the set of residents who
are not Dgy-chefs. Using 1c, R is a full town with d — 1 dishes, so from 12a, it has a group
assignment f: R — {1,2,...,d—1}. For each D; € dish(Fy), ¢ # d, | chefg(D;)| = d—2.
Because there are d — 1 groups and |chefr(D;)| = d — 2, exactly one group n; must not
contain a D;-chef for each dish D,.

It cannot be the case that n, = n; for ¢ # j. Indeed, suppose for the sake of contradiction
that n; = n;. Without loss of generality, assume that n; = n; = 1 (by perhaps relabeling
the dishes). Then any resident r € R assigned to group 1 (that is, f(r) = 1) would be
neither a D;-chef nor a Dj-chef. The residents in R who are assigned to group 1 must
all be chefs for the remaining d — 3 dishes. Because each resident cooks two dishes, and
no two residents of group 1 can make a common dish,

rer| o =11< 2

For each of the other groups 2,3,...,d — 1, the number of residents of R in that group
is no more than (d — 1)/2, because there are d — 1 dishes in R, each resident cooks two
dishes, and no two residents in the same group can make a common dish. However,
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because d — 1 is odd, the size of any group is actually no more than (d — 2)/2. Therefore

Bl =S"[{r e R| f(r) = k)|

=[reR|[f(r —1}|+Z|{T€R|f()—k}|

< +d 1d 9
- 2
k=2
d —2)?
2 2
d?—-3d+1 d®>—-3d+2
= 5 < 5 = |R|.

This is a contradiction, so it must be that n; # n; for all 7 # j, making f a valid group

assignment on Fy. Hence gr(Fy) =d — 1.



R1-1.

R1-2.

R1-3.

R2-1.

R2-2.

R2-3.

2014 Relay Problems

Let T'= (0,0), N = (2,0), Y = (6,6), W = (2,6), and R = (0,2). Compute the area of
pentagon TNY W R.

Let T'=TNYWR. The lengths of the sides of a rectangle are the zeroes of the polynomial
22 — 3Tz + T?. Compute the length of the rectangle’s diagonal.

Let T=TNYWR. Let w > 0 be a real number such that 7" is the area of the region above
the x-axis, below the graph of y = [x]%, and between the lines x = 0 and z = w. Compute
[2w].

Compute the least positive integer n such that ged(n?,n!) > 100.

Let T'=TNYW R. At a party, everyone shakes hands with everyone else exactly once, except
Ed, who leaves early. A grand total of 207" handshakes take place. Compute the number of
people at the party who shook hands with Ed.

Let T =TNYWR. Given the sequence u,, such that ug =5, ug = 89, and u, 1o = 3up+1 — uy,
for integers n > 1, compute ur.

244



2014 Relay Answers
R1-1. 20
R1-2. 20v/7
R1-3. 10

R2-1. 8
R2-2. 7
R2-3. 233
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R1-1. Pentagon TNY W R fits inside square TAY B, where A = (6,0) and B = (0,6). The region of
TAY B not in TNY W R consists of triangles ANAY and AW BR, as shown below.

B w Y
R
T N A
Thus
[TNYWR] =[TAYB] — [NAY] — [WBR]
1 1
—62—2.4-6—--2.4
6 2 6 2

= 20.

R1-2. Let r and s denote the zeros of the polynomial 22 — 3Tz + T?. The rectangle’s diagonal has
length vr2 +s2 = /(r + s)?2 — 2rs. Recall that for a quadratic polynomial ax? + bz + c,
the sum of its zeros is —b/a, and the product of its zeros is ¢/a. In this particular instance,
r+s=23T and rs = T2. Thus the length of the rectangle’s diagonal is v9T2 — 272 = T - /7.
With T = 20, the rectangle’s diagonal is 20/7.

R1-3. Write w = k 4+ «, where k is an integer, and 0 < a < 1. Then
T=1+2+ - +EF+(k+1)7 a

Computing [2w]| requires computing w to the nearest half-integer. First obtain the integer
k. As /7 > 2, with T = 20v/7, one obtains T' > 40. As 12 + 22 + 32 + 42 = 30, it follows
that k& > 4. To obtain an upper bound for k, note that 700 < 729, so 10v/7 < 27, and
T =207 < 54. As 12 + 22 4+ 32 + 4% + 52 = 55, it follows that 4 < w < 5, and hence k = 4.

It now suffices to determine whether or not o > 0.5. To this end, one must determine whether
T > 124224+ 3%+42+52/2 = 42.5. Indeed, note that 2.5 = 6.25 < 7, so T' > (20)(2.5) = 50.
It follows that o > 0.5, s0 4.5 < w < 5. Thus 9 < 2w < 10, and [2w] = 10.

Alternate Solution: Once it has been determined that 4 < w < 5, the formula for T yields

14+4+9+16+25-a =207, hence a = 276, Thus 20 = 8VT-12 — VAB-12 o, 21212 _ 1 g

Because 2w = 2k + 2q, it follows that [2w] = [8 + 2a| = 10, because 1.8 <2a < 2.
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R2-1.

R2-2.

R2-3.

Note that if p is prime, then ged(p®,p!) = p. A good strategy is to look for values of n
with several (not necessarily distinct) prime factors so that n® and n! will have many factors
in common. For example, if n = 6, n®> = 216 = 23 -3% and n! = 720 = 2*-32.5, so
ged(216,720) = 23 - 32 = T72. Because 7 is prime, try n = 8. Notice that 8 = 2% while
8! =27.3%.5-7. Thus ged(512,8!) = 27 = 128 > 100, hence the smallest value of n is 8.

If there were n people at the party, including Ed, and if Ed had not left early, there would
have been (Z:) handshakes. Because Ed left early, the number of handshakes is strictly less
than that, but greater than (”51) (everyone besides Ed shook everyone else’s hand). So find
the least number n such that (Z) > 160. The least such n is 19, because (128) = 153 and
(129) = 171. Therefore there were 19 people at the party. However, 171 — 160 = 11 handshakes

never took place. Therefore the number of people who shook hands with Edis 19—-11—-1=T7.

By the recursive definition, notice that ug = 89 = 3us — uy and us = 3us — uz = 3uy — 5. This
is a linear system of equations. Write 3us — uy = 89 and —3us + 9uy = 15 and add to obtain
uy = 13. Now apply the recursive definition to obtain u; = 34 and u; = 233.

Alternate Solution: Notice that the given values are both Fibonacci numbers, and that
in the Fibonacci sequence, fi = fo = 1, f5 = 5, and fi; = 89. That is, 5 and 89 are six
terms apart in the Fibonacci sequence, and only three terms apart in the given sequence.
This relationship is not a coincidence: alternating terms in the Fibonacci sequence satisfy the
given recurrence relation for the sequence {u,}, that is, f,14 = 3fui2 — fn. Proof: if f, =a
and f,41 = b, then f,10 =a+b, f,13=a+2b, and f, 14 =2a+3b=3(a+b)—b = 3fnio— fn
To compute the final result, continue out the Fibonacci sequence to obtain fio = 144 and
U7 = f13 = 233.



2014 Tiebreaker Problems

TB-1. A student computed the repeating decimal expansion of % for some integer N, but inserted
six extra digits into the repetend to get .00231846597. Compute the value of N.

TB-2. Let n be a four-digit number whose square root is three times the sum of the digits of n.
Compute n.

TB-3. Compute the sum of the reciprocals of the positive integer divisors of 24.
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TB-1. 606

TB-2. 2916

5
TB-3. -
2
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TB-2.

TB-3.

2014 Tiebreaker Solutions

Because the given repetend has ten digits, the original had four digits. If % =.0ABCD =

Ag%g%OQ’ then the numerator must divide 99990 = 10-99-101 =2-3%-5-11-101.

Note that all 3- and 4-digit multiples of 101 contain at least one digit which appears twice.
Because the 10-digit string under the vinculum (i.e., 0231846597) contains no repeated digits,
A BC D cannot be a multiple of 101. So A B C D divides 2-3?-5-11 = 990. The only divisor

of 990 that can be formed from four of the given digits (taken in order) is 0165, that is, 165.

1 165 1
Hence — = —2° — - = N = 606.
NCC N = 99990 606

Because /n is a multiple of 3, n must be a multiple of 9. Therefore the sum of the digits of
n is a multiple of 9. Thus y/n must be a multiple of 27, which implies that n is a multiple
of 27%. The only candidates to consider are 54% (= 2916) and 81% (= 6561), and only 2916
satisfies the desired conditions.

The map n — 24/n establishes a one-to-one correspondence among the positive integer divi-
sors of 24. Thus

1 1
20 = 2aim

n|24 n|24
n>0 n>0
>
= — n.
24
n|24
n>0

Because 24 = 23-3, the sum of the positive divisors of 24 is (142+22+23)(1+3) = 15-4 = 60.
Hence the sum is 60/24 = 5/2.

Alternate Solution: Because 24 = 23 - 3, any positive divisor of 24 is of the form 2¢3°
where a = 0,1,2, or 3, and b = 0 or 1. So the sum of the positive divisors of 24 can be

represented as the product (1 + 2+ 4 + 8)(1 + 3). Similarly, the sum of their reciprocals can

1 1 1 1 1 1 .1
be represented as the product <I + 5 + 1 + §> (I + §>. The first sum is §5 and the second

.4 .
is 3, 80 the product is 5/2.
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2014 Super Relay Problems

The sequence ay, as, as, . .. is a geometric sequence with asy = 8 and a4 = 22!, Compute ay;.

Let T'= TNYWR. Circles L and O are internally tangent and have radii 7" and 4T, re-
spectively. Point E lies on circle L such that OF is tangent to circle L. Compute OF.

Let T = TNYWR. In a right triangle, one leg has length T2 and the other leg is 2 less than
the hypotenuse. Compute the triangle’s perimeter.

Let T=TNYWR. If t +9y =17 and Tz + (T + 1)y = T + 2, compute 20z + 14y.

Let T = TNYWR. Let f(z) = az® + bx + ¢. The product of the roots of f is T. If (—2,20)
and (1,14) lie on the graph of f, compute a.

Let T =TNYWR. Let z; = 15+ 5¢ and 2o = 1+ K. Compute the smallest positive integral
value of K such that |z — 29| > 157

Let T = TNYWR. Suppose that T people are standing in a line, including three people
named Charlie, Chris, and Abby. If the people are assigned their positions in line at random,
compute the probability that Charlie is standing next to at least one of Chris or Abby.

Let A be the number you will receive from position 7 and let B be the number you will receive
from position 9. Let a = sin™* A and let 8 = cos™! B. Compute sin(a + ) + sin(a — 3).

Let T = TNYWR. If r is the radius of a right circular cone and the cone’s height is T — r?,
let V' be the maximum possible volume of the cone. Compute 7/V.

Let T=TNYWR. IflogT = 2 — log 2 + log k, compute the value of k.

Let T = TNYWR. Nellie has a flight from Rome to Athens that is scheduled to last for
T+ 30 minutes. However, owing to a tailwind, her flight only lasts for 7" minutes. The plane’s
speed is 1.5 miles per minute faster than what it would have been for the originally scheduled
flight. Compute the distance (in miles) that the plane travels.
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12. Let T = TNYWR. Compute V107,

13. Let T = TNYWR. Regular hexagon SUPERB has side length v/T. Compute the value of
BE - SU - RE.

14. Let T'= TNYWR. Chef Selma is preparing a burrito menu. A burrito consists of: (1) a
choice of chicken, beef, turkey, or no meat, (2) exactly one of three types of beans, (3) exactly
one of two types of rice, and (4) exactly one of K types of cheese. Compute the smallest value
of K such that Chef Selma can make at least T" different burrito varieties.

15.  Compute the smallest positive integer N such that 20N is a multiple of 14 and 14N is a
multiple of 20.
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2v/2

40

o] oo

25

47
300

94
4225

12
169

13
650

100

70
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Let r be the common ratio of the sequence. Then aqy = r?*~ . a1y, hence 8 = r6.221 = 16 =
22 _ 9-18 _9-3 _ 1 _ _ 1 —
Qﬁ—2 ,SOT—Q —g.ThUSCLQl—T'CLQQ—g‘S—l.

Because OF is tangent to circle L, LE 1. OE. Also note that LO = 4T — T = 3T. Hence, by
the Pythagorean Theorem, OE = /(3T)2 — T2 = 27\/2 (this also follows from the Tangent-
Secant Theorem). With 7' =1, OE = 2+/2.

Let ¢ be the length of the hypotenuse. Then, by the Pythagorean Theorem, (72)? + (¢ —2)* =
t=c= Tf + 1. With T = 2v/2, T* = 64, and ¢ = 17. So the triangle is a 8—15—17 triangle
with perimeter 40.

Multiply each side of the first equation by T to obtain T'x + 9Ty = 17T. Subtract the second
equation to yield 97Ty — Ty —y = 167 — 2 = y(8T — 1) = 2(87 — 1). Hence either T = %
(in which case, the value of y is not uniquely determined) or y = 2. Plug y = 2 into the first
equation to obtain x = —1. Hence 20z + 14y = —20 4 28 = 8.

Using Vieta’s Formula, write f(z) = az?+ bz + Ta. Substituting the coordinates of the given
points yields the system of equations: 4a — 2b + Ta = 20 and a + b + Ta = 14. Multiply
each side of the latter equation by 2 and add the resulting equation to the former equation to

eliminate b. Simplifying yields a = Tl+62 With T'= 8, a = 8/5.

Note that 21—z = 14+(5—K)i, hence |z; — 29| = /142 + (5 — K)?. With T = 8/5, 15T = 24,
hence 14? + (5 — K)? > 242. Thus |5 — K| > /242 — 142 = 1/380. Because K is a positive
integer, it follows that K — 5 > 20, hence the desired value of K is 25.

First count the number of arrangements in which Chris stands next to Charlie. This is
(T'—1)-2!- (T —2)! =2-(T — 1)! because there are T" — 1 possible leftmost positions for
the pair {Charlie, Chris}, there are 2! orderings of this pair, and there are (7' — 2)! ways to
arrange the remaining people. There are equally many arrangements in which Abby stands
next to Charlie. However, adding these overcounts the arrangements in which Abby, Charlie,
and Chris are standing next to each other, with Charlie in the middle. Using similar reasoning

as above, there are (T'—2) - 2! - (T — 3)! =2 - (T — 2)! such arrangements. Hence the desired
2.2 (T—1) -2 (T—2)! 2. (T-QT—2-1) 22T-3) .. .
T = T =TT With T = 25,

the fraction simplifies to —.
300

probability is
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10.

11.

12.

13.

14.

15.

The given conditions are equivalent to sina = A and cos8 = B. Using either the sum-
to-product or the sine of a sum/difference identities the desired expression is equivalent to

2(sina)(cosB) =2-A- B. With A= 4% and B = 2.A.B =2 — 9

1697 25-169 4225°

30

The cone’s Volume is mr?(T — r?). Maximizing this is equivalent to maximizing (T — x),

where 2 = r2. Using the formula for the vertex of a parabola (or the AM-GM inequality), the
2 .

maximum Value occurs when z = £. Hence V = i - L. L = 2= and n/V = 12/T?. With

3" 22 12
T=13,V =

169

Write 2 = log 100 and use the well-known properties for the sum/difference of two logs to
obtain logT" = log (100k) hence k = 5—T0. With T"= 650, k£ = 13.

Let D be the distance in miles traveled by the plane. The given conditions imply that

B =15 = 75 = 15 = D = 2% With T = 100, D = 5 - 130 = 650.

1 % 2
The given radical equals <(<IOT2T>T) ) = 107/ With T = 9, this simplifies to

10? = 100.

Because SU and R_iare sides of the hexagon, SU = RE = +/T. Let H be the foot of the
altitude from R to BE in ABRE and note that each interior angle of a regular hexagon is 120°.

Thus BE = BH+HE =2 (%) (VT ) = V3T Thus BE-SU-RE = V3T-VT-VT = TV3T.
With T' = 3, the answer is 9.

Using the Multiplication Principle, Chef Selma can make 4 -3 -2 - K = 24K different burrito
varieties. With T" = 70, the smallest integral value of K such that 24K > 70 is [mi =3.

Because ged(14,20) = 2, the problem is equivalent to computing the smallest positive integer
N such that 7 | 10N and 10 | 7N. Thus 7 | N and 10 | N, and the desired value of N is
lem(7,10) = 70.
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Team Problems

. Suppose that 3 + 2i is one root of a quadratic function f(x) = 2? + Az + B, where A and B
are real numbers. Compute the ordered pair (A, B).

. If f(z) is a line of slope —3, compute the slope of the line f(f(f(x))) + f(f(x)) + f(x).

. A six-sided die has these markings on its sides: $12, $12, $16, $16, $26, and $26. The following
game is played. The die is rolled and the player wins whatever amount of money comes up.
The player keeps rolling the die and winning money until a money amount comes up a second
time, in which case the game ends. A sample game would be rolls of $16, $12, and $16, in
which case the player wins $44. Compute the expected winnings by the player in this game.

CIf f(z) = log, (z + 2), compute 3/(3)+/),

. In an equiangular hexagon ABCDEF, AB = BC =3, CD =8, and EFF = 5. Compute the
area of ABCDEF.

. Compute the number of values of # with 0 < 6 < 2 for which |sin | + |cos 0| = g

. You are playing a game. Your opponent has distributed five red balls into five boxes ran-
domly. All arrangements are equally likely; that is, the left-to-right placements (0,0, 5,0, 0],
0,2,0,3,0], and [1,1,1,1,1] are equally likely. You place one blue ball into each box. The
player with the most balls in a box wins the box (neither player wins a box with the same
number of balls of each color). Whoever wins the most boxes wins the game. Compute the
probability you win the game.

. When (z +y + 2)*" is expanded and like terms are grouped, there are k terms with coeffi-
cients that are not multiples of five. Compute k.

. On equilateral triangle ABC, points D and E are on sides AC and BC such that AD =
BE =1. BD and AF meet at F. Given AB = 3, compute the area of triangle ADF'.

260



Team Problems 261

10. To solve a KenKen puzzle, you fill in an n x n grid with
the digits 1,...,n according to the following two rules:

1. Each row and column contains exactly one of each 2 1 3
digit.

2. Each bold-outlined group of cells is a cage contain- 3 2 ]
ing digits which achieve the specified result using
the specified mathematical operation: addition T
(+), subtraction (-), multiplication (x), and ] 3 2
division (<) on the digits in some order. Digits
may repeat inside a cage.

A solved 3 x 3 KenKen appears to the right. Below is a 5 x 5 KenKen puzzle. On your answer
sheet, enter the digits in the starred squares in the correctly solved KenKen puzzle, in order
from left to right. In the example, you would enter 1,2, 3. Digits may appear more than once
in the starred squares.

I8+T 2— 1-
f 2+ 60X

16X 75X /\
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1. The other root of this quadratic equation is 3 — 2i. A is —1 times the sum of the roots (6),
B is the product of the roots (13), so the ordered pair is | (—6, 13) |.

2. As the line is unspecified, let f(z) = —3z. f(f(x)) = f(-3z) = —3(—32z) = 92 and
f(f(f(z))) = f(9z) = —3(9z) = —27z. The sum of these three functions is —21z, so the
slope is .

3. The expected amount of money earned per throw is $18 (the average of the values on the
faces), so the problem reduces to determining the expected number of throws. The game will
end in 2 to 4 throws, with 2 throws occurring 1/3 of the time, 3 throws occurring 4/9 of the
time (the probability the second throw is different than the first is 2/3, the probability the
third throw is the same as either the first or second is 2/3), and 4 throws is 1—1/3—4/9 = 2/9.
Thus, the expected number of throws is 2x (1/3)+3x(4/9)4+4x(2/9) = 26/9, so the expected

winnings is (26/9) x $18 = [$52].

4. 3f(3)+f(9) — 310g3 5+logg 11 _ 3log35 % 31og9 11 _ 5 x (91/2)

logg 11

5 x (9 1) 2 = |5v/11 ),

5. Extend the sides AB, CD, and EF to obtain an equilateral triangle XY Z as shown. If we
set DE = u and AF = v, then we have 3+ 34+ v =3+ 8+ u = u+ 5+ v, from which we
conclude that v = 1 and v = 6. By subtraction of areas, we get:

V3

[ABCDEF)| = [XYZ] - [AFX] - [BYC] - [DZE)] = e (122 -6 —3*—17%) = 19v3 :

2

6. Points on the unit circle have coordinates (cosf,sin @) for some value of 6, 0 < 6 < 27. So,
we can view these points on the plane. |z|+ |y| = k describes a square with corners at (+k, 0)
and (0, +k). Each edge of this square intersects the unit circle twice, provided 1 < k < /2,
so there are |8 | points of intersection.
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7. There are (5?;1) = 126 arrangements of the red balls, all equally likely. You win if and only
if your opponent puts three or more red balls in any single box. For example: [3,1,1,0,0] means
that your opponent wins the first box and you win the last two. There are five arrangements
with five balls in one box, twenty arrangements with four in one box and a single ball in the

other, and fifty arrangements with three in one box, and either two in one other box or a

25
single ball in two boxes. The probability of winning is % = 17—256 =l

2009!
aldblc!?

powers of five in the numerator is L@J + nggj + L%J + [2g99J =401480+ 16+ 3. In
order for this to equal the number of powers of five in the denominator, we need L%J + L,)%J +
\_5%J = \_%J for all k. Note that the floor function is sub-additive, so we will always have
LHS < RHS. Noting that 2009, = 310145, we first distribute the three powers of 5* among
a, b, and c. There are (3-:;3;1) = 10 ways to place them. After doing this, we have placed 15
of the 16 powers of 53, so we only get to distribute one more, and there are (1§il) = 3 places
for it to go. After this, all 80 powers of 5% have been taken care of, and we have 1 leftover
power of 5 to place (3 places for it to go as well). After this, we have coefficients summing
to 2005, so we can place the remaining 4 powers anywhere: there are (4;:3;1) = 15 places for
these. Overall, there are 10 x3x1x3x 15 = terms whose coefficients are not multiples
of 5.

where we assume a + b+ ¢ = 2009. The number of

8. The coefficient of the term z%y’z¢ is

AD - AF -sinZDAF  AF -sin ZCAE
2 N 2

F to AB at points K and L we get BL = % and ﬁ—g = ‘2—[2 = % = % The area of triangle

3v/3

10

9. The area equals . Dropping perpendiculars from F and

ADF is: & - AE -sinZCAE = 3 . CE-sinZACE = % . 2. 3 =

10

Sines on NACE.

using the Law of
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10. The answer is , and the solved puzzle is shown below. There are many ways to
get to the final solution. The key thing to note is the unique arrangements of digits in the
L-shaped 75x, 16, and 2x cages immediately give you the lower half of the puzzle, since the
1— cage in the lower right corner is uniquely determined by the other digits in the L-shaped
cages.

3
i]+
N
|
-
01'
N

1 o

=

|w
|

pery
o)
N X




Theme Problems

Votes That Count

“Those who cast the votes decide nothing.
Those who count the votes decide everything.”

In this round, we will be looking at a number of different voting systems, as well as how voters
choose who to vote for. In the simplest election, voters each choose a single candidate that they
prefer over all of the others and the candidate with the most votes wins (this is called plurality
voting). A slightly more complex election requires the winning candidate to receive greater than
half of the votes (this is called majority voting), with a runoff between the two candidates receiving
the most votes in the first round if no candidate has a majority (for example, the 2008 Georgia
senate race).

Part 1: Preference Rankings

It is reasonable to assume that given a pair of candidates A and B, a voter either prefers one
over the other (A < B or A > B) or is indifferent between the two (A = B). Also, given a set
of candidates, it is reasonable to assume these preference relationships are transitive (A < B and
B < C — A< (). Therefore, we can determine a preference ranking for each voter. For example,
if a voter prefers candidate A over all others, is indifferent between candidates B and C', but prefer
both of them over candidate D, then that voters preference ranking would be A > B,C'" > D.
We can also write preference rankings vertically, with candidates on the same row being equally

A
preferable: BC' .
D

1. Compute the number of distinct preference rankings of four candidates.

A A
Note that BC' and CB are not distinct preference rankings.
D D

A preference ranking is called strict if the voter always prefers one candidate over the other. For
the remainder of the questions in this round, we will assume all preference rankings are strict.

Consider an election with four voters (w,x,y, and z) and three candidates (A, B, and C). The
woxr Yy z
, . A B B :
voters’ preference rankings are B C C C Based on first place votes alone, candidates A and
C B A A

B are tied 2-2.
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One way to break the tie is to perform a Borda count: For each candidate (for example, A), and
each voter (for example, w), count the number of candidates that the voter w prefers A over (in
this example, 2). Sum these values over all voters, and the candidate with the highest sum wins.
In this case, B is the winner of the Borda count.

Candidate | w | x | y | z | Total
A 2121010 4
B 110122 5)
C 011171 3

2. Consider an election with m candidates and n voters where one candidate has greater than
half of the first place votes, but loses a Borda count, we’ll call this situation an (m,n)-Borda

upset. Compute the ordered pair (m,n) such that an (m,n)-Borda upset exists, and m +n is
minimized.

Another voting method using preference rankings is called instant runoff voting (IRV). In one
version of IRV, all voters submit strict preference rankings of candidates. The following process is
used to determine the winner:

Step 1: Does any candidate have a majority of voters that have them as
their top choice?
If yes, then that candidate is the winner. END
If not, go to Step 2.

Step 2: Is there a unique candidate with the fewest first place votes?
If yes, then remove that candidate from ALL preference rankings
and go to Step 1.
If no, then some other process must be used to determine who is
removed from the election.

So, for example, for three candidates A, B, and C| if there are 10 voters with preference ranking

A B C
B | 8 with preference ranking A , and 6 voters with a preference ranking B | then in the first
C C A

round of IRV, candidate C' would be eliminated, leaving 10 voters with preference ranking é and

14 voters with preference ranking i . Therefore, candidate B wins this IRV election, despite the

fact that candidate A had more first-place votes than any other candidate when the process began.
When this happens with m candidates and n voters, we call this a (m,n)-IRV upset. Note that if
there is a tie for last place at any stage, then the IRV election does not produce a winning candi-
date, so there must always be a unique last place candidate at every stage for the process to conclude.

3. Let n3 and n4 be the minimum values of n such that there exists a (3,n)-IRV upset and
(4,n)-IRV upset, respectively. Compute the ordered pair (ng, ny).
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Part 2: Winning Coalitions and Relative Power in Elections

To win the presidential election, a candidate needs a majority of the 538 electoral votes (that is,
270). Most states distribute all of their electoral votes to the candidate that gets the most votes
in their statewide election. However, is California (with 55 electoral votes) really eleven times as
important as, say, West Virginia (with 5 electoral votes)? The answer is, naturally, it depends.

Given n voters (which we will denote with the set S = {1,...,n}), every subset of S is either a
winning coalition or a losing coalition. Winning coalitions are monotonic, that is, if W is a winning
coalition and V' contains W, then V' is also a winning coalition.

We define a weighted majority vote (WMV) as follows: given an integer threshold 7" and that each
voter 7 has v; votes (v; all integers) a subset W of S is a winning coalition of a WMV if and only
if Y ;e vi > T. We can represent a WMV by (T;vy,vs,...,v,). For example, the US presidential
election (ignoring the fact that some states that split their electoral votes) can be represented as a
WMV: (270;55,34,31,27,...,3,3).

Many elections or voting processes can be represented as WMVs. On some issues, the Australian
government has votes involving the six state legislatures plus the federal government. Each of the
six states gets one vote, while the federal government gets two. In the case of a 4-4 tie, the federal
government makes the decision. It is easy to show that this voting process is equivalent to the WMV
(5;1,1,1,1,1,1,3), with the three votes going to the federal government: a coalition is a winning
coalition if and only if it contains at least five states or the federal government and at least two states.

4. In the UN Security Council, there are five permanent members and ten non-permanent
members. For any resolution to pass, it must have the support of all five of the perma-
nent members and at least four of the ten non-permanent members. Consider the WMV
(T;P,P,P,P,P,1,1,1,1,1,1,1,1,1,1) where P denotes the integral number of votes for each
of the permanent members of the council and the ones denote the votes of the non-permanent
members of the council. Compute the ordered pair (7', P) such that T is minimized and W is
a winning coalition in this WMV if and only if the corresponding set of council members can
pass a resolution in the UN Security Council.

To measure the relative power of a voter, we consider the Shapley-Shubik Power Index. It is defined
as follows.

Consider all n! orderings of n voters. Given an ordering(py,...,p,) of the set {1,...,n}, let
Wi =U,<;{pj}- A voter py is pivotal for this ordering if Wjy_; is not a winning coalition, but Wy
is a winning coalition. The Shapley-Shubik Power Index for a voter is the fraction of the orderings
for which the voter is pivotal.

For example, consider the WMV (7;5,4,2). There are six orderings of the voters, and we will
underline the pivotal voter in each case: 245 254 425 452 524 542. Thus, the Shapley-Shubik Power
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Index of the first voter is 4/6, or 2/3, while the Shapley-Shubik Power Index of the other two voters
are 1/6 each.

5. Consider the WMV for the Australian federal government: (5;1,1,1,1,1,1,3). Let s be the
Shapley-Shubik Power Index of any one of the states and let f be the Shapley-Shubik Power
Index of the federal government. Compute the ordered pair (s, f).

There are other ways to define winning coalitions. In the US legislature, a bill is sent to the president
for signature (“winning”) if and only if it has a coalition of at least 218 of the 435 members of the
House and at least 51 of the 101 members of the Senate (including the Vice President in the Senate
count, the Vice President is not required to be a part of a coalition for it to be a winning coalition)
supporting it.!

6. Compute the Shapley-Shubik Power Index of the Vice President.

If W CS={1,2,...,n} is a winning coalition, i € W is called a swing voter for W if W — {i}
is a losing coalition. We can define another power index called the Banzhaf-Penrose Power Index

as follows. Let s; be the number of winning coalitions for which voter i is a swing voter. The
i

Z?:l S
Going back to our earlier WMV example, (7; 5,4, 2), there are three winning coalitions, {5, 4}, {5, 2},
and {5,4,2}. Both voters are swing voters in the first two coalitions, but only the 5 in the third

coalition is a swing voter. Accordingly, there are five swing voters in total, so the Banzhaf-Penrose
Power Indices for the three voters are 3/5, 1/5, and 1/5, respectively.

Banzhaf-Penrose Power Index of voter ¢ is B; =

7. Consider the WMV (6;1,2,3,4). Compute the ordered 4-tuple (By, By, B3, By), that is, the
Banzhaf-Penrose Power Index for each voter.

Part 3: Models of Voter Preference

There are many ways that voters come up with their preference rankings for candidates. Some
people are single-issue voters. That is, their preference ranking depends on how close a candidate’s
view on a single issue is to their own. Say a candidate’s view on an issue could be represented as a
real number on a 0 to 10 scale, and there were three candidates (A, B, C') whose views on an issue
are 2, 7, and 9. Then, a single-issue voter whose view on an issue was 5 would have a preference
ranking of B > A > C since the distance between the voter’s view on the issue and those of the
candidates are 3, 2, and 4, respectively.

If all voters were single issue voters and voters’ views on the issue were evenly distributed through-
out the 0-10 scale, then candidate A would win a plurality election, as voters with views between

!Technically, the Vice President does not vote, except in the case of ties. It is equivalent, however, to let the vice
president vote all the time, since his vote only matters when the other 100 senators are tied 50-50.
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0 and 4.5 (45%) would vote for candidate A, those with views between 4.5 and 8 (35%) would vote
for candidate B, and those with views between 8 and 10 (20%) would vote for candidate C. We

will call this a single-issue election.

A B C
Voters
Voters for A Voters for B For C
o 1 2 3 4 5 6 [ 8 9 10

8. In a single-issue election, candidates A and B have randomly picked their views on the issue
(all views are equally likely and the views of candidates A and B are independent). Candidate
C, knowing the views of candidates A and B, can choose his view to maximize the fraction of
the votes he receives. Compute the probability that it is impossible for candidate C' to pick
a view that results in candidate C' winning the election.

We would hope that voters are a bit more nuanced than this and perhaps base their preferences on

two issues!

Assume there are three candidates A, B, and C' with views on two issues (again, on a 0-10 scale)

as given in the graph below.

10
9 A(1)9)
8
7
6
5
4
3 cl9,3)
2
1 TB(51)
0
o 1 2 3 4 5 6 7 8 9 10

A voter sets their preference ranking depending on the (Cartesian) distance between their views on
these two topics and those of the candidate. If voters’ views on both topics were independent and
evenly distributed throughout the 0-10 scales, then the fraction of the votes received by a candidate
would be equal to the fraction of the square [0, 10] x [0, 10] that is closest to the point corresponding

to the candidate’s views.
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9. Under the above assumption, if f; is the fraction of the vote received by candidate ¢, compute
the ordered triple (fa, fB, fc). It is acceptable to give the answer as an ordered triple of
fractions or percentages.

10. A voter in this election with views (x,, y,) is indifferent between all three candidates. Compute
the ordered pair (z,, y,).



Theme Solutions

1. Let the height of a preference ranking be the number of rows in the vertical representation of
a preference ranking. There are 4! = 24 preference rankings of height 4, and one preference
ranking of height 1. For height 3, there are three rows to choose where the tie should go,
then (;) = 6 ways to pick the candidates in the tie, then 2 ways to pick the highest ranked
remaining candidate, for a total of 36 rankings of height 3. Finally, a ranking of height two can
either be two pairs or a single candidate either above or below three indifferent candidates.
We know there are six arrangements of the first type and eight of the second (choose one of
the four candidates then choose to put him above or below the other three). In total, there
are preference rankings of four candidates.

2. Clearly there cannot be a Borda upset with two candidates, so m > 3. With three candidates,
and an odd number of voters, a Borda upset occurs when there are k voters with preference

A B
ranking B and k—1 voters with preference ranking C' | provided that 2k < 3k—2 — k > 2,
C A
so there exists a (3,5)-Borda upset. With four candidates, there exists a three voter Borda
A A B
B B C . . . .
upset: cC D with A having a majority of first place votes, but losing a Borda count
D D A
to B, 7 to 6. The answer is | (4, 3) |

3. With three candidates, we need a distribution of first place votes v4, vy, and ve such that
va > vg > ve and v4 < v + vo. Then, we have a (3,v4 + vp + ve)-IRV upset with

A A B B C
vy rankings of B or (', vg rankings of A or C , and vc rankings of B . Then,
C B C A A

after the first round, when candidate C' is eliminated, there are v, voters with preference
. A . . B .
ranking B and vg + v¢ voters with preference ranking 4 0 An upset. The ordered triple

of positive integers that satisfies the inequalities with the sum v4 + vg + v minimized is

(va,vp,ve) = (4,3,2), so ng = 9. With four candidates, consider three voters with preference

A B C D
. o A . B . B : C .

ranking C two with C two with A and one with C - Candidate D is eliminated in
D D D A

the first round, transferring one first place vote to candidate B. Candidate C' is eliminated in

the second round, transferring two first place votes to candidate B, who now has a majority

of first place votes. It is easy to verify there are no smaller values of ny than 8 that lead to a

(4,n4)-IRV upset. The answer to the question is | (9,8)|.

4. The smallest winning coalition is all five permanent members of the council with four non-
permanent members. Therefore, 5P +4 > T'. To minimize T, we say that 5P +4 = T. There
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are two maximal non-winning coalitions: one consists of the five permanent members as well
as three non-permanent members, so 5P + 3 < T. The second consists of four permanent
members and all ten of the non-permanent members, so 4P + 10 < T'. From the inequalities,
we can establish that 4P + 10 < 5P +4 — 6 < P, so P = 7 in order to minimize 7" and

T =39. The answer is | (39,7) |

To be the pivotal voter, the federal government’s three votes needs to be in either the third,
fourth, or fifth position. There are 7! = 5040 orderings of the voters, of which 3 x 6! = 2160

have the federal government in the third, fourth, or fifth position, so the Shapley-Shubik
Power Index of the federal government is % = % The sum of the power indices across all

voters is one, and all of the states are equally powerful, so 6s + % = 1. This simplifies to

2 3
632%%52%:%. The answer is (ﬁ’?)

We first claim that the sum of the power indices over all of the members of the House is
equal to the sum of the power indices over all of the members of the Senate, namely % For
every ordering of the members of the House and Senate where a House member is pivotal,
the reverse ordering of the House and Senate members has a Senate member as pivotal, and
vice versa. Since all Senate members have the same Shapley-Shubik Power Index, the power

. . 12 [
f th = ==
index of the vice president is 101 502

. We list the winning coalitions and underline all swing voters: 24, 34, 123, 124, 134, 234,

and 1234. There are 2+ 2+ 3+ 2+ 2+ 1 = 12 swing voters in total, so (By, By, Bs, By) =
1 3 3 5\ [/1 115
(E’E’ﬁ’ﬁ) - (ﬁ’i’i’ﬁ) '
We can simplify calculations by setting the range of views on the single-issue election to be
from 0 to 1. Then the probability that it is impossible for candidate C' to pick a winning view
is equal to the area of the set of points (A, B) such that it is impossible for candidate C' to pick
a winning view, given the other two views are A and B. It is easier to find the set of points

where C' can pick a winning view. Assume without loss of generality that 0 < A < B < 1.
There are three cases to consider:

Cases Strategy for C Votes for A | Votes for B | Votes for C

C<A Pick just less than A g B4 4 (1-B) A
A<C<B See below A+SA4 | €4 (1- B) £-4

B<C Pick just more than B | A+ 24 54 (1-B)

In the first case, candidate C' wins if 254 + (1 — B) < A or 2 < 3A + B. In the third case,
candidate C' wins if A + BT’A <1—Bor2>A+3B. In the second case, candidate C' wins if
there is a number between A and B such that A+ <54 < 224 and 25 + (1 — B) < 254, or
C<B—-2Aand C > A+2(1— B). Since we know that B—2A<1land 0 < A+2(1— B),

there is a winning pick for C provided A+ 2(1 — B) < B—2A or 2 < 3B — 3A.
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9.

10.

Plotting these three regions on the AB—plane, we see the region where C' cannot win (the

V2
3 )

2
an identical triangle on the other side of the line A = B, so the answer is .

clear section). The triangle has a base and height of and area %. By symmetry, there is

il

The set of points equidistant from two candidates views forms the perpendicular bisector of
the segment between the two views. Voters on either side of the bisector favor the respective
candidate. When we show all three perpendicular bisectors on the graph, we get the partition
of the voter space as seen to the right. Adding up areas of rectangles and triangles, we get

129 131 7
th ter distributi 2.2 2. — Y —, — ] |
e voter distribution (32.25%, 32.75%, 35%) or (400, 100’ 20)

Look at the graphic and note the bisectors all meet at | (5,6)|. Alternately, you can find the

center of the circle that goes through the three candidates’ views using the method of your
choice and get the same answer.

-
o

A (1)9)

cl9,3)

- N W b O O N 00 ©

TB (5/1)

0o 1 2 3 4 5 6 7 8 9 10

o




10.

Individual Problems

A

. Given ANB = ﬁ, compute (2 A 6) A (3A4).

AB

. Compute the smallest value of n for which the mean and median of the set {13, 21,26, 28,41, n}

are equal.

. Compute the number of subsets S of the set {1,2,3,4,5,6,7,8,9} such that the smallest

element of S is equal to the size of S.
Ay As ... Agog s a regular 2009-gon of area K. If A;Ajgps = 6, compute | K.

Let x,y, and z be real numbers randomly chosen between 0 and 100. Compute the probability
that [z +y+ 2] = [x] + [y] + [2], where [z] denotes the smallest integer greater than or
equal to x.

. An integer is called “rotatable” if it only uses the digits 0, 1, 6, 8, or 9. Compute the sum of

all three-digit rotatable numbers (note that the first digit cannot be a zero).

Compute the number of ways to place the integers 1 through 7 in the blanks below so that
the chain of inequalities is satisfied.

(Example: 1<2<5>4<7>6>3)

The period of a sequence sg, s1, . . . is the smallest positive integer k such that s, = s, for all
. 255
n > 0. Compute the period of the sequence defined by sy = tan4°; s, = : 8"21 for n > 0.
— Sh—1

For a positive integer n, define a,, to be the smallest positive integer with exactly n? positive
factors. Compute the smallest n for which a,, > a,.1.

Let 6 be an acute angle for which sin 6, sin 26, and sin 46 form a strictly increasing arithmetic
sequence. Compute cos® @ — cos 6.
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246 3+4 8 7 +L L 15x12 [45
C(2A6)A(BA4) = A N Np— _ 12 _ |2
( )AL ) 2%x6 3x4 127 12 x% % 56 14

o
—

Rloo

. The mean of the set is 222 the middle two elements of the set are either 21 and 26 (if
n < 21), n and 26 (if 21 < n < 28), or 26 and 28 (if n > 28). The median in these cases
are %, "226, and 27, respectively. Starting with the smallest possibility (the first one) and

: 12040 _ 47 —
solving for n, we get == = 5 — n=12]

. Condition off of k, the smallest element of S, with 1 < k£ < 5. Then there are k£ — 1 elements
left to pick from {k +1,...,9} giving us (g) + (I) + (S) + (g) + (i) =14+7+15+10+1 = .

. Consider the circle circumscribing the 2009-gon. Note that A;Ajgs = 6 as well, and

LA00a A1 A005 = ﬁ = «. The diameter of the circle circumscribing the 2009-gon is

. N 3 . 200972 2
—————, 80 its radius is r = ————— & 3. The area of the polygon is " sin ( T ) ~
cos (/2) cos (a/2) 2 2009

200972 2 : : : :
029T X 7779 = 7mr? &~ 28.27, so the answer is . We did play a bit fast and loose with

the explanation here, but basically, the area of the 2009-gon is so close to the area of its
circumscribed circle, the effect on the area would not be noted in the first or second decimal
place.

. Write each number as x = x;+xr where x; is an integer and 0 < xr < 1, the integer part and
the remainder. Then [z] = [x; + zr| =27+ [zr] =27+ 1 and [z]| + [y]| + [2] =21 +ys +
2143 [v+y+zl=[(er+yr+21)+ (@p+yr+2r)] =@ +yr+21) + [(xr +yr + 2r)].
Therefore, the two sides of the equation are equal if and only if the sum of the remainders
is greater than two. The probability that the sum of three numbers randomly drawn from

1
between 0 and 1 is greater than two is 6l To see this, consider the volume of the intersection

of the set z + y + z > 2 and the unit cube (0, 1] x (0, 1] x (0, 1] in three-dimensional space.

. There are 100 rotatable numbers, since there are four choices for the first digit and five
choices apiece for the latter digits. For each of 1, 6, 8, and 9, there are 25 three-digit rotatable
numbers that begin with that digit. The contribution to the sum of the hundreds place alone
is 25 (100 + 600 + 800 + 900) = 60000. Similarly, for each of the digits 0, 1, 6, 8, and 9, there
are 20 three-digit rotatable numbers that have that digit in the tens place and the ones place,
contributing 20 (00 + 10 + 60 + 80 + 90) = 4800 and 20 (0 + 1+ 6 + 8 +9) = 480 to the sum,

respectively. The total is | 65280 |.

. The 7 must go in the 3¢ or 5" blank. Assume it goes in the 3¢ blank. All of the placements
with the 7 in the 5 blank can be obtained by flipping the ones for which it goes in the 3™,
so we will double our answer at the end. There are (g) = 15 ways to choose the two numbers
to place in the first two blanks, and once chosen, they must be entered in increasing order.
Of the 4 remaining numbers, the largest must go in the 5" blank. There are 3 integers left to
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place. We have 3 choices of which one to place in the 4" blank, and the remaining two must
be placed in decreasing order in the last two blanks. Thus, counting the reversed placements,
there are 15 x 3 x 2 = valid placements.

The closed form of the sequence is s, = tan (2" x 4°), so we need to find the smallest n > 0
for which tan4° = tan (2" x 4°). Since the tangent function is periodic with period 180°, it is
equivalent to find the smallest positive n for which 180 divides 4 (2" — 1). Dividing out the
4, we seek the smallest positive n such that 45 divides 2™ — 1.

We could brute-force this, but we note that 45 =5 x 9, and 2" — 1 is a multiple of five when
4 divides n (this can be shown with Fermat’s Little Theorem or listing the first few values
of 2 — 1). Similarly, 2" — 1 is a multiple of nine when 6 divides n. Thus, the period is

lem {4,6} =[12].

Recall that if p{* x p5? x -+ - x pi* is the factorization of n into powers of distinct primes, then
n has (e; + 1) (e2+ 1) --- (ex + 1) positive factors. We start computing the first few values
of a,:

n|n an

171 1

2| 4 2-3=6
319 22.32 =36
4|16 23.3.5=120
5|25 24 . 3% = 362
6[362%2-32.5-7=236-35

Which is good enough to show that the smallest n for which a,, > a,1 is .

10. We have sin4x — sin 2x = sin 2x — sinz. We will use double-angle identities to rewrite both

sides of this equality:

sindx — sin2x = sin 2z — sinx

sindxr — 2sin2x = —sinx
4cos2xcosxsiny —4cosxsine = —sinx
4(2cos?x —1)cosx —4dcosx = —1
8cos®r — 8cosz = —1

1

3

= COS” T — COSZT = —g OI‘.




R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

Relay Problems

Let (47), = (74),, where (x), denotes the number represented by x written in base-c. Compute
the smallest value for a 4+ b where a and b are both positive integers.

Let T =TNYWR. Let y be the product of the digits of T and let z be the sum of the digits
of T. The roots of the quadratic function f (z) = 2% + Az + B have arithmetic mean y and
geometric mean z. Compute the ordered pair (A, B).

Let f(z) = 22 — 4M°80®] Compute f (f (7)).

Let T = TNYWR. ay,as,...,a7 is an arithmetic sequence of increasing positive integers
whose terms sum to 7. Compute the smallest possible value for as.

Let T = TNYWR. Compute the side length of the largest square that can be completely
covered without overlap by at most 7" 2 x 3 tiles. Tiles may not be broken, but may be
rotated, and not all 7" tiles must be used.

A

1

(s

Let M and N be distinct positive numbers such that log,, N = logy M. Compute M N.

Let T = TNYW R. The area bounded by the z-axis, the lines x =T, x = 4, and y = mx is
15. Compute the largest value of m.

Let T =TNYW R. An equilateral triangle and regular hexagon have equal perimeters. If the
area of the triangle is 7', compute the area of the hexagon.

A+B AB k
1B and AV B = AT B fev(ENE) = 73 compute

Let T=TNYWR. Let ANB =

the greatest value of k.
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R3-5. Let T =TNYWR. The sum of the two three-digit numbers 27 3 and A6 B is a multiple of
eleven. Compute the smallest possible value of A + B.

R3-6. Let T'= TNYWR. A1A3A;... Ar and A1 AsAp.y ... Aop o are distinct regular T-gons in
the plane. Let S be the set of all real numbers that are distances between distinct vertices.
Compute the number of elements in S. (In the example to the left, there are two distinct
non-zero distances, A; Ay and AzAy.)




R1-1.

R1-2.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

Relay Solutions

4a+T7=Tb+4 — 4a+ 3 = 7b. We need to find integral values of a and b, both greater than
7, such that this equality holds. b must be odd, and (a,b) = (15,9) satisfies the equation, so

a+b=[24]

—A is the sum of the roots, which is twice the arithmetic mean of the digits (or 2y). B
is the product of the roots of f(x), which is the square of the geometric mean (or z?). As

y=2x4=8and z =2+ 4 = 6, the ordered pair (A, B) = (-2 x 8,6%) =|(—16,36) |

FOF@T) = f (7% —4aloenTl) = f(72 — 41) = f (45) = 452 —4llee1045] = 452 — 42 = 202516 =
2

Ifag =a;+d, then T =a;+---4+a; =Ta; +21d = 7(a; + 3d). As T = 2009, a; + 3d = 287.
To minimize as, you minimize a;. The smallest positive value for a; is 2, so d = 95, and

az =2+ 95=97|.

Since the area of the tile is six, the area of the square must be divisible by six, which also
means that the side length of the square must be divisible by six. If the square has side length
L = 6k, the area of the square is 36k?, requiring 6k2 2 x 3 tiles to cover. Since T = 97, the
largest value of k such that 6k* < 97is k =4, s0 L = .

Let k = log,; N = logy M. Then M* = N and N¥ = M. Combining the two equalities gives
(MN)* = MN — (MN)*' =1 = MN =[1]

The region bounded by the lines (assuming T > 0) is a trapezoid with area [4 — 7| 40

)
2
AsT =1, we get [4— 1| &L = 15 — 18m — 15 1y =[2]

The hexagon has sides with lengths equal to half that of the triangle. H be the side length
of the hexagon. The area of the triangle is (GO R &) 2\/3. The area of the hexagon is

4
6 = 1H25 = 3T = [3],

kx 2 2
kv(chk):kv(k+k): VLA 2 2k k k? +2

Ktk _ LN A
k< k ~ S

k- k+2 k+2 K +2 T 2
T =3 — k = £+4. The greatest value of k is .
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R3-5. Note that 273 =3 —-T 42 (mod 11) and A6 B = B — 6+ A (mod 11), so 2
3—-T+24+B-6+A=A+B—(T+1) (mod11). AsT =4, then A+ B
The smallest possible value of A+ B is [5]

R3-6. There are L J distinct distances between points inside a regular T-gon. There are —J (T —2)
distinct distances between vertices in the separate T-gons when 7' is even, LTZ 2I(T—2)+1
if T is odd. As T' = 5, there are two intra-pentagon distances (A Az and A;Ay), and four
inter-pentagon distances (Ay3A;, AsAg, AsAz, and AsAg), the distances in the two sets are
distinct, so the total is [6]

Final note: The authors note that the sets of intra- and inter-polygon distances do not always
contain distinct elements. We welcome any proofs or comments regarding this problem for
other values of T'.



Tiebreaker

There was no tiebreaker problem in 2009. Instead, the top individual was determined by a game of
round-robin Blotto (see: http://en.wikipedia.org/wiki/Blotto_games).
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Answers to ARML Local 2009

Team Round:

49V/3
1. (—6,13) 2. —21 3. 52 4. 5v/11 5. Tf
25 3v/3
. i 1 CoYe 10. 2,1,4,2,2
6. 8 T 05 8. 1350 9. 5 J1,4,2,

Theme Round:

2 3
1. 75 2. (4,3) 3. (9,8) 4. (39,7) 5. (ﬁ’?)
1 1 115 2 129 131 7
L — === — ==, = 10.
0 202 7 12747 4° 12) 8 9 ) (400’400’20) 0-(5,6)
Individual Round:
1
: 5 2. 12 3. 34 4. 28 5. =
14 6
1
6. 65280 7. 90 8. 12 9.5 10. —3
Relay Round:
Relay 1: 1. 24 2. (—16,36)
Relay 2: 1. 2009 2. 97 3. 24
Relay 3: 1.1 2.2 3.3 4. 4 5.5 6. 6

282



ARML Local 2010



10.

Team Problems

. Let S be the set of positive factors of 2010. Compute the median of S.

Point P is located in the interior of rectangle ABC'D and PA = 56, PB = 25 and PC = 33.
Compute PD.

At a meeting of the Nuclear Powerplant Workers of America, every person has 3, 4, 5, 6, or
92—|5—k|
I

the number of fingers on a worker’s left hand is independent of the number of fingers on the
worker’s right hand, compute the probability that a NPWA member has at least 10 fingers.

7 fingers on each hand, with the probability of having k fingers on a hand being

Given an unlimited set of identical 1 x 1, 1 x 2, and 1 x 3 tiles, compute the number of ways
to cover a 1 x 8 rectangle with the tiles without overlapping tiles and with all tiles entirely
inside the rectangle. Rotations of a set of tiles are considered distinct (for examples, two 1 x 3
tiles followed by a 1 x 2 tile is a distinct tiling from a 1 x 2 tile followed by two 1 x 3 tiles).

For two positive integers z and y, 2 — y* = 240. Compute the (positive) difference between
the largest and the smallest possible values of xy.

. Walls are erected on a frictionless surface in the form of an equilateral triangle AABC' of side

length 1. A tiny super bouncy ball is fired from vertex A at side BC. The ball bounces off of
9 walls before hitting a vertex of the triangle for the first time. Compute the total distance
travelled by the ball upon arrival.

. A hexagonal pyramid has a regular hexagon of side length 1 for a base, and its apex is located

a distance 1 directly above the center of the hexagon. A sphere inscribed inside the pyramid
touches every face of the pyramid. Compute the radius of the inscribed sphere.

4 3 2

. 3 _ 4

The function f(x) = %
T T —

Compute the sum of the lengths of the two intervals.

is negative over two different intervals of the real numbers.

The set of points S = {(z,y) : |z| + |x — y| + | + y| < k} has area 10 in the xy-plane. Com-
pute k.

A B C
x D K
Fr E C
D E C
4 6 B C

In the multiplication problem above, A, B, C', D, E, and F are distinct, non-zero digits.
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. 2010 =2 x 3 x 5 x 67, so 2010 has 16 factors. Eight of them are going to be multiples of 67,
eight are not. The smallest of the former is 67, the largest of the latter is 30. Their average
is |97/2 | or 48.5.

. In any rectangle, the sum of the squares of the distances from an interior point to opposite
vertices is invariant, i.e., this sum is the same for both pairs of opposite vertices. Thus,
PA? 4+ PC? = PB?+ PD?* and we have 5624332 = 2524+ PD? — 313641089 = 625+ PD? —
PD? = 3600 — PD =60]

Alternate Solution: Suppose the point P were located on the side AB. Then APBC is a
right triangle and, using the Pythagorean Theorem, BC? = 464. Now APAD is also a right
triangle. Therefore, PD? = 562 + 464 = 3600 — PD = 60. This solution assumes that the
solution is invariant for points P located in the interior of the rectangle OR on the rectangle.
A nice topic for discussion!

. The probability distribution on number of fingers per hand is (0.1,0.2,0.4,0.2,0.1). By sym-
metry, the probability of having 10 + k fingers is equal to the probability of having 10 — k
fingers. The probability of having 10 fingers is 0.12 4+ 0.22 + 0.4% + 0.22 + 0.12 = 0.26. The
probability of having greater than 10 fingers is (1 — 0.26) /2 = 0.37, so the probability of
having at least 10 fingers is 0.26 4 0.37 = [0.63].

Note: We apologize to any nuclear powerplant workers offended by this question. Please
don’t come after us. After all, we can see you glowing from a mile away.

. Let T(n) denote the number of ways a 1 X n rectangle can be tiled using these tiles. T'(n)
satisfies the recursion relation 7'(n) = T'(n — 1) + T'(n — 2) + T'(n — 3) for all positive n with
the initial condition 7°(0) = 1, T'(n) = 0 for n < 0 (consider the size of the rightmost tile of
any tiling). The first few values of T'(n) for non-negative n are 1, 1, 2, 4, 7, 13, 24, 44, [81].

. We want the values of z and y to be alternately as close and as far apart as possible, i.e.,
maximize and minimize |z — y|. Clearly, the maximum occurs when x = 240 and y = 1 (or
vice versa).

Factoring, 240 = 2* x 3 x 5 and = 16 and y = 15.

r +y =240 r+y=16
r—y=1 o x—y=15"
duce non-integer values of x and y. Clearly, for integer values of x and y, the parity of x+y and
r+y =120 r+y=20
rT—y=2 Or{x—yle

=yt = (z+y)(z—y) — but each of these systems pro-

r—y must be the same. Revising our choices for x and y {

(z,y) = (61,59) or (16,4).
61(59) — 16(4) = (60 + 1)(60 — 1) — 64 = 3600 — 1 — 64 = [3535].

. Since angles are preserved upon hitting walls, we can use a series of reflections to express
the ball’s path as a straight line through a triangular tiling of the plane. In Figure 1 below,
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AABC' is at the top and the triangles below contain the number of walls the ball must pass
through (bounce off of, in the original triangle) in order to enter:

',‘_-r_'_'. .

Figure 1 Z Figure 2

Of the vertices in the ‘9-bounce’ row of triangles, all but two of them are impossible to reach
(see the dotted lines in Figure 2), since they correspond to paths that pass through at least
one corner of AABC' previously.

The two vertices that are reachable, P and @, are both equidistant from A (the solid lines in
Figure 2); hence the total distance travelled is AP = AQ = \/(3\/3)2 +22 =|V/31].

A picture of the ball’s path (in the direction towards P) is shown below. The path towards
@ is its mirror image:

The volume of a pyramid is BTh, where B is the area of the base and h is the height. The

hexagon has area 6 x ‘/Tg, so the volume of the pyramid is \/75 We can also dissect the pyramid
into 7 smaller pyramids whose bases are the 7 faces of the original pyramid, and whose apexes
(apices?) are the center of the inscribed sphere. Since the height of each of these pyramids

is r, the radius of the sphere, we have \/Tg = % X r X (6 X \/Tg + 6L), where L is the area of

one of the 6 lateral faces of the pyramid. Each of these faces is an isosceles triangle with
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base 1 and leg v/2. We then have a height of Y7 and so L = ¥, Solving for r we get

2 4
g<6-£+6 Vi

V3 VB V213
)T T T A L 4|

xt 4 323 — 422 22 (z+4) (x—1)
flx) = 24 pr2-2v9) (bt 222V f(z) has zeroes at 0, 1, and —4
and asymptotes at —2 — 2/2 and —2 + 21/2 (approximately —4.8 and 0.8). Testing the sign
of a single point in the interval between two zeroes or asymptotes give you the sign of the
function over the entire interval. The function is negative between —2 — 2v/2 and —4 as well

as between —2 + 24/2 and 1. The sum of the lengths of these intervals is (1 - (2\/_ - 2)) +
(=4—(-2v2-2)) =1-2v2+2—-4+2V2+2=[1]

Noting that the function f (z,y) = |z| 4+ |© — y| + |z + y| is symmetric about both the z- and
y-axis, it suffices to compute value of k for which the area in the first quadrant is 5/2. When
>y, |zl +lz—yl+lz+yl=r+r—y+a+y=3z. Whenz <y, |z|+ ]z —y[+|z+y|=
r4+y—x+x+y=x+2y. Fora fixed value of k, this function looks like the graphic below

in the first quadrant. The area of the region is % (g + %) g = % = g —k=|3V2|

{0, KZ)
-'-.-...
-'-.-.
Y (ki3 k3]
-'-...
-I.-...
e (ki 0]

E x C and D x C both end in C, and the only non-zero C' for which that is possible for
two different digits is 5. F and D must be odd, so by looking in the thousands column, we
conclude that D is 3. From that same column we conclude that D x A = D, so A must be 1.
1B5 x 3 = 3E5, and the only distinct non-zero B and odd E that hold are B =2 and £ = 7.

is given below.

1 2 5

x 3 7

8 7 5
3 75
4 6 2 5



Theme Problems

The Winter Olympics
“It 1s a beautiful day here in Vancouver for the start of the 2010 Winter Olympics. If only we had
some snow.”

1. The Vancouver Olympic Committee decides to build a conical mountain of snow with a radius
8 kilometers (R in the picture below). Because they run out of snow on the way up, they
decide instead to shape the mountain instead into the frustum of a cone 4 kilometers high
(h in the picture) with the top of the frustum having radius 5 kilometers (r in the picture).
Compute the exposed surface area (in sq km) of the resulting snow “mountain”.

“Now over to the Opening Ceremonies, where they seem to be having trouble with the torch pillars. . .”

5
i,
&)
i
&)
i &)
i "
i &)
L
i
i
i
L
i
i
i
i
b i,
L n
b i,
s,

I"-,
|

&

\d

in

lII

5

&)
%

e
L]

The cross section of the pillar is an obtuse triangle AABC with a base AB 5 meters long and a
height of 15 meters. D is the foot of the altitude from C' to j@ and AD is also 5 meters long.
The pillar is supported internally by beams with a square cross section. The first supporting beam

(denoted S in the graphic) has one side on AB and has one corner on AC and the opposite corner
on BC.
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2. Compute (in meters) the side length of 5.

A second support beam (denoted Sy in the above graphic) is placed on top of the first beam. This
second beam also has one corner on AC' and the opposite corner on BC'.

3. Compute (in meters) the side length of S,.

This process of stacking support beams is repeated ad-infinitum: beam S, is placed on top of
beam S,,, and each beam has one corner on AC and the opposite corner on BC.

4. Compute the fraction of AABC that is filled by cross-sections of support beams.

“They seem to have made things right with the pillar.”

After further fixes, the cross section of the pillar is now a right triangle AABC with a base AB 3
meters long and a height of 4 meters. The pillar is supported internally by beams with a circular
cross section. The first supporting beam (denoted C; in the graphic) is tangent to AB, AC, and

BC.
5. Compute (in meters) the radius of C4.

A second circular support beam iienoted_(b in the graphic) is placed on top of the first beam.
This second beam is tangent to AC' and BC, and is externally tangent to Cy. Surprisingly (7), the
centers of both beams lie along the angle bisector of ZACB.

6. Compute (in meters) the radius of Cs.

“And now over to the hockey rink where the Finnish team is holding practice.”
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7. The Finnish hockey team wishes to practice playing 5-on-5, but have 11 players. They use the

following substitution system: the players are numbered 1 to 11. For the first three minutes,
players 2-6 play against players 7-11, with player 1 sitting out. Then player 1 replaces player
2 and that group plays for three minutes. In general, player n replaces player n+ 1 after three
minutes (except for player 11, who replaces player 1). The practice continues until players
2-6 are going to play 7-11, and the practice stops (before 2-6 and 7-11 play again). Compute
the length (in minutes) of the practice.

“An exciting hockey tournament so far. I have the results right here, well, some of them, oh dear.”

For the last two questions, hockey teams will be playing in a round robin tournament. Every team
will play every other team once. A win results in two match points for the winning team, a draw
results in one match point for each team. Teams are ranked by total number of match points; teams
with the same number of match points will be ranked in decreasing order by goal difference: the
total number of goals scored by the team minus the number of goals scored against the team (the
goal difference may be negative).

8. The United States, Finland, Canada, and Russia are playing in a round-robin hockey tour-

nament. Below is an incomplete chart reporting some of the results from matches that have
already been played. One team defeated another by a score of 5-1, and no other team has
scored as many as five goals in one match. Also, one team won one of its matches by one more
goal than it won another game. With this information, complete the chart on your answer
sheet (also shown below).

Matches Goals Scored Goals Scored Match
Teams | Played | Wins | Losses | Draws By Team By Opposing Team | Points
US 2 1 0
Canada 0
Russia 2 2
Finland 3 11 1

“On the women’s side, a fifth hockey team has joined the tournament! This will be a prime
opportunity.”

9. This question is worth up to 8 points. If 1 to 4 errors are made in filling out the table, your

team will receive 4 points.

The United States, Finland, Canada, Slovakia, and Russia are playing in a round-robin hockey
tournament. Our absent-minded reporter has lost the scores, yet has somehow managed to
recall the following information:

e In each match, the total number of goals scored has been prime and at most five.

e A prime number of matches have been played, and a prime number of matches are yet
to be played.

e All five teams currently have a prime number of match points, have scored a prime
number of goals and have had a prime number of goals scored against them.
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e The total number of goals scored by all teams so far, 17, is prime.
e The winning margin in all of the non-drawn matches is prime.
e One match was won 5-0.
e One team has drawn all of its matches so far.

There is a group of three teams such that each team has won a match to one team in
the group and lost a match to the other team in the group, all by a score of 2-0.

The United States is currently ranked in first place, despite losing to Finland. Canada is
second, and Slovakia is third. Russia and Finland, who have the same number of match

points, have not played each other yet.

This is sufficient information to completely reconstruct the match results so far on your answer
sheet. In the table below (and on your answer sheet), for the entries in the first five columns,
the number in row I and column J denotes the number of goals scored by team [ against
team J. The entries for games not played yet should be left blank. Fill in your answer sheet

clearly and carefully.
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2 2

s Ele :

c £ 9|2 = |3 |Z

=8 2 logl=2 e e |E

o wn Q= || |8 |5 |&

2y 5 =le |2 RS

=1Q |3 Dl |»|T |2

AEHEE A EHREIE

5|z |82 |5 s lg 28 2|2

1 .dggimsgzzz'mg:

GoalsScored | & |5 £ 2|5 |Z |2 |51 |2 |2
United States
Canada
Slovakia
Russia

Finland




Theme Solutions

1. Consider the cross-section of the frustum, a trapezoid. Extend the non-parallel sides of the
trapezoid until they intersect. The triangle formed is a cross-section of the cone from which

the frustum was formed. APQD ~ APRC — 5 = g —xr= 23—0.

V)
-
[,

(9)

Since the lateral surface area of a cone is given by 7rf, where (is the lateral height, the lateral
surface area of the frustum is 7- 8- % —7-D- % =7 (% — %5) = 657 and, adding the surface
area of the upper circular bases (257), we have the total exposed surface area of the frustum

1s .

2. For square S;, let s; be the side length of S; and denote the vertices P,Q; R;T;, where P;is the
upper right vertex, and Q; is the lower right vertex. AP,Q:B ~ ACDB, so - = 15

5—s1 10
75 — 15s; = 10s; — .

3. ATVARy ~ AADB — B2 = 5 5 T\Ry = 1.

S1

n B LI

Similarly, APQQQPI ~ NANCDB — Q§_2P1 = 1—? — Qgpl = %Sg. PRy = s1+1T1Rs = 82+Q2P1 —

12
34+1=s3+4 35, — s2= ¢ |

4. The ratio of successive side lengths

. . 4
is a constant (why?) and is =5 50 the sum of the
Spn—1
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areas of the squares is 9(4)2 = 9/925 = 25, thus the ratio of the sum of the areas of the
1— (4
5
squares to the area of AABC' is 2 )2
E 375  |3]

5. (1 is the incircle of AABC'. The inradius of a triangle is the ratio of the area of the triangle

1(3x4)
to its semiperimeter, which is —2~———-— =|1]|.
P I(3+4+5)

6. For this problem, let O; be the center of circle Cj, r; be the radius of circle C;, and T; be the
point of tangency of circle C; with side AC. Let Q be the point on 73O such that O,Q_LT,0;.
ACT07 ~ AO2Q0; and m (LQ020) = %m (LACB) = 0. Therefore, QO; = O105sin6 —

1 —sind

1+sinf’

(r1 —1r9) = (r1 +19)s8inf — ry =

Using the half-angle formula,

— 1-4
Sing — /1 — cos (20) _ 5 _ /i’
2 2 10

1—sing 1=y [11-2V10

SO 19 = =

1+sinf 14 / 9

7. After each player has sat out for three minutes, the teams are 11, 2-5 versus 6-10. After the
next cycle, one of the teams is 5-9, then 4-8, 3-7, and finally 2-6. The total practice time is

3x11x5=165]
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8. Each team has played at most three games. Since the US and Finland have each played

three games, we conclude that Canada must have played only two. The US’ record is 2-0-1
(Wins-Losses-Draws) for 5 match points. Finland’s record must be 0-2-1 to have only one
match point. Since the most goals scored in any game is 5 and Finland’s opponents scored
11 total goals, each of Finland’s three opponents must have scored against them. This means
that the US and Finland did not draw, since the US’ draw had to have been 0-0 since the US
has not had a goal scored against them. Therefore, Russia drew with Finland. Since Russia
has two match points, it must have drawn with the US as well with a 0-0 score. So, Russia’s
record is 0-0-2. Since Russia scored 2 goals in total and scored 0 against the US, it must have
drawn against Finland with a score of 2-2. Finland’s opponents in the two losses scored a
total of 9 goals, so one game was 5-1 and the other was 4 — x for a total of 3 + x goals scored
by Finland. One team won one of its games by one more than it won another game. This
must have been the US since it is the only team with more than one win. So the US wins
were 4-0 against Finland and 3-0 against Canada, for a total of 7 goals scored by the US. By
process of elimination, Canada lost to the US 3-0 and beat Finland 5-1, for a record of 1-1-0,
5 goals scored for, 4 goals scored against, and 2 match points. The final grid is below, with
the filled-in scores in italics.

Matches Goals Scored Goals Scored Match

Teams | Played | Wins | Losses | Draws By Team By Opposing Team | Points
US 3 2 0 1 7 0 5
Canada 2 1 1 0 5 4 2
Russia 2 0 0 2 2 2 2
Finland 3 0 2 1 3 11 1

The number of games already played (out of 10) must be 3, 5, or 7. 3 games played does
not make sense, nor does 5, as all 5 teams would have to have 2 match points each. Three
games have been won 2-0 and a fourth 5-0, so there is no one left to have a draw with the
fifth team. So, 7 games have been played. There are 14 match points so they must be split
5/3/2/2/2. Accounting for the 17 goals scored so far, we can account for 11 of them in the
aforementioned four games. Therefore, the remaining three games must have two goals each,
and two of them must be 1-1 draws. The US has 5 match points and must have a record of
2-1-1. As the US’ total goals for and against are both prime, the US could not have been
involved in the 5-0 match and hence won two with a score of 2-0, lost one 0-2 and drew one
1-1. This accounts for the seventh game. Canada similarly was not in the 5-0 match and has
won one 2-0 (against Finland, US-Canada-Finland is the only possible aforementioned group
of three teams), drawn one 1-1 and lost one 0-2. The 5-0 win must have been by Slovakia or
Russia against Finland (there’s no other team left). The fact that Slovakia is ahead of Russia
by goal difference and sorting out who played who gives the final answer above.



Individual Problems

. In a triathlon, Richard swam 10 minutes at 1.5 miles per hour, biked 6 miles in 15 minutes
and finished by running 15 miles at 6 miles per hour. Compute Richard’s average speed (in
miles per hour) over the entire course rounded to the nearest tenth.

. In the picture below, AABC and ADFEF are right triangles with right angles at B and FE,
respectively. G is the intersection of BC' and DF, and H is the intersection of AC and
EF. If m(/BAC) = 41°, m(£/EFD) = 36° and m(ZAHF) = 107°, compute (in degrees)
m(£ZFGC). Note that the picture is NOT drawn to scale.

. Let x = log,,2 and y = log;, 3. log,, 150 = ax + by + c for integers a, b, and c¢. Compute abc.

. The product of two positive integers is 326,700. Compute the largest possible greatest common
divisor of the two integers.

. Dustin and Thomas are playing a game in which they take turns rolling a fair 10-sided die
with the numbers 1 through 10 on the faces. Dustin rolls first. The game continues until
either Dustin rolls a number < 4 (in which case Dustin wins) or Thomas rolls a number < T’
(in which case Thomas wins). Compute the smallest value of T for which Thomas’ probability
of winning is at least %

. The solutions of 643 — 962% — 52z + 42 = 0 form an arithmetic progression. Compute the
(positive) difference between the largest and smallest of the three solutions.

. On a five-function calculator +, —, x, +, va that can display 10 digits you perform the follow-
ing procedure:

Step 1. Enter a 5-digit number.

Step 2. Multiply the number by 2010.

Step 3. Take the fourth root of the result (by hitting the square root button twice).
Step 4. Repeat Steps 2 and 3, getting a new result each time.

After a while, you notice that the results on the screen are not changing after applying Steps
2 and 3 (that is, the results are constant, rounded to 10 digits). If N is this unchanging result,
compute | N |, the greatest integer less than or equal to N.
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8. Let x be an angle in the first quadrant. If tan (\/5 coS x) = cot (\/§ sin :r;), compute sin 2.

9. ABC D is a four-digit number with distinct non-zero digits. ABC D — D C B A is a positive
three-digit number z. Compute the (positive) difference between the largest and smallest
possible values of x.

10. Regular hexagon ABCDFEF has side length 1. Let H be the intersection point of lines %
and . Compute the radius of the circle that passes through D, F', and H.



Individual Solutions

. Richard swam 1.5 % X % hr = 0.25 mi. Similarly, he ran for 611151;7;“ = 2.5hr. The total distance

traveled was 0.25 +6 4 15 = 21.25 = 84—5 mi. The total time elapsed was % + % + g = % hr.

The average speed was thus (22 mi)/(22 hr) = 22 mi/hr = 2 mi/hr ~ 7.285. .. which is

rounded to the nearest tenth.

. m(ZACB) = 90° — 41° = 49°. Let J be the intersection of AC and DF, then m(ZGJC) =
m(ZHJF) = 180° — m(ZEFD) — (180° — m(ZAHF)) = m(LAHF) — m(ZEFD) = 71°.

Thus, m(ZFGC) = 180° — m(LGCJ) — m(LGJC) = 180° — 49° — 71° = [60° |

-2}

. 326700 = 22 x 3% x 5% x 112. To maximize the greatest common divisor between the two
numbers, each number should have a 2, 3, 5, and 11 as a factor, which gives a maximum

possible ged of .

. We instead compute the probability that Dustin wins, and let p be the probability that
Thomas wins on a single throw. Either she wins on the first throw (with probability -t), on

the third after two “misses” (with probability (<5 (1 —p)) 15), or on the fifth throw after four
2 4

misses (with probability (< (1 —p))” <), and so forth. The probability that Dustin wins is
2/5 2

. . 1 2 1
= . We want this probability to be less than =, so -

= R g
13020 5-3(1-p) 2 31-p) "2

2
4<5-3(1-p)— 3 < p, which means that 7" must be at least .

[\

. Assume the roots are a — d, a, and a + d. The sum of the roots is 3a = 2—2 = % —a=1 The

product of the roots is —é—iz(a—d)a(a+d):a3—ad2:%—‘12—2—>§:2—2—>d2:16%0:

5
f—g —d= %. The difference between the largest and smallest of the solutions is 2d = .

. Consider the sequence x = x¢, x1, ..., where z is the initial five-digit number, and x; is the
result after applying the process in steps 2 and 3. In general, x,,; = +/2010z,. To say
that this sequence converges means that for a large enough n, z,.1 ~ x, =~ x*, the limit
of this sequence. To find it, 2,41 = 2010z, — z* = V/2010z* — z* = +/2010. As
123 = 1728 < 2010 < 2197 = 133, |z*] = |/2010] =[12]

. As angles, v/2cosz and v/2sinz must lie in the first quadrant. Since tan (\/§ cos x) and
tan (\/5 sin x) are reciprocals of each other, we can conclude that V2sinz + V2cosz = g

2 2 2

Squaring both sides gives 2 + 4sinz cosx = % — 2sin 2z = WZ — 2 —sin2x = i 1]
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9.

10.

Individual Solutions

ABCD =1000A+ 100B + 10C + D and DC B A = 1000D + 100C +10B+ A. ABC D —
DCBA=999(A—D)—90(C — B). As x is a positive three-digit number, we must conclude
that A—D = 1. Because all of the digits are non-zero and distinct, we know that 1 < C—B <
8. Therefore the largest difference is 909 (e.g., 2451 — 1542) and the smallest is 279 (e.g.

3192 — 2931), giving a difference of | 630].

Let O be the center of the circle through D, F', and H. By successive rotations of hexagon
ABCDEF about O, we get the picture below. Notice that the six smaller hexagons con-
tribute 12 points lying on circle O, and since the hexagons were obtained by 60 degree rota-
tions of ABCDEF, we have that hexagon FHIJKL is regular with side length r = FH =

V672 + (V3/2)° = | V7]

Alternate Solution: Position the regular hexagon with F(0,0), £(1,0), D (%, ‘/7§> Then:
H (2, \/5) and M, the midpoint of DH is (Z ﬂ) O, the center of the required circle, is

located at the intersection of the perpendicular bisectors of F'D and DH. The equations of
these bisectors are, respectively,

{yz—\/g(x—l)
x+\/§y:4.

+¥:7—>r:

N

Thus (z,y) = (—%, %) and a radius of the circle is F'O. Therefore, r? =
V7|,




R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Problems

Let S be the set of prime factors of 1 +2+---+ 101. Compute the median of S.

Let T =TNYWR. Compute the sum of the areas of the distinct right triangles with integer
side lengths with one side of length T'.

Compute the smallest positive integral value of n such that tan z sin 2z = cos4x cosnz has a
solution at z = /6.

Let T =TNYWR. Compute \/T+ \/T-F VT A

Let T'=TNYW R. Compute the number of ordered T-tuples (x1, ..., zr) of positive integers
such that x1 + 29+ - - - + 27 = 10.

Let T = TNYW R. An absent-minded hat-check girl receives T" different hats from T different
people. At the end of the evening she hands one hat back to each person randomly. The

K
probability that she gave back at least 7' — 2 hats to the correct person is T Compute K.

Let T = TNYWR. T — 3 is the largest prime factor of (n — 1)! + (n + 1)!. Compute the
smallest possible value of n.

Let T =TNYWR. If p+q =4 and p? + ¢*> = T, compute p> + ¢>.

Let T = TNYWR. If Avg(z,y) denotes the average of the numbers z and y, compute the
(positive) difference between the largest and smallest possible value of Avg(Avg(a,b),c) —
Avg(a, Avg(b,c)) if =T < a,b,c <T.

Let T = TNYWR. For a positive integer n, let sy(n) denote the sum of the digits in the
binary representation of n. Compute the number of positive integers less than 64 — 1" for
which sg(n) is prime.
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R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

Relay Solutions

1+24---4+101 =5151 =3 x 17 x 101. ThemedianofSis.

You can generate all of the Pythagorean triples as follows, if m and n are positive integers
with n > m, then n? — m?2, 2mn, and n? + m? is a Pythagorean triple. As T = 17, either
n>+m?=17— (n,m)=(4,1) 8 —15—17Torn* —m?* =17 = (n—m)(n+m) = 17 —
(n,m) = (9,8) — 17—144—145.

The areas of these two triangles are 60 and 1224 respectively, giving a total of | 1284 |.

tan () sin (2F) = cos (%) cos (%°) — &= x \/75 =—3cos (%) wcos(F)=—-1—n= 6].

-

Let x = \/T—F\/T—I—\/T—i-\/---—)x— T+ > 22=T+zx—>22—z-T=0—

= % (ignoring the negative value of x). Since T'= 6, © = .

Since each of the x; must be at least 1, that leaves 10 — 7" units to distribute amongst the x;,
which can be done (T9—1) ways. As T = 3, the answer is .

Tlho = (4 x5 X 7)x (2 x 3)x6 = 140x62. 140 = 3525 — T!y9 = 352005 -+ A+B+C+D+E =

10}

To accomplish this, the hat check girl must hand back 7" — 2 hats correctly or all T' correctly.
There is one way to hand them all back correctly, and (g) ways to hand exactly 7" — 2 hats

correctly (pick two people and switch their hats). As T =10, K =45+ 1 = .

(n=D!'+n+1)!'=m-D(1+nn+1))=(n—111+n+n?. As the factorial only has
prime factors up to n — 1, we check whether T' — 3 = 43 can divide n? 4+ n + 1, which it can

when n = @

p3+q‘°’—( +4q) (p pq+q) 4(T pQ) 16 =47 = (p+q)° = p*+2pg+¢* = T +2pg —
pg=8—5op'+q¢*=4(F —8). AsT=6,p"+¢° =[4]

Avg(Avg(a,b),c) — Avg(a, Avg(b,c)) = Avg (“+b ) Avg( b+c) I LS s =)

2 2 4
This reaches its largest value when ¢ = T',a = —T" and its smallest value when c = —T,a =T
The difference between these two values is 24T ’iT =T= .
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R3-6. Consider all integers n up to 63 that can be written with at most 6 digits in their binary
representation. (g) + (g) + (g) = 15420+ 6 = 41 of them will have a prime value of sa(n).
However, since T" = 4, we must ignore any values greater than 60 for which ss(n) is prime.

There are two, 61 (1111015) and 62 (111110,). Therefore, the final answer is 41 — 2 =[39]
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Tiebreaker Problem

1. Equilateral triangle AABC has side length 1. Circle O is tangent to sides AB and BC, and
is tangent to the perpendicular bisector of BC' at M. If the cevian PC passes through M,
compute the area of triangle AAPC'.
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Tiebreaker Solution

1. Let r be the radius of circle O. Let H be the foot of the bisector to BC, and drop a
perpendicular from P to G, as shown. We also drop a perpendicular from M to PG at Q.
We will solve for x = BP.

/N
N
f’;%

-~

X

Using 30—60—90 triangles, we have CH = %, HM = GQ = r, and BG = 5" ANCHM ~

pPQ  HM . ‘ l—a
AMQP, so we have Mo - CH 2r. Hence PQ = 2r 5 =TT We now have
V3 4r
r+(r—rz)=PG=-—"x,orx = . Now we use the fact that r 4+ v/3r = 1/2 to get
2 V34 2r
r= \/§4_ 1. Plugging this in above gives x = 8 _12\/5. So the area of AAPC is
1 5+2v3 . |6+5V3
— 120V in60° = | Y2
2 13 52
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Team Round:

97 63
1. 5 2. 60 3. 100 4. 81 5. 3535
v21 -3
6. v/31 7. — 8.1 9. 3v/2 10. 125378
Theme Round:
12 2
1. 907 2.3 3. — 4. -
/0 5 3
11 — 2+/10
5.1 6. —— 7. 165
9
Matches Goals Scored Goals Scored Match
Teams | Played | Wins | Losses | Draws By Team By Opposing Team | Points
g US 3 2 0 1 7 0 5
" | Canada 2 1 1 0 5 4 2
Russia 2 0 0 2 2 2 2
Finland 3 0 2 1 3 11 1
e 3
= EE |2 = = |E
= ~AlE2lo|3 g |2 |2
£ 2 -2 |2 |28 & &%
» & 2 7|z |2 &2 cigl=
= 2 %2 5E|= |2 g2 ¢ &g
GoalsScored | g | & 5 |5 2 |2 |z |&§ 1 ¢ | 5% |7
United States 22 1 0 5 3 2] 2 1 1 5
Canada 0 1 2 3 3 0 1 1 1 3
Slovakia 0 - - 5 5 2 3 1 1 0] 2
Russia 1 1 - 22 0 0 0] 2] 2
9. Finland 2 010 2 71511 2 0] 2
Individual Round:
1. 7.3 2. 60° 3. =2 4. 330 5.7
5 2
6. - 7. 12 8. % 1 9. 630 10. /7
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Answers to ARML Local 2010

Relay Round:

Relay 1: 1. 17
Relay 2: 1.6
Relay 3: 1. 10
Tiebreaker:
6+ 5v3

1
92

2. 1284
2.3 3. 36
2. 46 3. 6

D.

4

.39
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10.

Team Problems

. Let 1.81 = 1.81818181... = %, where N and D are two positive integers. Compute the

minimum value of N + D.

. A two-digit number N is chosen at random, with all two-digit numbers equally likely. Compute

the probability that at least one of log, N, logs NV, logs N, or log; N is an integer.

The difference between the areas of the circumcircle and incircle of an equilateral triangle is
27w. Compute the area of the triangle.

If Sam arranges his candies in piles of 6, there are 2 left over. If he arranges them in piles
of 9, there are 5 left over. If he arranges them in piles of 15, there are 11 left over. Sam has
between 100 and 200 candies. Compute how many candies Sam has.

Quadrilateral JANE is inscribed in a circle. Diameter JN has length 50, AN = 48 and
NE = 30. Compute the perimeter of JANE.

A fair coin is flipped repeatedly and the throws are recorded until three consecutive flips are
(in order) Heads, Heads, and Tails or Heads, Tails, and Tails. Compute the probability that
the sequence Heads, Heads, and Tails appears first.

Let a, b, ¢, and d be real numbers such that the graphs of y = — |[x —a|+band y = | — ¢|+d
intersect at (2,1) and (8, —1). Compute a + c.

Given triangle ABC' with AB = 6, BC = 8, and AC = 7. Point D is on AC such that BD
bisects angle B. Circles C'; and Cy are drawn such that (] is internally tangent to each side
of triangle ABD, and (5 is internally tangent to each side of triangle C'BD. Compute the
sum of the areas of circles C'; and Cs.

1005

Comput Ly ! + ! > !
ompute tee = .
P Tx3 T 3x5 2007 x 2009 ' 2009 x 2011 4= (20— 1) (2n + 1)

An ordered partition of an integer N is a sequence of positive integers that sum to N. As an
example, 1 +3, 24+ 1+ 1, and 1 + 1 + 2 are distinct ordered partitions of 4. Compute the
number of ordered partitions of 10 that consist of only odd positive integers.
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Team Solutions

. Let 2 = 1.818181.. ., then 100z = 181.818181... = 180 + z, s0 992 = 180 — = = { = 32 —
N+ D =|31].

. There are 90 two digit numbers. Any power of 2, 3, 5, or 7 will result in one of the four logs
to be an integer. There are 7 two-digit powers of these numbers: 16, 32, 64, 27, 81, 25, and
49. The answer is [7/90|.

. Let R and r be circumradius and inradius of equilateral triangle ABC, respectively, and let
M be the midpoint of AB (as well as the point of tangency of AB to the incircle). If O is
the center of the circles, then OAM is a 30-60-90 triangle. Accordingly, the circumradius
is twice that of the inradius. 7R? —7r? = 271 — (2r)? — 12 = 27 = 3r? =27 —» r = 3.

AM = 3+/3 — AB = 6+/3, so the area of ABC is (AB2)‘/Tg = (6\/5)2 \/Tg =|27V3|.

. Note that in each case the left over pile is four candies short of a full pile. Accordingly, assume
Sam was given four additional candies. Then the number of candies he has is a multiple of 6,
9, and 15. The least common multiple of these numbers is 90. Because he has between 100
and 200 candies, Sam must have 180 in his possession. Taking back the 4 additional candies,

Sam started with .

. JAN and JEN are both right triangles, since JN is a diameter of the circle. Accordingly,
JA =14 and JE = 40. The perimeter of the quadrilateral is 48 + 14 + 30 + 40 = | 132]

. Let p be the probability that HHT appears first. The first time a heads is flipped, if the
next flip is also a heads, then HHT must appear before HT'T (as there will be a string of two
or more heads terminated by a tails flip, forming HHT). If the next flip is tails, then if the
following flip is also tails, HTT appears first. If the following flip is heads, then the process
repeats itself, and the probability that HHT appears first is p. Thus, looking at the two flips
after the first heads come up, we get p = Pr(H on 2" flip) + Pr(T on 2" flip, H on 3™ flip).

Thus p=1/2+ (1/4)p — (3/4)p=1/2 - p=|2/3|

. Note that the intersection points (2,1) and (8, —1) are two of the four corners of a rectangle
whose other corners are the points (a,b) and (¢,d). In addition, the slopes of the segments
joining the corners of the rectangle all have slope +1 or —1. To find the unknown corners, you
can solve the two systems {y—1 =2—2,y+1 = —(z—8)} and {y—1 = —(v—2),y+1 = x—8}
to get the points (4,3) and (6, —3). Therefore, a +c¢ =4+ 6 =[10]
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8.

10.

Team Solutions

By the Angle Bisector Theorem, we have AD = 3 and DC' = 4. Now we find the length of
BD by the Law of Cosines. Since angles ADB and C'DB are supplementary, their cosines
are additive inverses of each other, so we equate BD;;%_% = 64_55?;_16 and solve to obtain
BD = 6. We find the inradius of circle C'; by taking advantage of the formula Area = rs,
where r is the inradius and s is the semiperimeter of the circumscribed triangle. In the case

of triangle ABD, we have g\ﬁ =r- 15 , S0 11 = % and the area of (] is 227—0” In the case

of triangle CBD, we have 3\/ D=1y- 9, sor; = % and the area of Cy is 15—” The desired
sum is | 1817 /60 |.

Note that
% 1 - 10051 1 B 1 )
= (2n—1)(2n +1) =2\(2n—1) (2n+1)
I 1005 1 12005 1
2\=(2n-1) = (2n+1)
1 1
- (1= —
2 ( 2011)
| 1055
2011

Note that there must be an even number of terms in the sum, and each term must be at least
one. Let T be the number of terms in the sum. Note that by subtracting one from each term
in an ordered partition of 10, there is a one-to-one correspondence between ordered partitions
of 10 consisting of only odd positive integers and ordered partitions of 10—7" that consists only
of non-negative even integers (for example: 3+1+5+1= 10 and 2+0+4+0 = 6). Similarly,
there is a 1-to-1 correspondence between ordered partitions of 10 — T' that consists of only
non-negative even integers and ordered partitions of % that consist of only non-negative
integers (for example: 24+ 0+4+4+40 =6 and 14+ 0+ 2+ 0 = 3). This set can be counted
easily using “stars-and-bars” or your favorite balls-in-buckets counting technique: there are

(10 (TTJr(lT) 1)) ways to do this. Therefore, the answer is
5. /10— 2k 5

ST =20

— (2k —1) p (2k —1)

(-0 () Q)-remneresm

Note: An alternate solution is to show that the number of ordered partitions of n using odd
positive integers is the n'® Fibonacci number is an exercise left to the reader. (Hint: Split the
set of ordered partitions of n into those whose last term is or is not 1.)



Theme Problems

Dice Dice Baby!

For all of the questions in this round, a n-sided die has the integers between 1 and n (inclusive) on
its faces. A roll refers to the value that shows on the topmost face of the die after it is thrown. All
values on the faces of the die are equally likely to be rolled.

1. Two ten-sided dice are thrown and the rolls are multiplied. Compute the expected value of
their product.

For Questions 2 through 4, we use the following notation. For a positive integer n, let Ry, Rs, ..., Rop
denote 2n rolls of a six-sided die. We define P;, Py, ..., P, by P; = Ry;_1 x Ry;: the product of the i
pair of rolls. So forrollsof 3,5, 1, and 4, P, = Ri xRy =3x5=15and P, = R3 xRy =1x4=4.

2. A six-sided die is thrown 10 times. If P, = P, +7, P =P, —4, P, = P3+6, and P; = P, + 3,
compute P;.

3. A six-sided die is thrown 12 times. For 3 < k < 6, P, satisfies the Fibonacci recurrence
P, = P._1 + P,_>. Compute the number of possible values of Fs.

For Question 4, these approximations may be useful: log;,2 ~ 0.301, log;;3 ~ 0.4771, log,; 5 ~
0.699, and log,, 7 ~ 0.8451.

2. A six-sided die is thrown 2n times. Compute the smallest value of n such that

Pr(P; = 36 for some 7,1 <i<n)>1/2.

Consider the following two-player game. Andy chooses an integer between 2 and 12, inclusive.
Bailes, knowing Andy’s choice, chooses a different integer between 2 and 12. Two six-sided dice are
thrown, and the rolls are summed. The player who has picked the closer number to the sum wins
$1. If both numbers are equidistant from the sum, the players split the $1.

5. Compute the number Andy should pick to maximize his expected winnings, assuming that
Bailes picks a number to maximize his expected winnings given Andy’s choice.

6. Compute Andy’s expected winnings, assuming an optimal strategy by both players.

Consider the following two-player game. Andy chooses an integer between 1 and 30, inclusive.
Bailes, knowing Andy’s choice, chooses a different integer between 1 and 30. A single 30-sided die
is thrown. The player who has picked the closer number to the roll wins a number of dollars equal
to the value shown on the die. For example, if Andy chooses 8 and Bailes chooses 10 and a 14 is
rolled, then Bailes wins $14. Again, in the case of a tie, the players split the money (so if a 9 was
rolled in the previous example, each player would receive $4.50).

7. Compute the number Andy should pick to maximize his expected winnings, assuming that
Bailes picks a number to maximize his expected winnings given Andy’s choice.



312 Theme Problems

8. Compute Andy’s expected winnings, assuming an optimal strategy by both players.

Consider a variant of the above game. Andy chooses an integer between 1 and 20, inclusive. Bailes,
knowing Andy’s choice, chooses a different integer between 1 and 20. A single 20-sided die is thrown.
If the number z is rolled, the player who has picked the closer number to  wins x dollars. The
other player wins 20 — = dollars. For example, if Andy chooses 8 and Bailes chooses 10 and a 6 is
rolled, then Andy wins $6, and Bailes wins $14. In the case of a tie, both players receive $10.

9. Compute the number Andy should pick to maximize his expected winnings, assuming that
Bailes picks a number to maximize his expected winnings given Andy’s choice.

10. Compute Andy’s expected winnings, assuming an optimal strategy by both players.



Theme Solutions

. If X and Y are random variables denoting the rolls on the two dice, then E [XY] = E[X]-E [Y]
(as the variables are independent of each other). Since F [X] = E[Y] =4, E[XY] = (4 P =
121

el

Alternately, since each die roll is equally likely, so is each pair (x,y) of rolls. Summing over
1+2+~-+10)X(1+2+~-+10)_552_112 121
0 0 - 4

1 1 100 4 | 4

all pairs gives <

. The set of possible products is S = {1,2,3,4,5,6,8,9,10, 12,15, 16, 18, 20, 24, 25, 30, 36}. We
can write all five products in terms of P;: for example Py, = P, —4 =P +7—4 =P, + 3.
Similarly, P, = P, + 9 and P; = P; + 12. We need to find an element in S such that the
numbers 3, 7, 9, and 12 larger are also in S. P; =|3|is the only possibility.

. We know that P; = 3P, + 5P, by using repeated applications of the Fibonacci recurrence.
Using the same set S as in the previous solution, we have a very limited set of possible
values for the starting values for (P, P), where P, P5, and Py are in S. They are (1,1),
(1,3), (2,2), (2,6), (3,3), (5,1), (5,2), and (5, 3). Of these pairs, only (1,1),(2,2), and (3, 3)
result in a sequence of six numbers, all of which are in S: (1,1,2,3,5,8),(2,2,4,6,10,16),
and (3,3,6,9,15,24). The answer is [3].

. The probability that double-sixes shows up at least once in n pairs is 1 — Pr (P; # 36)"
1-— (35) . Consequently, we are interested in the smallest value of n such that (%)n <
Taking logarithms (base-10) of both sides, we get
n (logyo (35) — logy (36)) = —logy (2)
n (logyo (5) +logyq (7) — 2 (logyg (2) + logy (3))) < —logy (2)
n (0.699 + 0.8451 — 2(0.301 + 0.4771)) < —0.301
—0.0121n < —0.301 — n < 239L = 390 _, pn < 24.876.

0.0121 — 121
So the answer is [24],

. It should be obvious that if Andy chooses A, Bailes should choose A — 1 or A + 1 (if pos-

sible) to maximize his chance of winning. Accordingly, given A, Bailes chance of winning
12

A-1

6—|7T—k 6—|7—k 6—|7—k

is max Z #, Z # , as # is the probability of two six-sided
p 36 Faywt 36 36

die rolls summing to k. For Andy to maximize his expected winnings, he should pick A to
minimize Bailes’ expected winnings. Note that the first term in the max function increases
as A increases, while the second decreases as A increases. Therefore, the maximum winnings
by Bailes is minimized when the two terms are equal, which they are at A = .

1
2

. Andy picks 7. Bailes picks 6 or 8 (both are equivalent, assume he picks 8). Andy wins if 2
through 7 come up on the dice, which happens with probability 21/36 = 7/12. Therefore, his

expected winnings are | $— |.
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7. Again, if Andy picks A, Bailes should pick A —1 or A+ 1 (if possible) to maximize his chance

10.

of winning. As all numbers are equally likely, given A, Bailes’ expected winnings are
A-1 30
—max(Z > k)z—max(Zk 465—Zk:>
k=1  k=A+1

(Note that 465 is the sum of the integers from 1 to 30). Also note that

A-1 A
B B (A-1)A _A(A+1)
max (; k,465 ; k> = max (—2 , 465 —5 )

Treated as function of a real-valued A, the two terms in the max function cross when

(A-DA_ . AA+) AA+]) AA-D

=4 A% = 465 ~ 21.5.
5 5 — 5 + 5 65 — 65 5

Therefore, the minimum of the maximum of these two terms occurs at either A = 21 or A = 22.
Testing both values of A, we get max (210, 234) = 234 when A = 21 and max (231, 189) = 231
when A = 22. For Andy to maximize his expected winnings, he should minimize Bailes’
expected winnings, which occurs at A = .

. Andy picks 22, Bailes picks 21. Andy wins if 22 through 30 come up, so his expected winnings

$22 +$23 +--- +3$30 . $234 $39

are 30 30 5

. We could go through the same calculations as the previous solutions, or just observe the

following: if Andy picks A, Bailes will always pick A + 1, as he wants to win if very high
numbers come up (in which case he gets the majority of the cash) and he wants to “lose” if very
low numbers come up (in which case he, again, gets the majority of the cash). Accordingly,
Andy should deny Bailes the opportunity to pick A + 1 by choosing .

Andy picks 20, Bailes picks 19. For rolls from 1 to 19, Bailes is always closer, but both players
average winning $10. If it is a 20, Andy wins $20, Bailes wins $0. Andy’s expected winnings

1s;70><$10+f $20_$§1 $10.501



10.

Individual Problems

. Compute the value of x such that the mean and median of the set {2,0, 11, z,2011} are equal.

. When 4 is added to both the numerator and denominator of a certain fraction, the resulting

fraction is equal to 3/5. If 1 is added to both the numerator and denominator of the original
fraction, the resulting fraction is equal to 1/2. Compute this fraction.

The prime factorization of the three-digit number N = A0 B is N = 34 x B. Compute N.

. The interior angles of a convex polygon are in arithmetic progression. If the smallest interior

angle is 130 degrees and the largest interior angle is 170 degrees, compute the number of sides
of the polygon.

If sinz 4+ cosz = 5/4, and 0 < x < 7/4, compute cos (2z).

210
Compute the constant term in the expansion of (39@2 + —) .
x

2011
Compute the tens digit in 1!+ 2! 4 .-+ 2011! = Zn!.
n=1

ABCD is a square of side length 1. E lies on BC and F lies on C'D such that AEF is an
equilateral triangle. Compute AFE.

For a non-negative integer k, let b(k) be the sum of the digits in the binary (base-2) represen-
tation of k. For example, b(12) = b(11002) = 14+ 1+ 040 = 2. Compute the smallest integer
n such that b(b(b(n))) > 1.

Compute [(\/3 + \/§) 4-‘, where [z] is the smallest integer greater than or equal to x.
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Individual Solutions

. The median of the set is either 2, 11, or x, depending on whether x is less than 2, greater

i . 2011 +11+2+0
than 11, or between 2 and 11, respectively. The average of the set is til+o+0+z

)
2024
u. Clearly, x must be less than 2 in order for the mean and median to be equal. Thus,

.. 2024 + x
the median is 2, and —5 = 2—2024+2x=10 — 2z =|-2014|

. A A+4 3
. Let the fraction be I From the two statements, we know that 3 i i 5A420 = 3B+12
and E _! or 2A 42 = B+ 1. Solving these equations simultaneously gives us é _| 2
B+l 2 B ' & 4 yE B |11

. As B is at most 9, we know that A must be greater than 1. Accordingly, N is a multiple
of nine. Therefore, we know A + B = 9 and A > 2. Additionally, the only way that N has
B as its units digit is if 3% = 1 mod 10, so A is either 4 or 8. A quick check shows that
31 x5 = is our answer.

. The sum of the angle measurements of a convex n-gon is 180(n — 2). Similarly, an n-term

arithmetic sequence with first term 130 and last term 170 sums to <M> n = 150n.

150n = 180 (n — 2) — 30n = 360 — n = [12].

. sin?x + 2sinzcosx + cos?w = 25/16 — 2sinxcosx = 9/16 — sin2r = 9/16 — cos2x =
/1_(9>2_ 175 _|5v7
16/ V256 | 16 |

2\ o (6 (2
. All terms in the expansion are of the form <3x2 + —) = Z < ) (31:2)6 P (—> . The con-
x P x

stant term occurs when the exponents of the z terms sum to zero, or when 2 (6 — p)+(—1)p =
0 —12-3p =0 — p = 4. This term is (%) (322)°* (2)" = 15x (322)*x (2271)" = 15x9x 16 =

2160}

. For n > 10 the tens digit of n! is zero, as n! is a multiple of 100. Accordingly, we are only
interested in the last two digits of the first 9 factorials: 1 + 2 4+ 6 + 24 + 20 + 20 + 40 + 20
+ 80 = 213, so the tens digit is .

p=0

. Let AE = s. Draw AC, which intersects FF and GG. AG is an altitude of AEF, which has
length % GC is an altitude of CEF, a 45—45-90 triangle which has length . V2=AC =

_ \/3s s _ 2v2 _
AG+GC =¥ 45— 5= 22 —[V6— V2|

. Working backwards, we want b(b(b(n))) = 2. The smallest number with 2 ones in its binary
representation is 3, the smallest number with 3 ones in its binary representation is 7, and the
smallest number with 7 ones in its binary representation is | 127
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10. Let x = (\/34— \/3)4 + (\/5— \/3)4. Note that when both terms in z are expanded and
added together, the terms with odd powers of /5 and v/3 will cancel, leaving only even

powers of v/5 and v/3 (which will be integers). As (\/_— \/3) <1 z= “\/5%— \/5)4]
r=(V5+v3) '+ (VB—v3) =2(v5) +12 (V1) +2(v3)" =50+ 180 + 18 = [248]



R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Problems

Farmer Martin has some chickens and some cows. He looks in his barn and counts 58 legs.
He sees 17 heads on the animals in his barn. Assuming that all chickens have two legs and all
cows have four legs (and all animals have one head), compute the number of chickens in the
barn.

Let T = TNYW R. Compute logs, (\/2_ - \/T) +logs, <\/ﬁ + \/T)

Let S be a set of nine distinct integers. Six of the elements of the set are 1, 2, 3, 5, 8, and 13.
Compute the number of possible values for the median of S.

Let T"= TNYWR. Compute the largest integer K such that a 1 x K rectangle can be
completely covered by an arrangement of T' disks of radius 1.

Let T=TNYWR. ABC and BAD are congruent 30-60-90 triangles, both with AB as their
hypotenuse of length T'. If C' and D are distinct points in the plane and the intersection of

the triangles has positive area, compute the area of the region common to both ABC' and
BAD.

Compute the number of positive integers greater than one whose fourth powers are factors
of 9!.

Let T = TNYWR. log, x + log, x = log, 7. Compute b.

Let T = TNYWR. Compute the number of ordered pairs of integers (z,y) such that
0<z<T,0<y<T,z4+y#T,andz+y#T+2.

Let TT=TNYWR. Let S be the set of all positive multiples of 9 that contain at least one 2
in their base-10 representation. The smallest element of S is 27. Compute the 7" smallest
element of S.

Let T =TNYW R. Compute the minimum perimeter of a rectangle with integer side lengths
and area T'.

Let T = TNYWR. Compute the number of three element subsets S of {1,2,...,7} such
that the elements of S can be arranged into an arithmetic sequence.
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R1-1.

R1-2.

R2-1.

R2-2.

Relay Solutions

Let H and W be the number of chickens and cows, respectively. H+W = 17 and 2H +4W =
58 — 2H +4(17 — H) = 58 — 68 — 2H = 58 — H = 5]

logs, (\/ﬁ - ﬁ) +logs, (\/ﬁ + ﬁ) = logs, (<\/2_ - ﬁ) (\/ﬁ + ﬁ)) = logs, (21 = T)).

log, 16 4
AsT =51 16 = ==
S y 10839 10g232

If all of the other elements of S are greater than 8, then the median is 8. If all of the other
elements are less than 2, then the median is 2. No three integers exist such that 1, 13, or any

other integer less than 2 or greater than 8 can be the median. However, any integer between
2 and 8 (inclusive) can be the median of S, so the answer is .

The largest 1 x n rectangle you can cover with a single disk of radius 1 is when n = /3.
In that case, the center of the rectangle is identical to the center of the circle, and the four
corners lie on the circle itself. One can quickly see that T" disks can cover at most a 1 x V3
rectangle. As T = 7, the answer is L?\/gj = . Note, if unable to estimate v/3 ~ 1.73,

alternately, consider (7\/5)2 = 147, which is slightly larger than 122

o - ! -

b ' ',
II I'
|
L |I

. Th

Bt .-.-. . -~ 4
— — . -

R2-3. Let FE be the intersection of AD and BC|, and let M be the midpoint of AB. Triangles EBM

and FAM are both 30—60—90 triangles with bases of length % and heights of %g. The area

of triangle ABE is therefore %ﬁ = %ﬁ =|12v3|.
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R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Solutions

Note that 9! contains seven powers of 2 (namely, as factors of 2 and 6, as well as 4, which
contains two powers of 2, and 8, which contains three powers of 2) and four powers of 3
(namely, as factors of 3 and 6, as well as 9, which contains two powers of 3). As 2* and 3*
divide 9!, so must 6*. The answer is [3].

logy x log, 3 T
1 1 =TI — 1 =T — - = CAsT =3,0=14]
ogyx + log,yx ogy T 0gy T + log, 4 o, b 2~ Togyb s 3,

There are (T + 1)2 ordered pairs in total. Of these, T+ 1 sum to T and T'— 1 sum to T + 2.
The number of ordered pairs remaining is (T +1)° + (T + 1)+ (T — 1) =T>+ 1. As T = 4,

the answer is [17].

The first two elements of the set are 27 and 72. For three digit numbers, there are two that
begin with each digit besides 2 (e.g., 423 and 432), and for three-digit numbers beginning
with 2, there are 11 of them (from 207 to 297). As T' = 17, you want the second one starting

with 3, which is .

For the perimeter to be minimized, you want the side lengths to be as close together as
possible. As 342 = 2 x 3 x 3 x 19, the side lengths should be 18 and 19, resulting in a

perimeter of .

For a fixed common difference, three elements of the sequence will be a, a + d, and a + 2d
where 1 < a < T —2d. If d = 1, there are T — 2 possible values of a, similarly for d = 2,
there are T' — 4 possible values of a, and so forth. The total number of sets will be the sum
of all of the numbers of the same parity as T that are less than 7. As T = 74, we want

2444+ 72="T74x % =[1332].



Tiebreaker Problem

1. Let ABCDEFGHI be a regular nonagon of side length 3. Compute AE — AC.
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Tiebreaker Solution

1. In the image below, note that AF = AE. Extending AC and DF, they intersect at a point
J. The interior angles of a regular nonagon are 140 degrees. Accordingly, ZFDFE = 20° and
LZFDC = 120°, so ZJDC = 60°. Accordingly, AFJ and JDC are equilateral triangles, so
AE = AF = AC + CJ = AC + CD. Therefore AE — AC = CD =|[3].

F
G
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Team Round:

1. 31 2 % 3. 273 4. 176 5. 132

2 1817 1055
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1. —2014 2. — 3. 405 4. 12 5. 51—\f
6. 2160 7.1 8. V6 —+2 9. 127 10. 248
Relay Round:
4

Relay 1: 1.5 2. R
Relay 2: 1.7 2. 12 3. 12v/3
Relay 3: 1.3 2. 4 3. 17 4. 342 5. T4
Tiebreaker:
1.3
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10.

Team Problems

. Compute the smallest positive integer for which the product of its digits is 96.

Compute the smallest integer n > 1 such that 10n has exactly 21 more factors than n.

The area of a right triangle ABC' is 6 and the length of the hypotenuse AB is 10. Compute
sin 2A.

Let T be the set of all two digit positive integers, and let Sy be the sum of all elements of T
except k. Compute the value of k such that Sy is a palindrome (that is, the digits of the
number read the same forwards as backwards, such as 12321).

Let A, B,C, D, and E be a sequence of increasing positive integers. The set
{18, 20,21, 22,23, 24,25, 26, 28,29}

is the set of all pairwise sums of distinct integers in the sequence. Compute the ordered 5-tuple
(A,B,C,D, E).

Compute the surface area of the boundary of the following region:

{(2,y,2) :2® + 32 < 4, |2 < 1,]2] < 4}

Compute the number of ordered 4-tuples (a, b, ¢, d) of positive integers such that a+b+c+d =
45 and no two of the integers differ by a multiple of 5.

. A fair ten-sided die with the digits 0 to 9 (inclusive) on its faces is rolled three times. If M is

the expected value of the largest possible three-digit number that can be formed using each
of the three digits rolled exactly once, compute | M|, the greatest integer less than or equal
to M. For example, if 4, 5, and 4 were rolled, the largest possible three-digit number would
be 544. If three zeroes are rolled, the largest possible number is zero.

Compute the sum of all solutions to (log, (2a — 7)) (log,_,a) = —% :

Let {2} denote the fractional part of z. Compute the largest = such that {z}* = 22 — 56.
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1. The correct answer will have digits in increasing order, so a strategy would be to look for the
largest single digit factor of 96 (8) and iterate (left with 12, largest factor is 6, leaving 2). The
answer is | 268].

2. Let n = 243%5¢; then m = 10n = 29+13%5¢*1, Note that n has (a + 1)(b+ 1)(c + 1) factors,
and m has (a 4+ 2)(b+ 1)(c + 2) factors. The difference is (b + 1) (a + ¢ + 3) = 21. Arguably,
¢ should be zero to minimize the value of n, so (b + 1)(a + 3) = 21 has non-negative integer
solutions of (a,b) = (18,0), (4,2), and (0,6). The smallest of these is the middle, which is

equal to 2132 = .

3. Let the legs of the triangle be z and y, then xy = 12, so:

sin2A4 =2sinA cosA =2 <£> <i) = _ E .
10/ \10 50 25

4. The sum of the elements in 7" is 4905. The first palindrome less than 4905 is 4884, so has
been removed from the set.

5. Note that the sum of the pairwise sums is 4 times the sum of the elements in the sequence, so
A+B+C+ D+ E =59. Note also that A+ B =18 and D+ F = 29, so C' = 12. The second
smallest sum is A+ C, so A = 8 and therefore B = 10. By similar reasoning, C'+ E = 28, so

E =16 and D = 13, so the answer is | (8, 10,12,13,16) |.

6. The cross section of this cylindrical region looks like a circle of radius 2 with sectors cut off
by the chords x = 1 and x = —1. Thus we can compute its area by breaking it into 30-60-90
triangles and 60° circular wedges. Thus the surface area of the of top and bottom of the solid
is 2v/3 + 4?”. The sides consist of two rectangles of height 8 and width 2v/3, and two curved
walls of height 8 and width %’r Thus the surface area is 2 (2\/§ + 4%) +2 % 16V/3 +2 x IGT” =

407

=t

36V/3 +

7. The only way that none of the four integers can differ by a multiple of 5 is if they all have
different residues modulo 5, and these residues must sum to a multiple of 5. The only way
this is possible is if the residues are 1, 2, 3, and 4. There are 4! = 24 ways to arrange the

327



328

10.

Team Solutions

residues, then we are left with 7 “blocks” of five to be distributed among the four numbers,
of which there are C'(10,7) = 120 ways to distribute, so the answer is |2880 .

Let A, B, and C be the largest, middle and smallest number rolled. By symmetry, we know
that E[A] =9 — E[C] and that E[B] = 4.5, and the expected value of ABC' is

100E[A] + 10E[B] + E[C],

9
so the challenge is to determine the expected value of the largest die roll. This is Z kP(A=k),
k=0
where

which is
(k+1)° -k 3k +3k+1

1000 1000

The expected value of A is 6.975, so the expected value of the largest possible three digit
number formed is 697.5 + 45 + 2.025 = 744.525. We are looking for the integer portion,

which is .

log (2a — 7) loga 1 o1 - L .
log os(a—2) 2—>10g(2a 7) = 210g(a 2) = 2a—T7= —

Letz=vVa—-2—21"-3=-—=2-30-1=0— (z+1)(22> -20—-1) =0 =z =

1
T

2
2i\/ﬁ—>x:1+\/§—> a—2:1+\/§—>a:2+<1+\/§> —>a:2—|—4+2\/§—>
4 2 2 2 4
3 6 3
a—3+\/7_— +2\/—.

Since the left hand side of the equation is between 0 and 1, we know that 7 < x < 8, so let
T =7+ vy, where y = {x} is between 0 and 1. So y* = (7T+y)* =56 — 0 =49 + 14y — 56 —

=05 —z=[75]



Theme Problems

Tussles with Triangles

. The lengths of the sides of a right triangle are b, b+ d, and b+ 3d. If b and d are both positive,
compute the fraction b/d.

. ABC is an isosceles triangle with AB = 3 and mZC' = 120°. BCD is constructed such that
D is external to ABC and AABC ~ ABCD. C'DF is constructed such that F is external to
BCD and ABCD ~ ACDE. If this process is repeated infinitely, compute the sum of the

areas of the triangles.
E

A B

. The fractional triangular number T (x) is defined for all non-negative real numbers x by
Ed

T (z) = Z (x — k). Compute the value of x such that T (z) = 2012.
k=0

. Compute the number of distinct ways to color the nine triangles in the figure below either
red, white, or blue such that no two triangles that share a side are the same color.

. Triangle ABC' is equilateral with side length 12. The region S consists of all points in the
interior of ABC' that are at least /3 away from all sides of ABC' and less than 2 away from
the incenter of ABC'. Compute the area of region S.

. In the figure below, distinct non-zero digits are placed in the nine circles such that the sums
of the digits along each side of the triangle are equal (A+ B+ C+D =D+ E+ F+G =
G+ H+ J+ A). Compute the smallest possible value of the four-digit number A BC' D.
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7. Points A, B, and C lie on a circle. The tangent line to the circle at A and the line %
intersect at D, with B between C' and D. If BC' = 6 and AD = 3v/3, compute BD.

8. If x,y, and z are the angles of a triangle, compute the minimum value of sin x siny cos z.

9. In triangle MNP, Q and R lie on M N and NP, respectively. NS is the angle bisector of
ZMNP. If T lieson QR and NS, and QN : RN : MQ : RP =2 :3:4:5, compute the
ratio NT/NS.

For Question 10, a n-sided die has the integers between 1 and n (inclusive) on its faces. All values
on the faces of the die are equally likely to be rolled.

10. Consider the following game. A 20-sided die is rolled, and the player can either receive the
number rolled in dollars, or can discard the 20-sided die and roll a 4-sided and an 8-sided die
and receive the product of the two rolls in dollars. Assuming the player chooses a strategy
to keep or pass their first roll that maximizes their expected winnings, compute the expected
winnings by the player on a single play of the game.



Theme Solutions

LB+ (b4 d)? = (b+3d)? = 20> + 2bd + d? = b* + 6bd + 9d*> — b* — 4bd — 8d*> = 0. Let d = 1
(since the ratio is invariant to scaling both b and d) then b* — 4b — 8 = 0 has a positive root

of |2+ 2V3|.

. Observe that in the limit, the union of the triangles will be a 30-60-90 triangle with hypotenuse
9v3
8
of ABC' from C' has length \/Tg The area of ABC is %g and future triangles will be scaled
in both base and height by a factor of \%7 so we get an infinite geometric series of areas with

common ratio %, so the sum is =

1
-1 '8

3, which has area . Alternately, BC' = /3 (using 30-60-90 triangles) and the altitude

. Note that this function matches the triangular numbers on the non-negative integers and
is piecewise linear otherwise. 2012 is between the 62" and 63'¢ triangular numbers (1953
and 2016). Their difference is 63, so 2012 is 59/63rds of the way from 1953 to 2016, so
59 3965

T(2012) =(62— = —— |
(2012) 663 63

. The three corners need simply be different than their adjacent triangles, so the answer is
eight times the number of ways to color the hexagon such that no adjacent triangles are the
same color. Number them 1 to 6 starting from the top and going clockwise. Consider the
triangles that share the same color as 1 (e.g., White). Either none of them do (in which case
there are 2 possible colorings of the rest: RBRBR and BRBRB), or just 3 or just 5 does (in
which case the triangle between the two whites has two possible colorings, and the remainder
can be BRB or RBR, or both 3 and 5 (in which case all of the even triangles can be blue
or red independent of each other) or just 4 (in which case the two remaining adjacent pairs
can each be BR or RB. This makes 22 possible colorings in total if 1 is white, so there are

22x3x8= possible colorings.

. The picture below shows the regions of interest. The inside triangle has side length 6. So the
region inside both the inside triangle and the circle consists of three equilateral triangles of
side length 3 and three 60-degree sectors of a circle of radius 2 (or half a circle). The total

area is |27 + 3\/3 .

7N

. There are several solutions to this puzzle. Note that the three corner values must sum to a
multiple of three, and that the sum along each side will be 15 + AJ“’%’LG. However, this is
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a necessary, but not sufficient condition (for example, there is no solution with 1, 8, and 9
at the corners). We want A BC D as small as possible, so it would be a good idea to try
small values for A and B, such as 1 and 2. C' and D should be fairly large, as otherwise the
side cannot sum to at least 15. Some diligent testing gives a full solution of 1297(35)4(68)1,
wrapping from A to J and back to A again. There is no smaller solution, so is the

answer.

. Let O be the center of the circle of radius r and drop a perpendicular OF to CB.

Note CE = EB and ED* — EB>=CD x BD or ED?> = EB? + CD x BD.

Adding OE? to both sides, we get:

ED?*+ OFE*=EB*+ CD x BD + OE* —

OD?=CD x BD +0B?> 5>+ AD?>=CD x BD +1* —

BD x CD = AD*> — BD x (BD +6) = 27 — BD = 3]

Assuming the correct value for z, we observe that:

(sinx cosy — siny cos z)? >0

sin® x cos? y — 2sin x cos y siny cos x + sin® y cos?z > 0

. We want z to be obtuse so that cosz < 0. We claim the minimum value occurs when = = y.

sin? & cos? y + 2sin x cos y siny cos & + sin y cos® > 4 sin x cos y sin y cos =

(sinx cosy + siny cos :L‘)2 > sin 2z sin 2y

sin? (z + y) > sin 2z sin 2y.

Let 2 = y and z = 180° — 2z, so we wish to minimize sin? z cos (180° — 2z) = — sin? x cos 2z,

which is the same as maximizing sin?

observe that w? (1 — 2w?) is maximized when w? = 1/4, so we get
value.

~1/8

rcos2x = sin’zx (1 — 2sin? ;1:) Letting w = sinx, we

for the minimum
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_ [QNR] _ [QNT]+ [TNRE]
9. Let mZMNP = 26. Then MNP| ~ [MSN| £ [SNP|’ where [QN R] denotes the area of the

triangle. Therefore:

1QN x RN xsin20  1QN x NT x sinf + INT x RN x sinf

IMN x NP xsin20  IMN x NS xsinf + NS x NP x sin6

QN xRN  NT QN + RN
MN x NP NSMN + NP

NT MN+ NP QN XxRP 6+82x3 14x6 |7

NS QN+RN MNx NP 2+36x8 5x48 |20/

10. Consider the following game. A 20-sided die is rolled, and the player can either receive the
number rolled in dollars, or can discard the 20-sided die and roll a 4-sided and an 8-sided die
and receive the product of the two rolls in dollars. Assuming the player chooses a strategy
to keep or pass their first roll that maximizes their expected winnings, compute the expected
winnings by the player on a single play of the game.

11. The optimal strategy is to keep your first roll if it is greater than or equal to the expected
value of the re-roll. The expected value of the re-roll is 2.5 x 4.5 = 11.25, so the player should
keep a first roll of 12-20 and re-roll 1-11. In the first case, this means that 9/20ths of the time,
the player keeps their first roll expects to receive $16 and 11/20ths of the time the player
re-rolls and expects to receive $11.25. The expected winnings are 0.45 x 16 + 0.55 x 11.25 =

31 1071
133875 = 13— = —— |
80 80
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Individual Problems

. Compute the number of positive integers k£ such that 5* < k? < 45,

In rectangle ABCD, points R and S trisect side AB (AR = RS = SB). If CS = 21/13 and
CR = 10, compute the area of ABCD.

A fair 6-sided die is rolled four times. Compute the probability that the numbers rolled were
rolled in a strictly increasing order (e.g., 1-2-3-5, not 1-2-2-4 or 1-2-4-3).

Compute the side length of the smallest equilateral triangle whose vertices all lie on the z—
or y— axes and that contains the point (20, 12) on its boundary.

Compute the value of the infinite sum:

1+1+1+1+1+
1x3 2x4 3x5 4x6 5HXT

In the convex quadrilateral ARML, AR = AL, RM = ML, and m/M = 2m/A. If the area
of ARL is 2012 times the area of M RL, compute cos ZA .

Compute the volume of the region R = {(z,y,2) : 0 < z,y <4,0< 2z < |z +y|}, where |w]|
denotes the greatest integer less than or equal to w.

Compute the solution (z,y, z) to the following system of equations, where z, y, and z are all
positive integers:

r+axy+axyz = 5H64
y+axz+axyz = 354.

Compute the smallest positive integer n such that 77n is the product of three consecutive
integers.

Pentagon ABC’DiiS inscribed in a circle. AB = 12, BC = 32, CD = 8, and diagonal BD
bisects diagonal AC. Compute the number of possible integer values of AE.
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D5t <R <45 5 252 < k2 < (22)° = (25)° = 322. Hence k can take 32 — 25 + 1 =[8] values.

. Let AR =z and AD = y. Then z%>+y* = C'S? = 52 and (22)*+y? = CR? = 100. Subtracting
the two equations, 312 =48 — 2 =4 — y = 6 — area = 3zy = | 72].

Sxbxdxd — 2. The probability those four

. . )
numbers are in increasing order, given they are different, is & = 2, so the answer is 3|

41 24>
Alternately, the set of increasing sequences of four numbers from 1 to 6 is fairly easy to count
(15).

. The probability of rolling four different numbers is

. The triangle is either symmetric around the x or y-axis, meaning that the point on the triangle
in the first quadrant should lie on a line segment of slope —v/3 or —\/Lg. The line segment

of slope —/3 through (20, 12) hits the z-axis at 20 4+ 4v/3. The line segment of slope —\/Lg

through (20, 12) hits the y-axis at 12 + 23—0\/5 Of these two, the latter is smaller, so the length

40v/3

of the side of the triangle is twice this, or |24 + — |

. o = 1 = (1/2 1/2 1 1 3
.ThlSlsthemﬁmtesumnz:;m— 1(7_(71%—2))_5(1—'—5)_4_1‘

. Let RL = z. The area of an isosceles triangle with base z repeated side s and apex angle y is

xsiny x s zcos (%) x

5 where Sy = 00° = 1) — 5= Sy = 5 @ Thus the area of the triangle

2 . 2 Yy 2 y

is - my _ 2 C_OS(Q) _ vt (2) So we have:

2 sin (%) 2 4 sin (%) 4
1 cotZA  sinfA/2cosZA  cos /LA cos /LA

2012 cot LA/2  cosZA/2sin /A 2cos? LZAJ2 14 cos LA

So cos ZA = | —

0 cos =|2011|
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For a fixed integer k£ between 0 and 7 inclusive, the region where the height of R is equal to k

is the region where k < x + y < k + 1, which is either a triangle (for k = 0,7 or a trapezoid.

The areas of the regions from lower left to top right are %, %, g, %, %, g, %, %, so the volume is

1 3 5 7 7 5 3 1 _
Ox24+1x 342x 543x T44x T45x 3+6x 3+7x L=[56]

. We can rewrite the system as:

r(l4+y)(1+2)—2zz = 564
(zz+1)(y+1)—1 = 354.

The second equation becomes (xz + 1)(y + 1) = 355, which implies that y is either 4 or 70.
In the first case, we have zz = 70 and 5z(1 4 z) = 484, which has no integer solution. In the
second case, rz = 4 and 71z(1+2) = 568 or (1+ z) = 8, which has x = 4, z = 1 as a solution.

The answer is | (4, 70,1) |

7Tn = 7 x 11 x n, so for the number to be the product of three consecutive integers, you need
to look for multiples of 7 and 11 that are no more than two apart. Conveniently, the sequence
20, 21, and 22 fits the bill, so n = 3 x 2 x 20 =[120]

Let BD and AC intersect at P. Since ABCD is cyclic, triangles ABP and DC'P are similar,
as are ADP and BCP. Let x+ = AP = CP, then BP = 379”, and by similar triangles
AD = (45). BC = &. Note that AD is shorter than BC, which means that the arc between
A and D is less than 180 degrees, in other words, AE < AD. Therefore, AE can take on any

integer value less than AD, meaning there are possible values.



R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Problems

The sum of the lengths of the legs of a right triangle is 9. If the length of each leg is doubled,
the area of the triangle increases by 24. Compute the length of the hypotenuse of the original
triangle.

Let T'=TNYWR. Two fair 6-sided dice are rolled until their sum is greater than or equal
to T. Compute the expected number of rolls of the two dice.

Compute the two digit number A B such that 3 (B A) + A B = 300.

Let " = TNYWR. Compute the value of a such that the sum of the values x for which
(r—2a+3)"™ =1is T.

Let T =TNYWR. Compute the largest value of n such that 5™ divides 1! x 2! x --- x T'.
Compute the units digit of 12012 4 32012 4 52012 4 72012 4 2012
Let T=TNYWR. Compute the number of bases b such that (122), < T2

Let T = TNYWR. The minimum value of |z — k| + |z — T'| is T. Compute the maximum
value of k.

Let T =TNYW R. Compute the probability that the product of the rolls of two fair 6-sided
dice is greater than or equal to T'.

Let T=TNYWR. ABCD is a square of side length 12. Compute the smallest integer radius
of a circle with center A whose intersection with ABCD is at least T times the area of ABCD.

Let T = TNYW R. The roots of Tx? — 12z + k are cos a and sin « for an angle a. Compute k.
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R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

Relay Solutions

Let z and y be the lengths of the legs of the original triangle, then we know that x +y =9
and %y +24 = ((233)2(22/)) = 2zy — gxy = 24 — xy = 16. The square of the length of the

hypotenuse is 2% + 32 = (z + y)° — 22y = 81 — 32 = 49, so the original hypotenuse has length

7]

The expected number of tries until the first success for an event with probability p of occurring

.1 - . . .21 7 . |12
is . The probability of rolling a 7 or higher is 36— 130 the answer is | —

12 70

3(10B+ A) + (10A+ B) = 300 — 31B + 11A = 300. This is satisfied when A = 4 and
B =8, so the answer is .

This equation is satisfied in one of three situations, either the exponent is zero (and the base
is non-zero) or the base is 1, or the base is —1 and the exponent is even. The solutions for
the three cases are © = —a, * = 2a — 2, and © = 2a — 4 (if a is even), respectively. These sum
to 3a — 6, so the sum of the roots is 48 when a = |18,

Considering the factors of the product, 5! through 9! each contribute one power of 5. 10!
through 14! each contribute two powers of 5, and so forth. The total number of powers of 5
in the product are 5 x 14+ 5 x 2 +4 x 3 =|27|.

The units digit of 1 or 5 to any power is always 1 and 5, respectively. 9 to an even power
always ends in a 1, and 3 and 7 to a power that is a multiple of 4 also end in 1. Thus the
units digit of the sumis 1+1+5+14+1=|9]

(122), = 0>+ 2b 4+ 2 = (b+ 1) + 1. Therefore, if (122), < T2, then 3 < b < T — 1. Since
T =9, b can take | 5| values (3, 4, 5, 6, and 7).

This sum is the sum of the distances from z to k and 7. It is minimized when z is between T'
and k and is equal to |T — k|. The maximum value of k for which |T' — k| = T'is k = 2T = |10,

The solver of this part probably has enough time to simply enumerate all 36 possible cases
and wait for an answer. There are 19 products of the numbers between 1 and 6 that are
19

% .

greater than or equal to 10, so the answer is
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R3-5.

R3-6.

Provided the radius r of the circle is less than or equal to 12, the ratio of the areas of the quarter

™ 19 25 19 L 16x19 _ 304

circle and square is = 2 >T. Since T = — — —

2
144 576 36 576 = 36 -7
This number is just less than 100, but more than 81, so the circle of integer radius

1
intersects with at least £ of the square.

The sum of the roots is % =sina + cosa — 173%4 = (sina + cos a)2 =1+ 2sinacosa. The
11
productoftheroo‘csis:ﬁp—>144 1+2k—>k (%— )I%—%—)k:%— = =




Tiebreaker Problem

1. Point D is located inside equilateral triangle ABC'. Perpendiculars of lengths 3 and 6 are
dropped from D to sides AB and AC. Compute AD.
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1. Let AD = z, and let the feet of the perpendiculars be E and F. Then EF? = 62 + 32 — 2 x
6 x 3 x cos120° = 63 — EF = 3y/7. Since ZAED and ZAFD are right angles, AEDF is
cyclic. Using Ptolemy’s Theorem:

3V7x = 3Va? — 36+ 6va? — 9
Ve = V12 =36 +2V22 -9
7o’ = (2® = 36) +4 (2 — 9) + 4V = 36V2? — 9
207 + 72 = 4v2? — 36V22 — 9
22 + 36 = 2v22 — 36V22 — 9
ot + 7227 + 36 = 4 (2 — 36) (2> — 9) = 42" — 1802® + 36

3t = 25227 — o = V/84 =|2v/21|.

Alternate Solution (by Jeff Soesbe): Let the feet of the perpendiculars be E and F,
and let PQ be the segment where P is on AB, @ is on AC, and P(Q passes through D and is
parallel to BC. ABC and APQ are similar, so AP(Q) is also an equilateral triangle, and the
sum of the lengths of the two given perpendiculars (DE and DF) is equal to the length of
the altitude of APQ (exercise left to the student reader). The altitude of APQ is 9 and the
side length of APQ is 6v/3 = AQ. DFQ is a 30-60-90 right triangle, so F'Q = 2v/3, meaning

AF = 4+/3. Finally, AD? = 62 + (4v/3)" = 36 4+ 48 = 84 — AD = v/81 = |21/21|
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Answers to ARML Local 2012

Team Round:

1. 268 9. 144 3. 2% 4. 91 5. (8,10,12, 13, 16)
40 6+ /3
6. 36v/3 + Tﬂ 7. 92880 8. 744 0. +2\F 0. 7.5

Theme Round:

9v/3 3965
1. 2423 2. Tf 3. a3 4. 528 5. 27 + 33
1 7 1071
12 . R L — 10. ——
6. 1297 7.3 8. -3 9. 55 0. —;

Individual Round:

5 40v/3 3
1. 2. 72 L — 4. 24 4+ —— .=
8 7 3 130 + 3 5 1
1
. — . . (4 1 .12 10. 21
6 5011 7. 56 8. (4,70,1) 9 0 0
Relay Round:
12
Relay 1: 1.7 2. -
Relay 2: 1. 48 2. 18 3. 27
19 11
Relay 3: 1.9 2.5 3. 10 4. 36 5. 10 6. —
Tiebreaker:
1. 24/21
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10.

. Compute the smallest positive angle z in degrees such that cos? x =

Team Problems

. Compute the number of digits in the base-10 representation of 233%4°56.

Compute the length of the interval of the set of numbers x that satisfy |2?] = |(z + 3)?%],
where [z] denotes the greatest integer less than or equal to x.

The sequence x1, 9, T3, . .. is formed by setting 1 = 1, 9 = —3, and for n > 2, x,, is obtained
by cubing one of the previous terms, chosen uniformly at random. Compute the probability
(as a fraction) that xjzexszszs > 1000.

Compute the remainder when 8% — 4% is divided by 4* — 22,

A, B, and C' are chosen at random (with replacement) from the set of digits {0,1,2,...,9}.
Compute the probability (as a fraction) that the units digit of A5 is a six. Note that 0° is
undefined.

Compute the smallest integer b with exactly 4 positive integer divisors such that, when ex-
pressed in base b, the number b! ends in exactly 10 zeroes.

Three balls of radius 1 are sitting on the surface of a table and are mutually tangent to each
other. A solid circular cone of height 2 has its base on the surface of the table, and the lateral
surface of the cone is tangent to each of the three spheres. Compute the radius of the base of
the cone.
1 —sin46°

2sin® 112° —sin46° + 1’

a  b—T7a 3b+a »
b+1  a+5  4b+5

For non-zero complex numbers a and b, the chain of equalities

satisfied. Compute the value of a 4 6b.

Let S be the set {1,2,3,4}. Compute the number of functions f : S — S such that

SO+ 7)) + UMW) + FUF M) = 13.
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1. 23344556 100 x 27 x 31 = 10° x 128 x 81 &~ 10° x 128 x 80 = 107 x 1024 = 1.024 x 10'° which

has |11 ] digits.

2. Look at the graph of y = [2%] and find plateaus of the graphs that are separated by a
distance of 3, as y = L(x + 3)2J is simply the same graph left-shifted by three units. The
largest distance between two points on the level y = 0 is 2, on the level y = 1 is 2v/2, and
on the level y = 2 is 2v/3. Points in different plateaus on higher levels are separated by a
distance greater than three, so all solutions occur on the level y = 2. The left interval on the
level 3y = 2 of the graph of y = |22] is (—v/3, —v/2|, and the right interval on the level y = 2
on the graph of y = L(m + 3)2J is [V2—3,v/3 —3). The intersection between the two intervals

S [\/§ — 3, —\/5], so the length of the interval is |3 — 22|,

— 4 —

3. For the product to be positive, there must be two or four negative terms in the sequence.
Having only two negative terms implies that —3 and —27 are the only terms in the sequence
not equal to one, and thus the product is less than 1000. Therefore, the last four terms must
all be not equal to one. In that case, the product is at least —3 x —27 x —27 x —27 > 1000,

1
so it suffices for all of the terms to be negative. This occurs with probability % X % X % =1l

4. 4% —22 =28 - 22=22(26 - 1) and

88 44 _ 224 2 22(222 _ 26)

_ 22 (222 _ 216 + 216 210 + 210 2 ) + 22 (24 _ 26)

— 22 ( 6 ) (216 210 + 24) (26 _ 28)
=22(20—-1)(2"0 + 2" 4 2%) + (—2° + 20 — 22+22)
=22(20-1)(2"0 + 204 2%) — ( 28 —22) + (26 - 2%)

= 22(26 — 1) (26 4210 4 24) — 22 (26 — 1) + (26 — 22).

The first two terms are multiples of 4* — 22, so we are only interested in the last term, which
is 20 —22 =64 -4 = , which is less than 4* — 22,

345



346

Team Solutions

5. We know that A must be even and non-zero. If A is 6, then B¢ > 0 so there are 9 x 10 = 90

choices for B and C. If A is 4, then B® must be even and greater than zero, so there are
4 x 9 = 36 choices for B and C' (as B must be non-zero and even and C' must be non-
zero). If A is 2 or 8, then B¢ must be a multiple of four and greater than zero, so there are
2 X 9+ 2 x 8 = 34 choices for B and C' (conditioning on whether B is 0 or 2 mod 4: if B is a
multiple of 4 then C' must be non-zero, if B is even but not a multiple of four, then C' cannot
97

. - . . 194
be 0 or 1). The total is 194, so the probability (as a fraction) is 7000 — | 500 — 0.194|.

. If b = p x ¢, with p and ¢ primes and p < ¢, then b! is divisible by ¢” (as there are exactly

p multiples of ¢ between 1 and pq) but not divisible by ¢!, so (b!), ends in p zeroes, which
won’t work, since 10 is not prime. Therefore, b = p? for a prime p. Then b! is divisible by
pP’tPt1 (as there are p? multiples of p between 1 and p?, p multiples of p?, and 1 multiple

2
of p*) but not divisible by pp2+p+2, so (b, ends in Lp+p+1

3
quickly gets p = 5, so b = 5% =[125]

Let the apex of the cone be A, the center of its base B, and let P be a point of tangency
between the side of the cone and one of the spheres. In the vertical cross-section below we
label O, (), and R as the center, bottom, and top of that sphere, and C' the point on the base
of the cone such that P is on AC.

zeroes. Testing values of p

If we projected the centers of all three spheres onto the table’s surface, B would be the center
of an equilateral triangle of side length 2. So BQ) = \% = %g Note that AP = AR = BQ
and BC + CP = BQ@), so we know that if the radius of the base of the cone is r, then
AP=AR=BC+CQ=r+PC=r+AC — AP - AC =2 x AP —r:

2
22472 =AC? = (2x AP —r)* = (4\3@_7“) :7“2—8\3/570_1_16

3
8
3 3 6

Invert and subtract 1 from both sides, then take the square root to get

tan \/ 2 cos? 22° \/ 14 (2cos222° — 1) \/ 1 4 cos44° e
anxr| = —_— = = = CO .
1 — sin 46° 1 — cos44° 1 — cos 44°

And the smallest positive angle = in degrees that satisfies this is x = .
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9.

10.

T U _ T (unless v,y, or v +y = 0):
vty v Y

Using the property % + g =

“__q b—Ta 499 a 3b+a 0

b+1 "~ \3b+a b+1) 4b+5 32+ 3a+18b

unless 32 + 3a + 180 = 0. If 32 + 3a + 18b # 0, then a = 0, a contradiction to the conditions
32

3

in the problem. Therefore 32 4 3a + 18b = 0, so a + 6b =

Consider the orbit of 1 under repeated applications of f.
If f(1) =1, then the orbitis1 -1 —1—1—=1,but14+1+1+1<13.

If f(1) = 2, then the next three values must sum to 11, so must be 1 -2 -3 — 4 — 4
orl—>2—-4—-3—4(1—2—4—4— 3isimpossible, since 4 maps to two different
numbers).

If f(1) = 3, then the next three values must sum to 10, so must be some arrangement of 4,4, 2
or 4,3, 3, leading to two solutions 1 -3 -2 —+4 —-4and 1 -3 — 4 — 2 — 4. The other
possible arrangements lead to contradictions.

If f(1) =4, then the next three values must sum to 9, so must be some arrangement of 4,4, 1
or 4,3,2 or 3,3, 3, leading to three solutions: 1 -4 -3 —+3—3,1 >4 —2—3—4, and
1 —4— 3 — 2— 4. The other possible arrangements lead to contradictions. Note that for
the first orbit, there are four possible functions with this orbit, since f(2) can be anything in

S. The answer is .



Theme Problems
Theme Round: Ain’t It Funny How the Knight Moves?!

In chess, a knight can move either two squares horizontally and one square vertically, or two squares
vertically and one square horizontally. The graphic below shows the eight possible locations to which
the knight in the center of the 5 x 5 board can move. Unlike all other standard chess pieces, the
knight can ‘jump over’ all other pieces (of either color) to its destination square.

o [o
Ol ®
-

o [ o
o |o

1. Compute the minimum number of moves to exchange the positions of the two white and black
knights as shown in the graphic below. Two knights may not occupy the same square at the
same time. Alternating black and white knight moves is not required.

A A

2. Compute the minimum number of moves to exchange the positions of the two white and black
knights as shown in the graphic below. Two knights may not occupy the same square at the
same time. Alternating black and white knight moves is not required.

an

Ihl

A hexaknight can move either two squares horizontally, or two squares vertically and one square
horizontally. The graphic below shows the six possible locations to which the hexaknight in the
center of the board can move.

! Apologies to Bob Seger. .. to everyone, actually. That pun was horrible.
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3. In the 3 x 10 board below, two of the eight non-corner white squares are colored gray. If all
eight squares are equally likely to be colored gray, compute the probability (as a fraction)
that there exists a path for the hexaknight in the upper left corner to reach the lower right
corner of the board while traveling only on white squares.

]

4. Same as Question 3, but with three of the eight non-corner white squares colored gray.

5. Consider the path formed by joining in order the centers of the squares visited by a knight.
The path is simple if none of the edges cross in their interiors and is closed if the knight returns
to the square where it began. In the board below, the white knight’s path is simple but not
closed, while the black knight’s path is closed but not simple. If the centers of adjacent squares
are one unit apart, compute the maximum area enclosed by a knight’s simple closed path on
an 8 X 8 board.

7 |7
> [
24

AL
2@
s

e

@4

6. On a board, a square is considered attacked if it contains a knight or can be reached by a
knight in one move (on the 5 x 5 board showing the possible moves of a knight, nine squares
are attacked). Two knights are randomly placed on distinct squares of a 3 X 3 board, with all
squares equally likely. Compute the expected number of squares that are attacked.

7. Compute the minimum number of knights to attack every square of a 4 x 6 board.

8. This question is an estimation problem. If the answer given is within 10% of the correct
answer, your team will receive credit. A knight is on a square on an infinite chess board.
Compute the number of distinct squares where the knight can end up after exactly 10 moves.

9. For integers m and n with 0 < m < n, a (m,n)-restricted knight can only move either up
m squares and right n squares or up n squares and right m squares. The possible moves of
a (1,2)-restricted knight are shown below. Compute the number of distinct paths a (1,2)-
restricted knight can take from the lower left corner to the upper right corner of a 10 x 10
board.
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10. Compute the number of ordered pairs (m,n) with 0 < m < n such that there exist at least
20 distinct paths for a (m,n)-restricted knight from the lower left corner to the upper right
corner of a 17 x 17 board.



Theme Solutions

1. Consider the graph with each vertex corresponding to a square on the border of the board
(the center square cannot be visited), and two vertices are joined by an edge if a knight can
move from one square to the other in a single move. The graph can be simplified to the one
below. The fewest moves required is , as no knight can pass another on this graph, so each
knight must move four squares so that both knights of one color can reach the initial location
of the knights of an opposite color.

1 2 3
AT

4 5
B 7 &

2. The solution to this question is similar to question 1, just with a slightly more complex graph.
One possible solution is moving the black knight at 13 to 2 (2 moves), then the black knight
from 11 to 8 (3 moves), then the white knights from 1 to 11 (3 moves) and 3 to 13 (3 moves),
then the black knight from 8 to 3 (1 move) and the black knight from 2 to 1 (2 moves), for a
total of 14. It remains to show that 14 moves is minimal. The minimum number of moves to
interchange the knights allowing multiple knights to occupy the same square is 12, but there
is no way to avoid two knights occupying square 1, 7, or 13 with only 12 moves. In addition,
note that if the grid were colored alternating black and white, there would be one knight of
each color on a grid square of each color. Accordingly, any solution which interchanges the
knights would have an even number of moves (since knights change square color each move).
Therefore, the minimum number of moves is .

3. Consider the graph formed by joining two white squares if a hexaknight can get from one
to the other in one move. Removing any single non-corner vertex from this graph will not
disconnect the rest of the graph (that is, there will still be a path from the top left corner to
the lower right). Removing two adjacent non-corner vertices on different rows will, however,
and that is the only way to break all paths from the upper left corner to the lower right
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corner. There are seven such pairs of vertices, and there are (2) = 28 possible pairs of vertices

. 287 3
to remove, so the answer is =|—|
28 4
i"‘ o a a a
L - L - &

There are (S) = 56 possible triplets to remove. The same condition holds in that all paths
from the two corners will be broken if and only if two adjacent non-corner vertices on different
rows are removed. For each of the seven pairs of adjacent non-corner vertices on different
rows, there are 6 other vertices that can be chosen to complete the triplet. However, each
of the six triangles in the graph is double counted, so we remove those duplicates from the

20 5

t leavi — =|—
count leaving 36, so 56 11

of the triplets can be removed and still have a path between

the corners.

One would suspect that the solution uses a path that remains as close to the border of the
board as possible. Two such paths are shown in the grid below, with the one by the white
knight enclosing a greater area. Note that the area enclosed by the white knight’s path is
contained in a 7 x 7 square minus 12 1 x 2 right triangles, for a total area of . Note that
the area contained by the black knight’s path is 35.

S e
\\ ~ T N
El) A
4 dh
71~ 4
\ {|

INERENR

&) .b\-'// e ’}Q

Note that a knight attacks either 1 or 3 squares depending on whether it is in the center or
on the boundary, respectively. If one knight is in the center, then 4 squares will be attacked
in total. If both are on the boundary, recalling the octagonal graph from problem 1, we can
assume by symmetry that one of the knights is on square 1. If the other knight is on square 5
or 7, 4 squares are attacked in total. If the other knight is on square 3 or 6, then five squares

are attacked in total. Otherwise (on 2, 4, or 8), six squares are attacked in total. Thus, if

2Xx44+2x5+3x%x6 36
Xadtaxo+oxb = squares are attacked.

both are on the boundary, then on average

7
. . () 28 7
The probability that both knights are on the boundary is @ =3~ g 5 the expected
2
7T 36 2 8 8 44
ber of ttacked is = X — + - x4 =4+ - =|4- or — |
number of squares a ace1sg><7—|—9>< —|—9 5
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7. The arrangement below uses four knights, it is easy to show that three knights would not be
able to attack every square since it is impossible for any individual knight to attack more than
seven squares. Thus, the answer is .

8. Even though the knight is on an infinite board, it will remain on the 41 x 41 board centered
on the starting square in ten moves. In addition, if adjacent squares colors alternate, the color
the knight begins on will be the same as the color of the square where it finishes, which knocks
out almost half of the squares on the 41 x 41 board. If we give each square a coordinate with
the knight starting on (0,0), the grey squares in the graphic below shows all squares (3, j)
with ¢ > 7 and j > 0 that can be reached in exactly ten moves (there is vertical, horizontal,
and diagonal symmetry to fill out the rest of the squares on the 41 x 41 board). It is relatively
straightforward to show that the squares on the right boundary are reachable in ten moves,
it is a bit more difficult to show (an exercise) that all of the other squares are also reachable.
There are 1 +24+3+44+5+64+6+7+74+8+8+9+9+ 10+ 10 = 105 grey squares in
the graphic (not counting the starting square for the knight). Creating the full octagon would
have 840 squares, but we double count the 15 squares on the diagonal four times as well as
the 10 squares on the same row as the knight starts, reducing the total to 740, adding in the
starting square to get 741. Thus any answer between 666.9 and 815.1 is considered correct.
One way to estimate this value is to note that the centers of all of the squares it can reach
are contained in a circle of radius 10v/5, giving an area of 5007, but only half of the squares
can be the final spot, so an estimate of 2507 &~ 785 would be an overestimate but within the
allowable error bounds.
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9. The picture below shows all possible paths for the (1, 2)-restricted knight on the 10 x 10 board.
It should be straightforward to note the number of paths to the squares on the diagonal k
moves away is simply the k' row of Pascal’s Triangle, so the answer is (g) = .
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10. Building on the previous solution, if 0 < m < n, we observe that it is necessary and sufficient
for there to exist a path for a (m, n)-restricted knight from the lower left corner to the upper
right corner of a k x k board provided that m +n divides k — 1. The number of paths will be

2k—2 b
(m+”>, as there will be

up m right n moves and
m-+n m-+n

h1 up n right m moves, which

m-+n

. ) 6
can occur in any order. From the answer to the last question, we know that (3) = 20 and

2 _
we also know n) > (6> =20 forn > 3. So k-1 > 3. If 0 < m = n, there would be a
n 3 m+n

single path between the two corners if m divides k — 1. If 0 = m = n, there are no solutions.
Therefore, we count all pairs of integers m and n with 0 < m < n, with (m +n) | 16 and

ml_(:n > 3. This means that m + n can equal 1, 2, or 4. Therefore, there are pairs:
(0,1),(0,2),(0,4), and (1,3).
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Individual Problems

. Primes p, ¢, and r sum to 50. Compute the largest possible value of p.

On the planet Octa, each day has eight hours, and each hour has M minutes, where M is a
positive integer multiple of eight. On the clocks on Octa, the hour hand goes around the clock
once a day, and the minute hand goes around the clock once an hour. At 8:00, the hour and
minute hand on a clock are both facing the same direction. The hour and minute hand face
the same direction for the first time after 8:00 an integral number of minutes later. Compute
the smallest possible value for M.

Let the sequence ay, as, .. ., as be defined by a; = 72 and a,, = ¢(a,_1) for 2 < n < 20, where
¢(n) is the number of positive integral divisors of n. Compute the sum of the twenty elements
in the sequence.

. The cubic equation ax® + bx? + cx + d = 0 has non-zero integer coefficients and three distinct

integer solutions. Compute the smallest possible value of |a| + [b] + |c| + |d].

. When today’s date (i.e., April 20, 2013) is written in the format YYYYMMDD, it reads

20130420 (including the trailing zero in the month). Compute the earliest future date which
contains 8 distinct digits in its YYYYMMDD representation.

Points D and E are on side BC of triangle ABC, such that ABC, ABD, and ACE are all
similar to each other. If cos /DAFE = g, compute cos ZBAC.

For a number n > 1, let f(n) denote the largest number of iterations of log, n under which n
stays strictly greater than 1. For example, f(v/3) = 0 and f(2) = 0 because log, v/3 < 1 and
log, 2 =1. And f(25) = 3 because 1 < log, log, log, 25 < 2. Compute

f2)+f(3) + -+ f(2013).

Let ay,...,a10 and by, ..., bjo be two increasing arithmetic sequences of positive integers with
exactly four terms in common, the largest of which is 2013. Compute the largest possible
value of b;.

A rectangular box measures 6 x 8 x 10. A ball of radius 2 rests in one corner of the box (that
is, it is tangent to three walls). Compute the minimum distance from the ball’s surface to the
opposite corner of the box.

Compute all values for |z]+|y], where x and y are positive real numbers for which La: LyJJ =20
and Lymj = 13, where |z| denotes the greatest integer less than or equal to x.
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. One of the primes must be 2, so assume p + ¢ = 48. Testing primes less than 48, we quickly
get that is the largest possible value for p with ¢ = 5.

. An hour later, the hour hand has moved 1/8 around the clock and the minute hand has
returned to its position at 8:00. If it takes an additional £ minutes for the minute hand to
k k 7 M Q:
catch the hour hand, then {7 = %—l—w %k(%—ﬁ) = % %k(w) = é — k= <. Since
k is an integer, M must be a multiple of seven as well as a multiple of eight, the smallest of

which is M = .

Alternate Solution: The hour and minute hand intersect again seven times during the day.
By symmetry, these intersections occur at equally spaced times through the day, so the next
crossing occurs in 8/7 of an hour. The smallest M such that 8M/7 is an integer is M = |56

. In general, if pi* x - - - X pi* is the prime factorization of n, then ¢p(n) = (e; +1) X - -+ x (ex+1).
6(72) = ¢(23 x 3%) = 4 x 3 = 12. Repeated applications of the ¢-function gives the sequence
72,12,6,4,3,2,2,2, ... so the sum of the first twenty terms of the sequence is 72 4+ 12 + 6 +
443415 x2=|127]|

. The minimum value is [6], satisfied by f(z) = (z + 1)(z — 1)(z — 2) = 2° — 22> — 2 4+ 2. We
need to show that the sum of the absolute value of the coefficients cannot be smaller than
6 with a different cubic polynomial. Since f(x) is required to have non-zero coefficients, the
sum is at least 4. Since the solutions are distinct, then |d| > 2. It remains to show that no
polynomial of the form 23 4 22 & 2 £ 2 has distinct integer valued zeroes. Note that the zeroes
would have to be 1 and one of {—2,2}, but 23+ 2?4+ 2 +2 is odd for x = 41, so they cannot
be zeroes.

. If the year is prior to 2100, then neither the day nor the month can contain a zero. This leaves
no possibilities for the month, which must contain a 1 but now has no choice for the second
digit. If the year is in the 2100s, then the month must start with a 0 and the day must start
with a 3, but in this case there is no choice for the second digit of the day. If the year is in the
2300s, then the month can start with a 0 and the day can start with a 1. The priority should
be to minimize the year, then the month, then the date, which results in the date .

. Points D and FE only exist if A is the largest angle of the triangle. If triangle ABC' is acute
then ZDAE =A—-(A-B)—(A-C)=DB+C—-A=180°—-2A. If triangle ABC is obtuse
then /DAE = A— B —(C =2A — 180°. Since cos DAE = g, the acute case is ruled out, as
that would imply A < 60°, which would mean that A is not the largest angle in the triangle,
so A is obtuse and:

cos(2A — 180°) = g
—cos(24) = g
1—2cos’ A=~
Ccos 1 9
2 A==
cos® A = 5
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10.

Since A is obtuse, we conclude that cos A =|—=|.

Consider the range of integers for which f(n) = 0,1,2,3, they are 2, 3 to 22 = 4, 5 to
2
(22)? = 16, and 17 to 22 = 65536. So f(2)+ f(3) +---+ f(2013) =0 x 1+ 1 x 242 x 12+

3 x 1997 =[6017]

Let the common differences of the sequences be d, and d, respectively. And let ay = by =
2013. If N = 4, then the common values must be by, by, b3, by and ay, a4, a7, a1, as any other
subsequence of a matching by, by, b3, by will result in more than four terms in common. For
example, if the terms in ¢ in common were a4, as, as, a7, then b5 = a9. Thus 3d, = d, and
b; = 2013 + 3d, = 2013 + 9d,. Since a; > 0, the largest value for d, is LMJ = 223, giving

9
b; = 4020. This corresponds to the pair of sequences a; = 6, d, = 223 and b; = 6, d, = 669.

If N =5, then by = 2013 4 2d,. Since b; > 0, that forces d, < | 242 ] = 503 and by < 3019.

If N =6, then by = 2013 + d;, and d;, < | 222 ] = 402, and so by < 2415.

If N>7, then b; < by = 2013. The answer is |4020|.

Place one corner of the box at the origin and the corner with the ball at (6,8, 10). The center
of the ball is at (4,6,8), which is a distance V42 + 6% 4+ 82 = /116 = 21/29 from the origin.

Therefore, a point on the ball is [21/29 — 2 = 2 (@ — 1) from the origin.

If |x] = 1, then we need 13 < y < 14 and 20 < z'® < 21. Since such (z,y) exist ((z,y) =
(V/20,13.5), for example), we have (|z],|y]) = (1,13) as a possible pair.

If |2] =2, then we need 13 < y? < 14 — V13 < y < \/ﬂ, there are solutions of this form as
well, (x,y) = (v/20,4/13.5), for example. This gives another solution pair (|z], |y]) = (2,3).

If |z] = 3, we need 13 < y* < 14 — |y] = 2, but then 2? < 16, so there are no solutions.

If |z] > 4, we need 13 < yl®) < 14 — |y| = 1. Thus, the only remaining solution is for
|| = 20, with an example solution of (z,y) = (20, ¥/13.5), so (|z], |y]) = (20, 1) is the final
pair. The possible sums are ‘5, 14, and 21 ‘




R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Problems

Compute the smallest positive integer whose representations in bases 2, 3, 5, and 7 all have
different numbers of digits.

Let T = TNYW R. Compute the length of the shortest path along the surface of a cube of
volume T from one corner to the corner furthest away from it.

Compute the number of rearrangements of the integers 1, 2, 3, and 4 such that some set of
consecutive digits in the rearrangement sums to 5.

Let T'=TNYWR. If x and y are positive integers, compute the smallest value for = such
NN

Let T'="TNYW R. Compute the smallest positive integer n such that the sum of the 3 largest
divisors of n is greater than T

A six sided die is rolled three times. Compute the probability (as a fraction) that the three
numbers rolled are in strictly increasing order.

Let T = TNYWR. Let S =63 T. Compute the probability (as a fraction) that the number
thrown on a six sided die is a factor of the number thrown on an .S sided die.

Let T = TNYWR. In right triangle ABC (with right angle at C), cos A = T and the
+V21
4

perimeter of the triangle is . Compute the length of side AC'.

Let T = TNYWR. Two weighted coins each come up heads with probability 7. Compute
the expected number of tosses of both coins until they both show tails simultaneously.

Let T = TNYWR. xi,...,x10 is a sequence of positive integers where |z; — z;11| < T for
1 <4 <9 Ifxy =2 and x19 = 12, compute the largest integer that can appear in the
sequence.

Let T = TNYWR. Compute the sum of all values k for which the sum of the z- and
y-intercepts of y = |z — 3k| — k is T..
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R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

Relay Solutions

Consider the number of digits in the base 7 representation of the answer N. If it is a single
digit, then N < 7, but no base 3 representation of a number less than 7 has three or more
digits. If the base 7 representation of N has 2 digits, then we test whether the number of
digits in the base 2, 3, 5, and 7 representations can be 5, 4, 3, and 2, respectively. Looking at
the base 2 and 3 representations of IV, we get that 27 < N < 31. Trying is sufficient, as
2710 = 367 = 2025 = 10003 = 110115.

T = 27, so the side length of the cube is 3. Envision unfolding the cube, then opposing corners
fall on the opposite corners of a rectangle formed by two sides of the cube. The length of this

path will be v/5 times the side length of the cube, which in this case is | 3v/5 |

Some consecutive digits in the rearrangement will sum to 5 provided the digits 1 and 4 or 2 and
3 are adjacent to each other. Letting a box around the pair of numbers denote both orderings
of the digits, the rearrangements that work are [14]23], 21143, 314[2, [23]14], 1]23 4, 4231,
so there are in total.

T = 16. Solving for x in terms of y gives us \/5+\/§:T(\/_—\/§)—> xz%\/@%

T = (%)2 Yy —x = (%)2 y. As 15 and 17 are relatively prime, the solution to this problem

that minimizes z is when y = 152 — x = 172 = [289].

T = 289. The largest divisor of n is itself, the second largest divisor is at most n/2, the third

largest divisor is at most n/3, so the sum is at most n + 5 + § = Un - The sum must be
greater than 7', which means that n must be greater than % = 6X12189, which is greater than

157. Testing values of n greater than or equal to 158, the first number whose three largest
divisors sum to greater than 289 is [162].

The probability of getting three different values is g X g X % =20 g. Given the event

36
of rolling three different values, all 3! = 6 orderings are equally likely, so the probability of
5

a .

getting a strictly increasing sequence is

T = % — S = 20. Another way to ask the question is if the number on the S sided die is a mul-
S+ [S/2]+|S/3] + [S/4] + |S/5] + | S/6]
65

tiple of the number on the 6 sided die, so the answer is

20+10+6+5+4+3 48
120 120

With S = 20, this becomes g .
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R3-3.

R3-4.

R3-5.

R3-6.

Relay Solutions

T = % The hypotenuse has length % and the other side has length AC' % — 1. Therefore

the perimeter 721 = AC (1+%+,/7%—1> :AC<1+§+@) :AC<7+;@) — AC =
1

5|

:

T = % The probability that two weighted coins will come up tails is (1 — T)Q. Accordingly,

the expected number of tosses is ( 171T)2. With T = %, the answer is .

T = 4. Consider the sequence of values fi, ..., fio that are generated by moving forward from
x1 and increasing each term by 7" and the sequence by, . . ., b1g formed by moving backward from
210 and increasing each term by T'. Note that z; < min {f;, b;} for 1 < i < 10. With T' = 4, the
sequences are f = 2,6,10,14,18,22,26,30,34,38 and b = 48,44, 40, 36, 32, 28, 24, 20, 16, 12.
The minimum of these two sequences is also the maximal sequence for the z values: x =
2,6,10,14, 18,22, 24,20, 16,12, so is the answer.

T = 24. If k > 0, then there are xz-intercepts at 2k and 4k and a y-intercept at 2k. If £ < 0,
then there is a y-intercept at —4k. If k£ = 0, the only solution is at the origin. Thus there is
a positive solution for £ = 3 and a negative solution for £k = —6, so the sum is .



Tiebreaker Problem

1. Equilateral pentagon ABCDE has sides of length 2. Given that
3
cos B=cosD = -2 and tan(A+C)+tan E =0,

compute the area of ABCDE.
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Tiebreaker Solution

1. The cosine equality implies that angles B and D are both 2" or 3'¥ quadrant angles. From
the value of the cosine we can see that in any case both angles are greater than 135° —
A+ C+ FE < 270°. By the tangent equality we get that one of the angles A+ C or F is in the
27 quadrant and the other is in the 1% or 3" quadrant. If it is in the first quadrant we get
that A+C+ E = 180°, if it is in the third quadrant we get that A+C+ E = 360°. From what
we observed regarding B + D, since A+ C' + E < 270°, we conclude that A+ C' + E = 180°.
This implies B + D = 360°, meaning one of the two angles is obtuse and the other is convex.

Note that by dissection we see that the area of the pentagon ABC'DE is equal to the area of
triangle ACE. By the Law of Cosines we get that AC = CE = /14, so the height of ACFE

is 4/ (\/ﬁ)2 — 12 and the area of the triangle ACFE is % x 2 x /13 =| V13|,

Note: It has been pointed out that another possible shape for the pentagon with angle D
obtuse is below, with B either on or to the right of CE. For the particular angle chosen in
this problem, the graphic in the problem is correct, but it remains an exercise for the reader
to show that the graphic as given is correct (that is, B is to the left of CE) and also that for
the pentagon below, the area of the pentagon is still equal to the area of AC'E.

C
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Answers to ARML Local 2013

Team Round:

1
1. 11 2.3—2V2 3'1 4. 60 . %
3 32
6. 125 L 8. 68° 9. —°% 10. 10
6 3
Theme Round:
1. 16 2. 14 3.§ 4. 3 5. 37
m 4 14
6. 3 7.4 8. 741! 9. 20 10. 4
Individual Round:
1. 43 2. 56 3. 127 4. 6 5. 23450617
1
6. —5 7. 6017 8. 4020 9. 2v29 — 2 10. 5, 14, and 21
Relay Round:
Relay 1: 1. 27 2. 3v5
Relay 2: 1. 16 2. 289 3. 162
5 2 1
| : 1. — 2. = .= 4. 4 .24 -
Relay 3 1 3 3 5 5) 6. =3
Tiebreaker:
1. v/13

! Any number between 666.9 and 815.1 inclusive was considered correct.
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Team Problems

Note: In 2014, the Theme Round was removed and the Team Round was expanded to 15 questions

10.

11.

12.

13.

14.

and 45 minutes.

. There are two times between noon and 1 pm where the hour and minute hands of a clock are

perpendicular. Compute the number of minutes between these two times.

. The three distinct integer roots of x® + qz? — 2qz — 8 = 0 form an arithmetic progression.

Compute q.
Suppose that n leaves a remainder of 24 when divided by 77. If n leaves a remainder of A
when divided by 7 and a remainder of B when divided by 11, compute A + B.
1 1
> 1.
T+ x + r—x L
Compute the number of positive integer factors of N = 1,004,006,004,001.

Compute the length of the interval of values x for which

For a positive integer n, let p(n) be the product of the digits of n. Compute the number of
positive integers less than 1000 for which p(p(n)) = 6.

The continued fraction 1+ - L = A+C\/§ for integers A, B, and C. Compute the minimum
——

1+
3+

value of A+ B+ C.

. Compute the number of ways to color the cells of a 3 x 3 grid red, green, or blue such that

each color appears in at least two cells and no cells that share an edge have the same color.
Note that reflections and rotations of a grid are considered distinct.

A quadrilateral M AT H is inscribed in a circle of radius 10. MA = AT = 12 and MH =
TH = 16. Compute the radius of the circle inscribed within M AT H.

Let the legs of a right triangle have lengths x and y. If x +y = 98 and 2% + y* = 517832,
compute the area of the triangle.

The expression n? +mn — 9 is a multiple of 101 for two positive integers less than 100. One of
these integers is 10. Compute the other one.

The graph of the line y = kx intersects the graph of y = |x — 4] at A and B, where A is to
the left of B. Let O be the origin. If OA = AB, compute k.

Two circles pass through the points (9,0) and (8,7) and are tangent to the y-axis. Compute
the sum of the radii of these two circles.
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Team Problems 367

15. An interior diagonal of a polyhedron P is a line segment whose endpoints are vertices of P and
which lies entirely in the interior of P (that is, does not intersect any faces of P), except for
its endpoints. Find the maximum possible number of interior diagonals if P has 12 vertices.



Team Solutions

. The minute hand moves at a rate of 360 degrees per hour (or 6 degrees per minute), the hour
hand moves at a rate of 30 degrees per hour (or 0.5 degrees per minute). Therefore, the angle
between the hour and the minute hand increases by 5.5 degrees per minute. The first time
the hands are perpendicular, the angle between them is 90 degrees. The second time is when
the angle is 270 degrees, which occurs 180/5.5 or [360/11 | minutes later.

. The product of the roots is 8, and the possible sets of distinct integer roots are {1, £2, +4},
{£2, 42, £2}, and {£1, 41, £8} where either zero or two of the roots are negative. Of all
of the cases listed here, only one has distinct roots in arithmetic progression with two roots
negative, {—4, —1,2}. The corresponding polynomial is (z—2)(z+1)(z+4) = 234 32? —62—8,
and the answer is ¢ = .

. n = 77k + 24 for some integer value of k. When n is divided by 7, the 77k term divides evenly,
so the remainder is the residue of 24 modulo 7, or 3. Similarly when n is divided by 11, the
remainder is 2. The answer is 342 =[5/

1 1 2 . . . .
Y- + P = g i - The domain of the function is all positive x except 1. For

x between 0 and 1, the denominator is negative, so the function is negative. For x greater

than 1, the function is strictly decreasing. It equals 1 when =1—=2r=2*—0—

X
x(x —1)
2? — 3z =0 — x = 3, so the interval is (1, 3), which has length [2]

. Considering that the non-zero digits of NV look like binomial coefficients, N is the binomial
expansion of (1000 + 1)%. Since 1001 = 7 x 11 x 13, 1,004,006,004,001 = 7* x 11* x 13*. The
prime factorization of any factor of N will have 0 to 4 powers of each of the primes 7, 11, and
13, so the total number of factors is 5% = .

. In order for p(p(n)) = 6, p(n) must be 6, 16, or 32 (no other product of up to three digits k
has the property that p(k) = 6). Treat the cases individually.

p(n) = 6: If n has one digit, then n = 6. If n has two digits, then n is either 16, 23, 32, or
61. If n has three digits, the digits of n must be some permutation of 116 or 123. There are
three of the former (ignoring duplicates) and six of the latter, so there are 14 numbers less

than 1000 for which p(n) = 6.

p(n) = 16: All digits will be powers of two. There are three two digit numbers: 28, 44, and
82, and (2) — 3 = 12 three digit numbers (think of the digits as distinct boxes and the four
powers of two as identical balls to be distributed in three buckets, but we need to throw out
the three cases where all four balls go into one bucket) so there are 15 numbers less than 1000
for which p(n) = 16.

p(n) = 32: All digits will be powers of two. There are two two-digit numbers: 48, and 84, and
(;) — 6 — 3 = 12 three digit numbers (again, think of the digits as distinct boxes and the five
powers of two as identical balls to be distributed, but we have to remove the six cases where
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one box gets 4 balls and the three cases where one box gets 5 balls, so there are 14 numbers
less than 1000 for which p(n) = 32.

The total is 14 + 15 + 14 = 43 ]

To=l+g—r——2ar=1l+gr—r-1l=gr=3r+1-3-3=1-3"-3z—-1=
1+ 1 x x

3+
0—>x= %ﬁ. The positive root is the value, so A+ B+ C =3+214+6= .

8. Assume the center is blue. Then 1, 2, 3, or 4 of the corners must be blue. If 1 corner is blue,
there are 4 possible corners to choose from and 2 ways to finish the grid with alternating
red and green squares. If 2 corners are blue and the 2 corners are opposite, there are two
ways to choose opposing corners and 2 ways to color each of the remaining paths of 3 squares
with alternating colors. If 2 corners are blue and the corners are consecutive, there are 4
ways to choose consecutive corners, 2 ways to color the square between the two blue corners,
and 2 ways to color the remaining squares. If three of the corners are blue, there are 4 ways
to choose three blue corners, 2 choices for the color of each of the squares between 2 blue
corners, and 2 ways to color the path of length 3. However, we must discard two of those
cases that only contain 1 red or green square in the corner. If 4 corners are blue, there
are C'(4,2) = 6 ways to pick the two green (or red) cells. Totaling these cases up we get
(Ax2)+(2x2%x2)+(4x2%x2)+(4x(2x2x2—2))+6 = 62. Since there are three
colors to choose for the center square, the answer is .

9. Since AH is a diameter of length 20, we know that HAM is a right triangle with right angle at
M. Let the center of the inscribed circle be N, and let radii of the inscribed circle intersect M A
at Y and M H at X. Then MY NX is a square of side length r. Further, triangles AY N and

.. YN AY T 12 —1r 192 48
AMHares1m1lar,thusm—m%E— B —>12r—192—167’—>7’—2—8_ - |
A T
A
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10.

11.

12.

13.

14.

15.

Team Solutions

We can factor 23+y° = (z+y)(2® —zy+y?), so 517832 = 98(x* —xy+y?) — 22 —ay+y? = 5284.
In addition, (z + y)? = 2 + 2zy + y* = 982 = 9604. Subtracting the first equation from the
second, we get that 3zy = 4320, so the area of the triangle is % = 4320

Let n = 10 +t, then the expression is (10 4+ ¢)* + (10 +¢) — 9 = t* 4+ 21¢ + 101. For this value
to be a multiple of 101, it means that ¢* + 21¢ = (¢ + 21) must be a multiple of 101. Since
101 is prime, one of the two factors must be a multiple of 101. Since t can be at most 89,

t+21 =101 -t =80 —n=[90]

A and B must be on different branches of the absolute value graph, and the z-coordinates of
O, A, and B must be evenly spaced. Let the points be O(0,0), A(t 4 — ) and B(2t,2t —

Equating OA and AB, we are looking for the solution to /12 + (4 — )2 = \/t? + (3t —

Squaring both sides and subtracting ¢ from each side yields (4 — ) (St 8)2, yleldlng two
solutions, t = 2,3. If t = 2, the points are (0,0),(2,2), and (4,0), which are not collinear. If

t = 3, the points are (0,0), (3,1), and (6,2), which are collinear, so k =|1/3|.

Assume the circle has center (z,y) and radius r. The following three equations must be
satisfied:

(=972 4y> = r?
(=8’ +(y—7°" =

r = T.

Subtracting the first equation from the second, we get 20 —17—14y+49 = 0 — 1dy—2x—32 =
0 — x = 7Ty — 16. Squaring the third equation and subtracting it from the second, we get
—16z + 64 + (y — 7)? = 0. Substituting x = Ty — 16 gives —16(7y — 16) + 64 + (y — 7)* =
0 — y* — 126y + 369 = 0. Therefore, y is either 3 or 123, with corresponding values of x (and
radii) of 5 and 845. The sum of the radii is [850].

Let z = GER, y = M AN, then 2(1000x + y) = 5(1000y + x) — 19952z = 4998y — ﬁ =
% = %. Since both z and y must be three digit integers with all non-zero digits, we

multiply the numerator and denominator by 3 to get x = 714 and y = 285, rearranging the

digits to get ENGRAM =|157482

It is fair to assume that each face of a polyhedron with the maximal number of interior
diagonals is a triangle (otherwise some diagonals are on the faces of the polyhedron). If a
triangular faced polyhedron P has F' faces, E edges, and V vertices, then it has (‘2/) —F
interior diagonals. For a polyhedron with all triangular faces, 3F' = 2F. Using Euler’s
formula for polyhedra (V 4+ F = E +2), we get V + % = F+4+2 — FE =3V —6, so the
maximal number of interior diagonals is (‘2/) -3(V-2) = %, which for V = 12 is

. A sample polyhedron that has 36 interior diagonals is two convex pyramids that share
a common decagon base.



10.

Individual Problems

. Compute the area of the region defined by 2 |z — y| + |y| < 2.

Compute the sum of all solutions to log,  + log,. § = 1.

In triangle COW, CO = OW = 2014, and mZ0 = 26. In triangle PIG, PI = IG = 2014,
and mZI = 6. If COW and PIG have the same area, compute ¢ in degrees.

For a positive integer n, let s(n) be the sum of the digits of n. Compute the number of
positive integers less than 1000 for which the digits are non-decreasing from left to right and

s(s(s(n))) = 3.
Compute the integer value of a such that 2 — i is a solution to 23 + ax = —20.

Compute the whole number N such that N® = 6,321,363,049.

. Given a circle O with center F and diameter AB, C is on O and D is on AB such that CD

bisects ZACB. If AE = 13 and BC = 10, compute ED.

Jef is playing a game with three rounds. In Round 1, he flips 4 coins. In Round 2 and Round
3 he can re-flip some or all (or none) of the coins and wins the game if all of the coins are
heads or all of the coins are tails at the end of any round. Assuming Jef uses an optimal
strategy, compute the probability he wins the game.

In rectangle MATH, MA = 3 and AT = 1. Equilateral triangles ATHE and AHUM are
constructed in the same plane as the rectangle. Compute the ratio between the largest and
smallest possible area of AUAE.
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Individual Solutions

1. Consider splitting the plane into four regions, depending on whether z—y and y are positive or
negative. If both are positive, the boundary of the region is 2(x —y)+y =2 — 2z —y = 2. If
x—y is negative and y is positive, the boundary of the region is 2(y—z)+y = 2 — 3y—2x = 2.
If z—y is positive and y is negative, the boundary of the region is 2(x—y)—y = 2 — 22—3y = 2.
If both are negative, then the boundary of the region is 2(y —z) —y = 2 — y—2x = 2. Putting
these together gives the region shown below, two triangles ADBA and ADBC with base and
height of 2, giving a total area of .

Ls

2. To be a multiple of 225, the number must be both a multiple of 25 (which means B is either
2 or 7) and a multiple of 9 (2+0+1+4+ A+ B+5 =12+ A+ B must be a multiple of
9, giving A is 4 or 8, respectively). The numbers are 2014425 and 2014875, giving a sum of

4029300
log,. b

3. Using the fact that log, b = og. a’

c

1 logyz  logy(1/8) logyw 3
t 1 1 - = = — :
We get 108, TH108,2 8 logyd  logya? 2 2logy

Lettingu:long,g—%:1%u2—3:2u—>u2—2u—320—>(u—3)(u+1):0—>

u=3,—1 — x=28,1/2. The sum of the solutions is | 17/2|.

4. Since the areas are equal, we have 1 x 2014 x 2014 x sin(26) = 1 x 2014 x 2014 x sin(f) —

sin(26) = sin(f). Using the double-angle formula,
2 sin(f) cos(f) = sin(f) — cos(d) = 1/2 — 6 = 60° ],

5. s(s(s(n))) =3 — s(n) =3, 12, or 21. Consider the cases separately.
s(n) = 3: There are three solutions: 3, 12, and 111.

s(n) = 12: There are 4 two-digit solutions: 39, 48, 57, 66. For the three-digit solutions,
condition off the hundreds digit h: find the smallest solution starting with each h and each
new solution is 9 more until the units digit is less than the tens digit: 129, 138, 147, 156, 228,
237, 246, 255, 336, 345, and 444 are the solutions.
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10.

s(n) = 21: There are no two-digit solutions. For the three-digit solutions, condition off the
hundreds digit h: find the smallest solution starting with each h and each new solution is 9
more until the units digit is less than the tens digit: 399, 489, 579, 588, 669, 678, and 777 are
the solutions.

There are solutions in total.

. If 2 — i is a root of 3 + ax + 20, so is 2 + 4. Since (2 +1i)(2 —4) = 5 and the product of the

roots is —20, the third root is —4. The linear coefficient is the sum of the pairwise products of
the roots, which is (—4(2+14)) + (—4(2 —9)) + (2 +1)(2 —4)) = —8+4i —8—4i+5 =[—11].

The only units digits whose sixth powers end in 9 are 3 and 7. Since 40° = 4,096,000,000 and
50% = 15,625,000,000, 40 < N < 50, so N = 43 or N = 47. Since N is closer to 40° than 506,

N must be [43].

Since ZACB is inscribed on a semicircle, it is a right angle, and so AABC' is right with
AD AC

hypotenuse 26 and BC' = 10, so AC = 24. By the Angle Bisector Theorem, B o5 SO
13+ FED 24 ‘ 01
B_FED 10 ™ be solved to obtain £D = =

The probability of getting 0 to 4 heads on the first flip are 1/16, 4/16, 6/16, 4/16, and
1/16, respectively. If 0 or 4 heads are flipped, Jef wins. If 1 or 3 heads are flipped, the
one different coin is flipped with the goal of matching the other three. In this case, Jef will
succeed with probability 3/4. If 2 heads are flipped, either pair should be reflipped with
the goal of matching the other pair. Each coin will match the other pair with probability
3/4, so Jef wins in this case with probability 9/16. The total probability of winning is

Lps L @) e 8 (2) L@yl _[o
16 16 \ 4 16 \ 16 16 \ 4 16 9256 | 128

The largest and smallest triangles UAFE and U’AE" are shown in the diagram. Note that the
sides of UAE are all the longest side of a triangle whose other sides have length 1 and 3 and

2
included angle 150 degrees, so AUAF is equilateral with area MEi\/g

Cosines: AE? =32 4+ 12 —2 x 3 x 1 x cos(150°) = 10 + 3+/3.

. Using the Law of
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Individual Solutions

Note that the sides of U’AFE’ are all the third side of a triangle whose other sides have length

12
1 and 3 and included angle 30 degrees, so AU'AE" is equilateral with area (AEZ\/E Using

the Law of Cosines: AE? =32+ 12 —2 x 3 x 1 x cos(30°) = 10 — 3/3.

10+3v3 | 127 +60v/3

The ratio of the areas is =
10— 33 73




R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

R3-4.

R3-5.

R3-6.

Relay Problems

Compute the value of k such that May £*® and June (4k)'™" fall on the same day of the week.
(Note: May has 31 days and June has 30 days.)

Let T=TNYWR. A set of kK numbers has the sum S. Each number in the set is decreased
by T, then multiplied by T, then increased by T. The sum of the new set of numbers is
mS + nk. Compute m + n.

Compute the sum of the solutions (in radians) of 2(cosx — sinx)(sinx + cosz) + 1 = 0 for
0<ax<2m.

Let T = TNYWR. Two concentric circles have radii that differ by % and the region inside
the outer circle but outside the inner circle has area T'. Compute the radius of the inner circle.

Let T=TNYWR. RY AN is a rectangle with % = 4T. If the perimeter of RY AN is also
4T, compute the area of RY AN.

In the multiplication problem A x BC = B B B, each letter represents a different digit.
Compute the value of A+ B + C.

Let T'=TNYW R. The sequence of numbers aq, as, ..., a; is defined by a; = 2 x a;_1 + b. If
as = 5 and a; = T', compute b.

Let T = TNYWR. The graphs of y = 222 + Tx + 1 and y = 19 — 2? intersect at two points.
Compute the slope of the line through these two points.

Let T = TNYWR. The numbers 1 +7,1+T% 1+ 73,1 +T* 1+ 7%, and 1 +T° are on the
faces of a fair six sided die. Compute the expected value of one roll of this die.

Let T = TNYWR. A fair six sided die is rolled, getting a number x. Then z fair six sided
dice are rolled. Compute the expected sum of the x die rolls, given that = > T.

Let T =TNYWR, and let S = 2 [T/2]. Compute the smallest positive integer x that satisfies
the following g — 1 conditions: x has a remainder of 2 when divided by 4, x has a remainder

of 4 when divided by 6, ..., x has a remainder of S — 2 when divided by S.
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R1-1.

R1-2.

R2-1.

R2-2.

R2-3.

R3-1.

R3-2.

R3-3.

Relay Solutions

The number of days between May k'™ and June (4k)™ is 4k + (31 — k) = 31 + 3k, which must
be divisible by 7 for the dates to fall on the same day of the week, which occurs when k = @
(31 + 18 = 49).

For simplicity, assume all of the numbers in the set are S/k. The transformations described
produce new numbers equal to T+T(S/k—T) = T'S/k+(T—T?) whose sum is TS+ k(T —T?).
Som =T and n =T — T? and the sum is 27" — T?2. Since T' = 6, the answer is .

2(cosz —sinz)(sinz 4 cosz) + 1 = 2 (cos’z —sin’z) + 1 = 2(cos’z — (1 — cos?z)) + 1 =

V3

2(2cos’x —1) + 1 = 4cos’r — 3 which equals 0 when cosz = iT' This occurs when

om 7w 11 .
T = %7%,%,%, the sum is .

Let R be the radius of the inner circle. The difference in areas is 7 (R + %)2—7TR2 =T (R + %)
Since the area of the region is 47, R =|15/4|.

Let s = Y A. Then the side lengths are s and 47T's, so the perimeter is s(2 + 2(47")) = 4T —

AT 4T)3
5§ = 22T The area of the rectangle is 47's> = (2_&2(4)1,))2 Since 47" = 15, the area is
15°  [3375
322 1024 |

B B B is a multiple of 111, so B C' is a multiple of 37 (either 37 or 74) and A is a multiple of
3. B cannot be 7, since 777 > 74 x 9, so B is 3, and A is 9, giving 9 x 37 = 333, and the sum
of the digits is 9+ 3+ 7 =[19]

a3 =2x5+b=10+b, ag=2x (104b)+b=20+3b, T = a5 = 2 x (20 + 3b) 4+ b = 40 + 7b.

. T —40 19 — 40
Since T'=19, b = — = —.

—T+VT? 1
202 + Tow +1 =19 — 22 — 322 + Tx — 18 = 0. The solutions are x = + 216 gince
T = —3, the roots are x = 3 and x = —2, and the corresponding y-values are 10 and 15, so

the slope is .
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R3-4. The expected value of one roll of this die is the average of the six faces which is

6+T+T*+T°+T'+T°+T° S5+1+T+T*+T*+T*+T°+T° 5+
6 B 6 6

With T'= —1, this expected value is .

R3-5. If = dice are rolled, the expected sum is 3.5z. The possible expected values are 3.5, 7, 10.5,
14, 17.5, and 21. Since x > 1, we only consider the last five cases, all of which are equally
likely, so the expected value is the average of the last 5 numbers, which is also the middle

number, [ 14]

R3-6. Since the remainder is always 2 fewer than the dividend, the answer is 2 fewer than the least
common multiple of the dividends. lem(4,6,8,10,12,14) = 840, so the answer is .



Tiebreaker Problem

1. If x and y are strings of letters, x is an ordered substring of y if and only if the letters in x
appear in y in the same order. For example, AR, AM, AL, RM, RL, and ML are all of the
ordered substrings of length 2 of ARML, but RA is not, as order is not preserved. Compute
the number of distinct ordered substrings of length 4 of the string WORLDCUPBRAZIL.
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Tiebreaker Solution

1. There are (144) = 1001 ordered substrings of length 4 in total ignoring duplicates. There are

two Rs and two Ls in the string which will cause duplicates (we will call them L1 and L2 and
R1 and R2). We will consider cases where duplicates occur, with x, y, and z denoting any
other letter besides R and L.

WORL: This is duplicated twice: R1L1, R1L2, and R2L2. [2 duplicates]
Rxyz: Duplicates occur when xyz is an ordered substring of AZIL [4 duplicates]

xRyz: Duplicates can occur when x = W or O and yz is an ordered substring of AZIL. [12
duplicates]

WORx: Duplicates can occur when x = A, Z, or I [3 duplicates]
The total is 1001 — 12 -4 —3 —2 =]980|.
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Answers to ARML Local 2014

Team Round:

360
1. — 2.3 3.5

11
6. 43 7. 30 8. 186
11. 90 12. = 13. 850

Individual Round:

1. 4 2. 4029300 3.

6. —11 7. 43 8.

Relay Round:

Relay 1: 1. 6 2. —24
15

Relay 2: 1. 47w 2 7

Relay 3: 1. 19 2. =3

Tiebreaker:

1. 980

4. 2

48

9. —

14. 157482

7

4. 60°

91
- 128

380

.1

5. 125
10. 720

15. 36

5. 25

127 + 603

10.
73

5. 14 6. 838
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ARML Power Contest — February 2009 — Basimal Fractions

Basimal Fractions

The Background

Any rational number § between 0 and 1 can be represented using negative powers of b: % =

bt b2 4 esb P+ b 4 ... where 0 < ¢; < b, This is the meaning behind the
representation 2 = 0.cicocs...c, . ... If the base were TEN, we would call this representation a
decimal. So for any base b, we will call this representation a base b basimal. Like a decimal, a

basimal can be terminating (0.25), totally repeating (0.25), or partially repeating (0.25). In base

TEN, these basimals represent the rational numbers }l, %, and %. In base SIX , these basimals
represent the rational numbers ;—g, é—g, and % Converting a basimal to a fraction is relatively easy,

but converting a fraction to a basimal requires a few steps. The following algorithm is quite helpful:

To compute the base b basimal representation for the rational number %:
Let dy be the decimal representation for g. Let 1 = 0.
Repeat the following four steps until d; = 0 or d; = dj. for some k, where 0 < k < 1.
Increment <.
Let a; = d;_1 - b.
Let ¢; = |a;], the integer part of a;.
Let d; = a; — |a;|, the fractional part of a;.
If d; = 0, the desired basimal is 0.cicocs ... ¢ or, if d; = dy, it is 0.cica .. . Cpr1 - - - G-
For example, compute the base THREE and base FOUR basimal representations for %.
doy = 0.375
Base THREE : ay=1125 ¢ =1 d; =0.125
as =0.375 =0 dy=0.375

Since dy = dj, exit loop and 2 = (0.10) THREE"

do = 0.375
Base FOUR : ap =15 e¢,=1 dy=0.5
a2:2.0 62:2 dQZO

Since dy = 0, exist loop and % = (0.12)pour-

While Part A of this contest deals with converting a rational number to a basimal and back again,
Part B deals with the function, f,(2) =b- 2 — [b-z], where  is the base b basimal representation
of Z.

q
As examples, f4((25—31) = f4(0-123FOUR) = (0-23FOUR) = % and fQ(%) = fQ(O.O_lTwo) = (Ol_OTW()> = %
Notice that multiplying a base b basimal by b shifts the basimal point one digit to the right.

Subtracting the floor of this number removes the integer part and the function then returns the
rational number (between 0 and 1) represented by this shifted basimal.
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The input and output of this function are always rational numbers between 0 and 1 written in the
form 2.
q

By convention, £,(2) = f, (fy (f(2)))-

For example, f32(%) = f3(f3(3)) = f3 (f3(0.2101rureE)) = f3(0.1012rHrer) = 0.01211HREE = 3.
The following page contains a chart of conversions to different bases, which may be helpful.



Chart of Conversions to Different Bases

£ TWO  THREE FOUR FIVE  TEN

3 01 0.1 0.2 0.2 0.5

3 001 0.1 0.1 0.13 0.3

2 010 0.2 0.2 0.31 0.6

1 oo01 0.02 0.1 0.1 0.25
501 0.20 0.3 0.3 0.75

i 000IT 00121 003 0.1 0.2

2 00110 01012 012 02 0.4

3 0100I 01210 021 0.3 0.6

2 01100 02101 030 04 0.8

+ 0.001 0.011 0.02  0.04 0.16
20110 0.211 031 040 0.83

+  0.001 0.010212 0.021  0.032412 0.142857
2 0010 0.021201 0.102  0.120324 0.285714
2 0011 0102120 0.123  0.203241 0.428571
i 0.100 0.120102 0210 0.241203 0.571428
2 o101 0201021 0.231  0.324120 0.714285
g 0119 0212010 0312  0.412032 0.857142
¢ 0.001 0.01 0.02  0.03 0.125
s o011 0.10 012 014 0.375
2 0101 0.12 022  0.30 0.625
¢ 011 0.21 032 041 0.875
£ 0.000I11 0.01 0.0I3  0.023421 0.1

2 0.001110 0.02 0.032 0102342 0.4

s 0.I11000 0.12 0.203 0.234210 05

¢ 0110001 0.21 0.301 0342102 0.7

5 0100011 0.22 0320 0.421023 0.8
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The Problems

Part A — Basic Basimal Conversions — SHOW WORK FOR EACH PROBLEM

1. a. Compute the base THREE basimal representation for -% 12.
b. Compute the base EIGHT basimal representation for E

c. Compute the rational number, g, such that § = (O.l?E)FOUR.
d. Compute the rational number, %’, such that § = (0.312) gy -

5

e. The rational number z; can be written as (0.113), for some base b. Compute the value

of b.

f. The rational number 2L can be written as (0.213), for some base b. Compute the value of b.

2. a. Letting N = the length of the repetend of a base TWO totally repeating basimal and M =
the position of the first 1 in the repetend, the following table is produced. What would be

the entries in column six?

M/N |1 2 3 4

1 (0-Dpwo = % (0.10) rwo = % (0.100) pyyo = % (0.1000) e = %
2 B (0.0D)wo =3 (0.010)pyo =7 (0.0100)pyo = 35
3 B B (0.000)yo =7 (0.0010)pyo = 15
4 B B B (0.0001) o = 1_15

b.  Use the entries in column six to determine the rational number § represented by
(0.0T0TT0) .

c. If the rational number § is in row M and column N in the table above, express § in terms
of M and N.

d. If you made a table similar to the table in problem 2a) but for base THREE , what would

be the entries in column five?
e. Use the entries in column five of the base THREE table to determine the rational number
£ represented by (0.12010)pygpp-

3. Determine under what conditions § will be a terminating, totally repeating, or partially

repeating basimal in base b.

4. In base b, the rational number X is (0.32), and the rational number Y is (0.23),. In base a,
X =(0.31), and Y = (0.13),. If a < 10 and b < 10, compute a and b.

Part B — The Shifting Function

5. On three separate axes, graph the function f,(z) for b = 2,3, and 4.



10.

11.

12.

13.
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Compute f (fg(%)) and f3 (fQ(‘—;)).

If ¢ <z < %1 determine a linear function rule for fy(z) where 0 < = < 1. (N.B. This

function may be useful in solving questions 8 — 13.)
Compute the value of fi2(32).

Find the sum of the solutions to fio(z) = x.

Find the sum of the solutions to f,*(z) = 3.
Find all z such that z < f,%(x) < f(z).

a. For fixed y € [0,1), in terms of b and n, how many solutions does the equation, f,"(z) = v,
have?

b. For fixed y € [0, 1), in terms of b, n, and y, what is the sum of the solutions to the equation
" (x) = y? Hint: For various values of n, check out the solutions to fo" () = y and generalize.

(You do not have to prove your generalization.)

If # = =5, show that f(z), (@), f,* (), f,*(x), ... is periodic. Hint: Show folem) = b+Ll
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The Solutions

1.

dy = 0.416
a; = 1.25 C1 = 1 d1 =0.25
a9 = 0.75 Cy = 0 d2 =0.75
a3 =225 c3=2 d3=0.25= STOP

b. r = % = (08125>TEN = (0'64)EIGHT'
dy = 0.8125

a; = 6.5 Ccl = 6 dl =0.5
a9 — 4.0 Cy = 4 d2 =0.0= STOP

d. (0312)pryg = 2 + 5 + 15
3 1 2 79
5 T2 T 10 = 120

o

5b° = 24b% + 24b + 72
50% — 24b% — 24b — 72 =0

6 is the only integer solution to this equation:
5 =24 =24 -T2
6| 30 36 72
5 6 12 |0

02B), =L =245 +3+L+3+5+3+...()
2 ..
e =+ 1+3+ 5+ 5+ m+ 3+ (i)
Subtracting (i) from (ii): % —d=20+1+2-2
Multiplying by 60b and rearranging: 3763 — 1200*> — 97b — 60 = 0.
4 is the only integer solution to this equation:
37 —120 —-97 —60
4| 148 112 60
37 28 15 |0
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63

.000100) pywo = o= (0.000001) pywo = 5

(0.T00000) .y, = 22 (0.001000) o = & (0.000010) pyyo = 5
0 0

(0.010110)pyyo = (0.010000) 1y, + (0.000100). 1y + (0.000010) e

_ 16, 4 ;2 _ 2
_63+63+63_63

N-M
. P2

g 2N -1
d.
(0.10000) pyppp = % (0.00100) rgqree = % (0.00001) pprpr = ﬁ
(0.01000) rpir = 2s (0.00010) pyres = 215

(0.72010) e = (0.10000) pygps + (0-01000) g + (0-00010) ppipeps

_ 81 , 54 3 _ 69
242 + 242 + 242 — 121

. Let B = {prime factors of b} and Q) = {prime factors of ¢}.

SIS

is totally repeating if BN Q) = &, i.e., if b and ¢ are relatively prime.

ESELS]

is terminating if QQ C B.

ESHS]

is partially repeating if BN Q # @ and Q ¢ B.

3b+2  3a+1
-1 a2-1

2b+3  la+3

-1 a2-1

5b+5  da+4

-1 a2-1'

Simplifying yields 5a — 4b = 1, with solutions (1,1), (5,6),(9,11),.... Only (5,6) satisfies the
constraints of the problem. However, this solution does not work when they are plugged into
the equations above. Therefore, there are no solutions to this problem.

X = and Y =

Adding these together:
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10.

11.

/ / /f /‘ / f / f
- / / / / / ,!/ /’ /
V [/ | / | | /’/ /

f(x) f3(x) fa)

. We have fg (fg(%)) = f2 (f3(0120102THREE)) = fg(OQOlOQlTHREE) fg(%) fQ(O]_ ]-TWO) =

nRYES _ 3

0.0TTrwo = 2

We have fg (fg(%)) = fg (fg(om’rwo)) = fg(O.mTWO) = fg(%) = f3(0010212THREE) =
0.102120ureE = 2.

a

Looking at the graphs in #5, each segment has endpoints (¢,0) and (%, 1). The equation
of the line through these two points is f,(x) = bx — a.

. Using the formula in #7 B <ol 594 <a< 104 = a = 10 and flz(%) =

’ 12 15 12

12(8)—a=2-10=2

W0r—a=2—10r —z=a — x =%, where 0 < a < 9. So the sum of all the solutions is

5
0 1 2 3 4 5 6 7 8 _
stetstgtstgtotgtg=4

fi2(x) = 2 = 4z —a = 2, where a € {0,1,2,3}. Therefore, 2 = 245 and so 2z =
%@;%gg:ﬂ%iwmmk_{aL2$ f()%ﬁwmmk_{QL2$—+u—a:

LD where a € {0,1,2,3} and k = {0,1,2,3}. Therefore, z = {37, 155, 25, - - 10} = 245

where m € {0,1,2,...,15}.

So fi(z) = 2242 where m = {0,1,2,...,15} — 4z —a = 2245 'where k = {0,1,2,...,15} and

for every k, a € {0,1,2,3}. There are 64 answers! z = {576, 51746, 52736, c g;g} = gg;? where

n € {0,1,2,...,63}. The set of solutions forms an arithmetic progression whose sum is 51787

Let’s solve this problem using graphical iteration. There are four cases:

i) if 0 <2 < 1 then fo°(2) > folz).




12.

13.
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i) if £ <z < 3, then fo’(z) > fo(a).

iii) if 3 <2 <1, then z > fo°(x). ) if 1 <z <31, then
fg (:1:) < folz ) and sometimes x < fo?(z).

Uy

As you can see from this last graphical iteration, there is one value z = ¢ where fo?(z) =

and for any value ¢ < fo°(z) < z, fo°(z) > 2. So let’s find this value. When 1 < 2 <1

then fo(z) = 22 and so 1 < fo(x) < 1. Therefore, fo?(z) = fo (fo(z)) = 2(22) — 1 = 4o — 1.
Since fo’(r) =z, 40— 1= —=3x=1— 2= % Therefore, the solution to this problem is

1 1
§<I<§.
a. b"

b. y+ % ’1. Observe some cases and generalize. If f3(z) = y, then 3z — a = y where
a € {0,1 2} and z = £ = {4 21 22} The sum of these values is y + 1. If f3°(z) = v,

then f3(z) = {¥, 2, yf} and 395 —a = % or ¥4 or &2 where a € {0,1,2}. Therefore,

1 2 1 y+2
T = y;?’“ or Lt 9+3“ or Lt 3+3“ = {4, y+ , y; e y-é—S}. The sum of these values is y + 4.

Lemma 1: (b%l) = 0.0X, where X =b— 1.
(7)) b= b+1’ which is < 1. So ¢; = 0.

b _ b b2—1+1 _ b>—1 _ —
() b=t =t =ty L —p 141 Som=b-1=X.

Since the remainder repeats, the process stops and 0X is the repetend.
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Lemma 2: (i)b = 0.X0, where X =b— 1.

b+1

Lyp=2 —p—14+ L Soc=b—1=X.
11 b1 b1

(b%l) b= b%p which is < 1. So ¢2 = 0.

Since the remainder repeats, the process stops and X0 is the repetend. So the

process repeats with a period of 2.



ARML Power Contest — November 2009 — Slitherlinks

Slitherlinks

The Background

While at the Mathematical Association of America’s MathFest 2009 last summer, I was introduced
to a logic puzzle called Slitherlinks. The simplicity of the puzzle was fascinating, and soon solving
them became quite addictive. The puzzle was invented in Japan in 1989 by Nikoli Puzzles, the
same company that created Sudoku, Kakuro, and Hitori. Since then the puzzle has been refined,
algorithms for designing and solving them have been created, and it is now a popular app on
iPhones.

A Slitherlink puzzle consists of a square array of dots, like the lattice points in the first quadrant
of a coordinate system. The four points: (m,n), (m+ 1,n), (m,n+ 1), and (m + 1,n + 1), make
up the corners of a cell. Inside some of the cells is a numeral. The goal of the puzzle is to form
a simple, closed curve (a loop with no crossings, i.e., every lattice point has degree zero or two)
by connecting the dots of a cell with horizontal or vertical segments, and the number of connected
segments around a cell must equal the number inside the cell. If a cell does not contain a number
then the number of connected segments around the cell is unknown. Since the solution is a simple,
closed curve, the Jordan Curve Theorem from topology states it must have an inside and an outside,
and a line segment connecting a point on the inside to a point on the outside must cross the curve an
odd number of times. Like Sudoku there is only one solution to each puzzle, which can be arrived
at by pure logic, and like Sudoku, a random guess, can often have disastrous results. The best
beginning strategy is to place segments in the grid where you know two dots must be connected
and place a x between two dots that you know cannot be connected. Enjoy!

2 3 3 ' 2 3 3
3 2 3 2

' ' 2 ' 2 1 . 2 2 1
‘ 2 ‘ . . 1 ‘ 2 1
2 . . . 3 ‘ 2 3

A 5 by 5 Slitherlink Puzzle and Solution
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The Problems

1. Solve these 5 by 5 Slitherlink puzzles. (When submitting your solutions, you may submit one

copy of Special Answer Sheet #1 with all three puzzles solved on it or three copies of
Special Answer Sheet #1, each with one puzzle solved on it.)

a) b) c)
.2.3. . .2. . . .2.2. . . 2
2 2 1 3 3 3 3 2
3 2 3 3 3 3
2 1 2 2 3 3 2
3 3 1 1 2

. Each of the following puzzles has one error. a) Identify or describe the error. b) Correct the

error by erasing and/or drawing segments, not by changing the numbers. (Hint: More than
90% of each of the puzzles is correct, so isolate your corrections near the error you found.)
On Special Answer Sheet #2 you only have to draw the part of the Slitherlink loop that
you changed. Again you may submit the three solutions on one answer sheet or use three
separate sheets for your solutions.

a) | b)

Sometimes a given solution allows one to know for sure that a segment can be drawn between
two dots or an x should be placed between two dots. These are called “basic theorems” and
can be proven with logical reasoning. Each of the following problems is such a hypothetical
situation that is part of a larger Slitherlink puzzle and you need to supply the conclusion, i.e.,
which segments and x’s can be drawn. To receive full credit, all guaranteed segments and all
guaranteed x’s must be in your conclusion. For example, given the image below and to the
left, you can conclude the image below and to the right.
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Please submit only one copy of Special Answer Sheet #3 with all seven conclusions on it.

a) Numbers in corners:

L L L] L]
0

L] L] L] L]

- L] L] L]

- L] L] L]

L] L L] L
2

L] L] L] L]

b) i. Adjacent threes:

L] L] L ] L]

- L] L L]

. L] L] L]
3 3

L L] L ] -

L] L] L] L]

L] L] L] L]

c¢) Diagonal twos with two segments drawn:

[ ] - - L]
L] . L] -
2
L] - —"

E
L] - L] -
L] L] L] L]

ii. Diagonal threes:

d) A three with a segment drawn:
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e) i. Three-one-three in a corner: ii. Three-zero-three in a row:
L] L] L] L L] - L] L] L ] [ [ ] L]
301 3
L L] L L] L - L L L] - L] -
L] L] L] L] L] L] L] - L] L L] .
3 0 3
L] L] - L] - L] L] - L] L] - L]
L L] L] - - - - ™ ™ ™ . ™
. . L] L] L . . - . . . .

4. These puzzles are harder than those in problem #1. You will need to use the theorems from
the last problem, lots of x’s, and as in chess, think a few moves ahead. Draw your final
loop on the answer sheet that will be turned in. Partial credit will be calculated by adding
correct segments minus incorrect segments. So even if you do not complete the loop, record
the segments you know for sure. Submit four copies of Special Answer Sheet #4, each
with one solution.

a) b)
[ . [ [ ] L] . . . L] . . . . - .
23 1 i 2 2 2
. . [ [ ] . . . . . - [] . . . . L]
2 2 3 2 0 2 2
. . . [ ] . . . . . - » 3 . - . .
2 2 2 3 1 1
. . . . ] L] . . . . . - . - . .
3 3 3
. . . [ ] . L] . . . . . L] . L] . L]
2 2 3 3 2
- L] L] L] L] L] - - - - L] - L] - L] -
3 0 3 3 1 1 0 3
. L] L ] - . - . . ] - . [ ] [ ] L] L] L]
> 3 3 3
- . [ - . . . L ™ ™ . . - - - .
C) . . . L] . L] . ]
23 3 3 2
. [ . . . . . L]
|
. . . . ] . . L]
2 >3 1
. . . . . [ L -
2 0 2
. . . L] [] L] - ]
3 3 3 3
. . . . [ . . -
2
. - [ ] . . . -
> 1 3 1 2
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d) . . . . . . . .
3 3 3
. . . . . . . .
3 I 2
. . . . . . . .
2 3
L] [ ] L ] L] - - - -
2 2 3
. . . . . . . .
2 2
. . . . . . . e
i 3
. . . . . . . .
2 2 2 3
. . . . . . . .

5. Once a Slitherlink puzzle is solved you could place the correct numbers in all the cells of
the grid. (This is how the first Slitherlink puzzle appeared!) Prove that the sum of all the
numbers inside the Slitherlink loop must be even.

You can search the web to find more Slitherlink puzzles of various sizes and difficulty. Some
are interactive; some are not limited to square grids. (See Simon Tatham’s Portable Puzzle
Collection.) Enjoy!
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ARML Power Contest
2009-2010
Special Answer Sheet #1

a) b)
2 3 2
2 2 li 3
3 2 3 3
2 1
3 3
c)
: .2. E f
3' ' '2
.3 . .3
‘2 3 3‘2
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ARML Power Contest
2009-2010
Special Answer Sheet #2

Circle the number which is in a cell with an incorrect number of edges or describe
the error in each Slitherlink.

a) b)
23 |2 2|1 3 1 2
2 2 |1 2 2 12 3 2|2
3 1 2 2|3 3 202 2 1 2
2 3|3 2 2 0 3 2 1 2 1
3|1 2 2 3 2011 3|1 203 1]3/|2 3
1 1 12 1 2 3 13 0 2 1132
2 |3 (3 |2]2]|3]|2 2 2 1 3 1
s 1 22 1 1 2 1 0 1|2 3
2 1 2 |2 2 202 2 2 2
2 202 1|3 2 2 2 2 2

1 2 2 0 3
3
1 0 2 2
2 2 0 1
3 2
3 1 3 1 3 2 1 3 2

(=]
[
(=]
L
(=]
()
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ARML Power Contest
2009-2010
Special Answer Sheet #3

a) b) c)

. . . - . - - - . [ . . *
0 1

- . ] - [ ] . L] L] L] - - . -

- [ - - . . - L] - - - - -

3 3

. . . - . . - . . - . - M

. . . . . . . . b . . . L]
2 3

- [ - ] . . . - bl e - - -

L] - [ ] L ] - - L] - - - L ]
L] L ] L L ] L [ ] L] L] I- L L]
2 |
- - —w - . » L] L . .
[2 3
L] L] L] L [ ] - L ] L] L] L]
- L] - L] - - - L] - L] L]
L] L] L] [ ] L ] [ ] L] - L ] [ ] L]

. . . . . . . . . . .
3 1 3
- - L ] L ] - [ ] L] - L 1 ] -
. . . . . . . . . . .
3 ] 3
. . . . . . . . . . .
. . . . . . . . . . .
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Lt

L2

L

L

L

L

L

L2

I.J

L2

LB

L+

ARML Power Contest

2009-2010

Special Answer Sheet #4

b)
d)

L

[}

L.

L

]

(o

[

L

LB

L

L3

L

TS e |

L2

Lt
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The Solutions
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11.
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Since the sum of all the numbers inside the Slitherlink represents the total of all the horizontal
and vertical segments that make up the Slitherlink or the perimeter of the Slitherlink, we need
to prove that the perimeter of a Slitherlink is always even. Given a rectangular array of points
on which some Slitherlink is drawn. Above and below each column of square cells add a point.
To the left and right of each row of square cells add a point. (See diagram below.) These
points are all clearly outside the simple closed curve that makes up the Slitherlink. The Jordan
Curve Theorem states that if you connect with a segment two points on the outside of any
simple closed curve, this segment will cross the curve an even number of times. Therefore,
connecting a point above a column of cells with a point below the column of cells will be
even and will count the number of horizontal segments from that column that are part of
the Slitherlink. Doing this for each of the columns will always produce an even number and
the sum of all these numbers will be the total number of horizontal segments that make up
the Slitherlink. Connecting the points to the left and right of a row of cells with a segment
will count the vertical segments that are in the Slitherlink from squares in that row. Again
by the Jordan Curve Theorem this number will always be even. The sum of all the numbers
determined by doing this for each of the rows in the array, will be the total number of vertical
segments that make up the Slitherlink. Since the number of horizontal and vertical segments
is even the sum of the numbers inside any Slitherlink must always be even.
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This problem can also be proven using Pick’s Theorem or by using a parity argument. In a
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parity argument assume that the array of points on which a Slitherlink is drawn is associ-
ated with the first quadrant of the rectangular (x,y) coordinate system. Each point of the
Slitherlink is assigned a number represented by the sum of its coordinates. A segment of a
Slitherlink will always connect an “even” and an “odd” point. Since a Slitherlink is closed, it
returns to its starting number, indicating an even number of segments.
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There are many questions about Slitherlink puzzles that remain unsolved. For example, what
is the greatest number of numbers that can be removed from a Slitherlink and still guarantee
a solution?



ARML Power Contest — February 2010 — Drawing Ellipses

Drawing Ellipses

The Background

The study of conic sections, curves formed by the intersection of a plane with a cone, began about
200 B.C. by Apollonius of Perga, the last of the great mathematicians of the Golden Age of Greek
mathematics. In his eight-volume treatise called Conics, he gave names to the various curves
(parabola, hyperbola, and ellipse) and developed most of the geometric properties of the curves.
But conics remained pure mathematics for almost 2000 years until 1609 when Johannes Kepler
revolutionized astronomy by declaring that the planets revolved around the sun in elliptic paths
with the sun as a focus. As an ellipse is a circle stretched horizontally and/or vertically, ellipses
share some similar formulas with circles. For example, the area of a circle is 7 - r - r while the area
of an ellipse is 7 - a - b. However, while the circumference of a circle is 2 - 7 -7 = 7w(r + r), the
circumference of an ellipse is not 7(a + b) and cannot even be expressed in a closed form. I find
it amazing that both a cone and a cylinder cut diagonally by a plane produce an ellipse, and that
if you wrap a strip of paper around a cylinder, slice the cylinder diagonally, and the unwrap the
paper, the edge of the paper formed by the circumference of the ellipse is a sine wave! There is
much to explore in this old topic of mathematics!

Definitions for an ellipse:

1. The curve formed when a plane intersects a right circular
cone at an angle to its axis of symmetry less than 90° but greater
than the slant angle of the cone.

2. The set of all points in a plane the sum of whose distances
from two given points (called the foci) is always constant.

3. The set of all points whose ratio of its distance from a fixed
point (called the focus) to its distance from a fixed line (called the
directrix) is constant and between 0 and 1.

4. The graph formed by the general second-degree equation
Ax? 4+ Bry + Cy* + Dz + Ey + F = 0 where 4AC — B% > 0.

5. The curve formed when a cylinder is intersected by a plane
not parallel to the axis of symmetry of the cylinder.

Other vocabulary:

A segment connecting two points of an ellipse is called a chord. A chord through the center of an
ellipse is called a diameter. The longest diameter of an ellipse is called the major axis. The foci will
always be on the major axis. The shortest diameter of an ellipse is called the minor axis. It will
always be perpendicular to the major axis. The focal length is the distance between the two foci.
The eccentricity of an ellipse, a number between 0 and 1, refers to the “roundness” of the ellipse.
The closer the eccentricity is to 0, the closer the ellipse is to a circle.

Equations of an ellipse:

408
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1. General equation: Az?+ Bry+ Cy*+ Dz + Ey+ F = 0 where 4AC — B% > 0. If the ellipse
is centered at the origin, then D = E = 0. If the major and minor axes of the ellipse are parallel
with the coordinate axes, then B = 0.

2 2
2. Standard form: x_2 + z—2 = 1. The length of the major axis is 2a and the length of the
a
minor axis is 2b. The focal length is 2¢, where ¢* = |a* — b?|. The eccentricity e is € If the ellipse is
a

translated so that x = 2’4+ h and y = ¢/ + k, where (2/, /) is the point on the translated coordinate
=1, (v b

a? b?
rotated an angle of 6, then x = 2’ cos — 3/ sin# and y = 2’ sind — 3/ cos § and the general equation
must now be used to describe the curve.

axes, it is now centered at (h, k) and the equation becomes = 1. If the ellipse is

xr = acos(f)

3. Parametric equations: _
y = bsin(0)

ep €p
1 —ecost 1 —esinf
y = £+p. One focus is at the pole and 0 < e < 1 is the eccentricity of the ellipse.

4. Polar equation: r = with directrix x = £p or r = with directrix

Through various algebraic techniques these equations can be shown to be equivalent.

The problems in this contest deal with methods that are used by artists, engineers, draftsmen,
astronomers, and mathematicians for drawing ellipses. In several problems you are given the method
of construction and must prove that the curve formed is an ellipse. This can be done by showing
that points on the curve satisfy one of the above equations or that the curve has one of the properties
that defines an ellipse. Most of the problems are independent of one another and therefore can be
solved in any order.
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The Problems

1. An ellipse can easily be drawn using two push-pins and a loop of string as shown at the right.
By keeping the triangular loop of the string taut as you move the pencil, a smooth curve can
be drawn.

N

a) How do you know the curve formed is an ellipse?

b) If you want to draw an ellipse with a major axis of length 12 and a minor axis of length 8,
how far apart should the push-pins be placed and what should be the length (or circumference)
of the loop of string?

2. An ellipse can be made by drawing a large circle on a piece of wax paper and marking a point
F' somewhere inside the circle but not at the center. Fold the paper so that some point P on
the circle coincides with F' and crease the paper on this fold. Unfold the paper and repeat
the process using another point P on the circle. Continue repeating the process.

a) Using the diagram at the right, prove that b) If circle O, centered at the origin, has a
the points () determined by this technique radius of 10 units and F' is 8 units from the
trace out an ellipse. center, determine an equation for the ellipse



411

formed by this technique.

3. On a set of coordinate axes, draw a circle C; centered at the origin and having a radius equal
to a, and a second circle C5 centered at the origin and having a radius equal to b, where a > b.
Draw a line through the origin (at an angle of 6), intersecting C; and Cy at points M and
N, respectively. Draw a line parallel to the vertical axis through M and another line parallel
to the horizontal axis through N. Label the intersection of these two lines P. Repeat the
process above for different values of 6, determining a locus of points P. Connect all the points
P to form an ellipse.

a) If P = (z,y), show that it lies on the curve
22 2

defined by ) + ‘Z—Q =1

b) If the area between the two circles (called

an annulus) is equal to the area of the ellipse,

what is the ratio of %?

4. The Dutch mathematician Franz Van Schooten came up with the following simple device for
drawing ellipses (see the diagram on the following page). Points A and B are stationary, with
AB >4-CD. CD = DF and points C and D are hinges with C' anchored at the midpoint
between A and B. At point P is a pen which traces out a curve as E moves from A to B.

a) Let CD = a and DP = b. If C' is the origin and if this curve is an ellipse, what would be
its equation?

b) Let P = (x,y) and E = (t,0). Prove P(z,y) satisfies the equation above for any value of ¢
in the interval [—2a, 2al.
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EI'LU.-":;

5. Using a Spirograph, a circular disk can be rolled inside of a fixed circular ring without slipping,
producing a figure called a trochoid. A point P on the disk marks the position of a pen which
traces out a curve as the disk is rolled. If the inner radius of the fixed circular ring is R, the
radius of the circular disk is r, and d is the distance from P to the center of the disk, the
coordinates of P are (x,y), where

z = (R—r)sin (%9) +dsin ((%) 9) and y = (R—7) cos (%e) +dcos ((%) 9) K

The figure below shows four trochoids and the radio r : R that produced them.
If R = 2r, prove the trochoid is an ellipse.

!See http://web.archive.org/web/20090929103228/http://the-robinson-family.org/nigel/spiro.htm
for a nice derivation of these formulas.


http://web.archive.org/web/20090929103228/http://the-robinson-family.org/nigel/spiro.htm

6. Let O be the origin, A = (q,0),

B = (0,b), C = (0,-b), and D =
(a,b). Divide segments OA and AD
into n congruent segments using n — 1
points. On AD, starting at A, label
these points Di,Ds, D3, ..., Dy, ..., D, 1.
On OA, starting at A, label the points
A17AQ,A3,...,Ak,...,An_l. Let (l’,y) be
coordinates of point P%, the intersection of

lines C’A;/c and BDk. Prove Py is on ellipse
9 9 Construction with

% + ‘Z—Z = 1. (Hint: One mei}:hod might be e
to find the equations of lines C'A, and BDj, i
by first expressing the coordinates of Dj, and c &

Ay, in terms of a,b,n, and k.)

. Take any triangle XY Z and position it on a coordinate axes so that X is on the x-axis and
Y is on the y-axis. Mark the location of point Z. Reposition the triangle so that again X is
on the z-axis and Y is on the y-axis and plot point Z. Repeat several times. The locus of all
such points Z will be an ellipse, whose axes are not parallel with the coordinate axes.

a) If XY Z is an equilateral triangle with sides of length 2, what is the equation of the ellipse
formed? (Hint: Determine the exact coordinates of some points on the ellipse and determine
the general equation.)

b) If XY Z is a 30—60—90 triangle with angle Z = 30° and hypotenuse X Z of length 2, what
is the equation of the ellipse formed?

. Given a line D (called the directrix) and a point F' (called the focus). Let P be any point
(z,y). If PF is the distance from the point to the focus and PD is the distance from the
point to the directrix, then an ellipse is the set of all points P where the ratio of PF to PD
is a constant less than 1. The ratio PF/PD is called the eccentricity of the ellipse.

a) Use the graph below to accurately plot at least 10 points of the ellipse with an eccentricity
of 2. (Hint: 2 = 2 = = = ...) Use the Special Answer Sheet to record your answers to
8a and 8b.
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b) If F is the origin and D is the line y = —3, what is the equation of this ellipse?

D

9. Logan Graphics Products Inc. makes an oval
Mat Cutter used in picture framing. 1 was
curious whether the oval it produced was an
ellipse or not. Pictures of the tool did not re-
veal how it worked but designer Curt Logan
was gracious enough to send me a free mat
cutter to examine for myself. Although the
cutting head is a patented part, inside the
oval base I discovered that its mechanism
was similar to a trammel for drawing ellipses
designed by Archimedes!

As point P is rotated around the origin, P
point () moves back and forth in a horizon-
tal (z-axis) channel while point R moves up
and down in a vertical (y-axis) channel. If
RQ =a,QP =0b,Q = (t,0), and P = (x,y),
show that the locus of all possible points
P determine an ellipse by determining the
equation of the ellipse.

iw]
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ARML Power Contest
2009-2010
Special Answer Sheet

Problem 8

88888888
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The Solutions

1. a) Let L = the length of the loop of string.

4.

L:F1P+F2P+F1F2
L—KF,=FP+ P
constant = F1 P + FLP

Therefore, P is on an ellipse.

b) L:F1P—|—F2P+F1F2 a2—b2:C2 F1F2:2C:4\/g%894
L =2a+2c 36 — 16 = 2 L =12+ 4v5 ~ 20.94
L=12+2¢c 25 = ¢

a) For any point P, on the circle, P is folded onto F' forming [;, the perpendicular bi-
sector of segment F'P;. Therefore, Q1 F = 1 P. Since OP; is the radius of the circle and
OP, = 0Q,1+Q P, OQ,1+Q: P, is constant and therefore, OQ; + @1 F} is constant. Therefore,
() is a point on an ellipse with foci at O and F}.

b) 2a = 10 and 2¢ = 8. Therefore, a = 5 and ¢ = 4 and since a® —b* = ¢, b = 3. Assume F is

— 4)? 2
(8,0), then the center is at (4,0). Therefore, the equation of the ellipse is (z 5 ) + % =1.
x x?
a) cos(f) = — = cos?(0) = = and sin(f) =
2
% = sin?(f) = Z—2 Adding these two equa-

2 2

. oz oy
tions produces 1 = o + 2

b) The area of the ellipse = abm and the area of the annulus = a?r — b*wr. Therefore,

ab = a* — b

ab a? b?

v B2
0= (3 - ()

! +2\/5, the Golden Ratio!

a) When CD is horizontal CP = a + B and when CD is vertical CP = a — b. Therefore,
72 y?
=1

(a +b)° " (a—b)®
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b) From similar right triangles,

b —b 2
;= a =t = ar and from the
rT— 3 t—x a+b

Pythagorean Theorem,

(t —z)* + 9% = (a — b)*. Substituting
9 2

results in < @ o a:) +y2 = (a—b)*. And
a+

2 b)\’
© ( ax _m(a+ )) LR = a b =

a+b a+b
vla—b)Y + 4% = (a—0b)°. This results
a+b v ' :
z*(a — D) 2
in ———2 + 4% = (a — b)", which implies
72 y?

—+ =
(a+0b)°  (a—0b)?
. (0 . (-0 0 —0 . .
. If R =2r then z = rsin (2) + dsin (2) and y = r cos (2> + dcos <2) This simplifies
tox = (r—d)sin (g) and y = (r+d) cos <Z) Squaring results in 22 = (r — d)* sin? <g) and

(r + d)? cos® (0> and dividing, produces A sin? (0> and v cos? (9>
y= 5 ) g p e 5 o d? 5 )

2
vy 1,

Summing results in +
& r—d)? " (r+d)?

. First, find the coordinates of Ay and Dy.
A= (1= £)a,0) and Dy = (a, (£)b).
Second, find the equation of EZ’A;C and BD;;
m:nbx—i-(k—n)ay—abn— aundg—_> k)bx + any = abn.
Square each:
n2b?2? + 2nbx(k — n)ay + (k — n)%a?y? = a®v*(n — k)% and

(n — k)26%22 + 2(n — k)bzany + a’*n?y? = a®b*n?.

Add them, producing: (n?+ (n — k)?) 0?22 + (n* + (k — n)?) a®y* = a®b* ((n — k) + n?).
2

e

a) Let the equation of the ellipse be: Az? + Bxy + Cy*> + Dx + Ey + F = 0. Since it is
centered at the origin, D = E = 0. To avoid answers that are just multiples of each other, let
A = 1. Three points are necessary to solve the equation 22 + Bxy + Cy* 4+ F = 0. Positioning
AXY Z as in the diagrams produces these three points:

22
Divide by a®b* ((n — k)? 4+ n?), resulting in — + 1. (N.B. (n —k)? = (k—n)%)
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Solving the system of equations

1+B(3)+CB)+F=0
3+B(V3)+C(1)+F=0
4+ B@2V3)+C(3)+ F=0

results in 22 — v/3zy + y> — 1 = 0 as the equation of the ellipse.

b) As in solution 7a, three points are needed to satisfy the equation z? + Bxy + Cy? + F = 0.
Positioning AXY Z as in the diagrams produces these three points:

ﬂ X | X X[ z=(15.0)

Solving the system of equations

0+B0)+CB)+F=0
3+BW®+CU F=0
94+ B(0)+C(0)+F=0
results in 2% — \égxy - %yz — % = 0 or 42® — 2¢/3xy + 3y*> — 9 = 0 as the equation of the

ellipse.

8. a)
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o

] 1
R o Y- SRR -C R

b) The length of the major axis is 6+1.2 = 7.2 and so b = 3.6, the center is (0,2.4), and ¢ = 2.4.
2 (y—24)°

Since a? = b? — 2, a®? = 7.2. Therefore, the equation of the ellipse is % +oos =

b ax

. 2 2 _ 72 a _ _ . .
9. From the diagram below, (x —t)” + y* = b* and P =1 P Substituting,

<‘” - acfb>2 +yt=b P=(x,y)

z(a+b) —ax 2
- 2 _ 12
:>< P ) +y =0

bz 2
2:b2
:><a+b) Tty

z(a+b) —ax 2 9 19 il

N b24:2
(a + b)2
$2 y2
I -1
- (a + b)? T




ARML Power Contest — November 2010 — Deltorials
Deltorials

The Background

The n'® triangular number is usually defined as the sum of the positive integers from 1 to n. But
viewed in reverse n+ (n— 1)+ (n—2)+...+3+2+1, one can see that the triangular numbers are
the additive analogs of the factorials. In light of this, in this contest the triangular numbers will be
called deltorials and A,, will be the symbol for the n'" deltorial. Like factorials, deltorials pop up
in many places throughout mathematics.

Although often associated with a story from Gauss’ early life, the formula for the n'® deltorial,
n(n+1)
2
his diary, “EYPHKA! num = A + A + A”, after proving that every natural number is the sum of

(at most) three deltorials.

namely A, = , was known to the ancient Greeks. However, Gauss at age 19 recorded in

kE+1

Deltorials appear in Pascal’s Triangle in the second diagonal and so Ay = ( 5

). The sums of

- 2
the deltorials appear in the next diagonal in the triangle and so Z A = (n ;_ )
k=1

The array of dots at the right shows that 121 = o

| © o o evo 8 o o o
112 = 8(15) + 1, or in general, (2n +1)2 = |3 o o o.a o o e o o =
8(A,) + 1. Richard Guy, a prominent Canadian |, O/./ J . o N e .
mathematician, calls this Theorem Zero of num- . o A i .I_ v e e n\ .
ber theory. N B "
Theorem 0: “All odd squares are congruent to 1 Yt e e al '——r. ‘—'— L.
mod 8.”

w6 © 6 & © ¢ © o w0

Here is a very -curious pattern involving N _.“’
deltorials: . o \\';'\ o o o |8 o o o o
© o o0 o o | & 8 o o
1+3+6=10 le = o .o . ../,;' e o o
15+214+28436=45+55 . o o o \..\\a .

66+ 78 + 914105 +120 = 136 + 153 + 171 *.2.2

Will it always be true that you can find n consecutive deltorials whose sum is the sum of the next
n — 2 consecutive deltorials? I have verified it is true for the first 58 deltorials! “I have found a
marvelous proof of this curiosity but the margins of this paper are too small to contain it.”

Deltorials and their associated formulas appear in all the problems and solutions in this first round
of the contest. Be sure to justify all answers. Enjoy!
Alzl,AQZS,A3:6,A4:10,A5:15,A6:21,A7:28,A8:36,
A9:45;A10:55;A11:66;A12:78;A13:91;A14:105;A15:120;
Alﬁ = 136 ; A17 = 153 ; Alg =171 ; Alg = 190

420
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The Problems

Part A: Make a conjecture suggested by each of these patterns, express it in a suitable
mathematical notation, using A, for the n'" deltorial, and then prove each conjecture.

1.

1+3=4
3+6=9
6+ 10 = 16
10+15=25 ...

1(6)+3=9
3(10) + 6 = 36
6(15) + 10 = 100
10(21) +15 =225 ...

1+0=1
9+1=10
36 +9 =45

100 4+ 36 = 136 ...

1+15=16
15+ 66 = 81
66 + 190 = 256
190 + 435 =625 ...

Part B: Counting

6. Dominoes are rectangular tiles and each tile is divided into two squares with a number of dots
in each square. A generic set of dominoes has from 0 to n dots in each square. How many
different dominoes are possible in a generic set?
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10.

11.

12.

. An equilateral triangle is divided into n? con-

gruent non-overlapping equilateral triangles.
(In the diagram at the right n = 6.) If nis an
even integer, find the number of triangles
in the entire figure.

. A square is divided into n? congruent non-overlapping squares. Find the number of rectangles

in the entire figure. (N.B. All squares are rectangles and the rectangles may overlap.)

Draw two parallel lines, [; and [y, and place
three points on /; and four points on /5. Draw
segments connecting each point on /; to each
point on l5. (You must be sure that the orig-
inal points are placed so that no three of
these segments intersect at one point.) There
should be eighteen points of intersection in
your diagram.

If you started with m points on /; and n
points on [y and connected each point on
l1 to each point on Iy with a segment (be-
ing sure no three segments intersect at one
point), how many points of intersection will
there be?

How many non-negative integer solutions (z,y, z) are there to the equation x + y + z = n,

where n is a positive integer?

Prove: Any positive integer n is a deltorial if and only if 8n + 1 is a perfect square.

— 1
Find the value of g NS Algebraically justify your answer. (Hint: Express Ai as the sum
k
k=1

of two fractions.)

k
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13. Consider the sequence 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, ..., where the integer k occurs exactly k
times.

a. Find the 2010"" number in the pattern.
b. Find the sum of the first 2010 numbers in the pattern.
c. Find a formula for the n'® number in the pattern.

14. 14+94+92+9+...+9" = A,,. Express m as a function of n in closed form.

15. Prove that there are infinitely many deltorials that are perfect squares. (Hint: Show that if
A, is a perfect square then so is Aup(i1)-)

Not Part of the Contest

Another curiosity!

. . . 1
The continued fraction for v/2 is 1 + N
2+
2+ !
24 ...
. . 1 . . . .
Its partial fractions are 1, g, g, g, 1—;, . ™ For every fraction ™ in this sequence, (mn)? is a
n mn

deltorial that is a perfect square and these are the only square deltorials!
From the fractions above, we get:

?=1=A,
(3-2)? =36 = Ag

(7-5)% =1225 = Ay

(17 - 12)% = 41616 = A, etc.
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The Solutions

1. Q(An) —|— 1 - A3n+1

2 2
(3n+1)(3n + 2)
2

9(n(n+1)> +1:9n2+9n—|—2

- A3n—i—1

2. A, +An+1=(n+1)?

2 2 2
(2n +2)

n(n+1)+(n+1)(n+2) (n+1)(n+n+2)

3. Ap(Api2) + Apr = (Ang)?

nn+1 (n+2)(n+3) m+1)(n+2) (n+1)(n+2)
5 5 + 5 = 1 “(n(n+3)+2)

DL+ 1) +2)

<(n+1)2(n+2))2

= (An+1>2

4 (A 4 (Apy)? = A

(n(n2+ 1))2 . (n(nQ— 1))2 _

((n + 12+ (n— 1)2)

(n2—|—2n+1+n2—2n+1)

NESSERNES

(2n* +2)
n?(n*+1)
2
= A,z




d.

10.
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Aanrnfl + An2+3n+1 = (n + ]-)4

(n? +n —1)(n*+n) N (n? 4+ 3n+1)(n* + 3n + 2)

2 2
ottt 40 —n® —n4n' 4+ 6n° 4+ 12n° + 9n + 2
N 2
B ont 4+ 8n3 +12n%2 +8n + 2
N 2
n*+4and +6n% +4n+1
(n+1)4

There are two types of dominos: either the two numbers on the domino are the same or they are

1
different. So if a domino had numbers from 0 to n, there would be (n le ) of the first type and

1 1 1 2
(n—2|— ) of the second type. By Pascal’s identity, (n—ll— ) + (n;— ) = <n—2|— ) = Ay

In each triangle of side length n (where n is even), there are A; + Ay + Az + ... + A,
upright triangles (A) of side lengths n,n —1,n —2,...;1 and Ay + Ag + A3+ ... + A, =
(n+ 2) _ (n+2)(n+1)(n)  n*+3n*+2n

= . Also there are A1+ A+ Az+...+ A, upside

3 3! 6
9 4 n/2
down triangles (V) of lengths g, %, n; ,...,1. Using finite differences, ZAQk_l =
k=1

2n3 +3n2 -2 2)(2n —1
mt QZ L n(n +2)(2n ) Therefore, the total number of triangles is the sum of

2 2 ]_ 2 3 2 2
these two functions, or n(n+2)(2n +1) _ 20+ 50" + n

8 8
Consider a 1 x 8 rectangle make up of 8 squares. In it there is one 1 x 8 rectangle, two 1 x 7
rectangles, three 1 X 6 rectangles, ..., and eight 1 x 1 rectangles, for a total of Ag rectangles.

Generalizing, there would be A, rectangles in a 1 x n rectangle. Think of the horizontal
segments making up these rectangles. These segments represent all the possible horizontal
sides of all rectangles in the n x n array of squares. Rotating these segments 90° would
represent all the vertical sides of all the possible rectangles in the n x n array. Therefore,

there are (A,)? = (n(n + 1))2 ' 42n® +n?

rectangles in a n X n array.

Pick any two points on /; and connect them to any two points on /5 forming four segments.
Two of these segments intersect, forming a point of intersection. Therefore, the number of
points of intersection when m points of /; are connected to n points of Il would be equal to
the number of ways of selecting two points on [; times the number of ways of selecting two

points on l. This would be ("21) . (g) But this is equal to A,,_1 - A, _;1.

1+1+1+1+1+1+14+1=8. Let 1101111101 represent 24541 and 1110011111 represent
3+ 0 + 5. Therefore, the number of non-negative solutions to the equation, z +y + 2z = 8 is
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11.

12.

13.

14.

(8 +2)!
812!

1
. But this is equal to (n;— ), which is

the number of ways of arranging eight 1’s and two o’s or

(n+2)!
nl2!

. Generalizing, the number

of non-negative solutions to x +y + 2z =n is

A1,

e . . . k(k+1
= (A positive integer n is a deltorial.) Then there exists a k € Z*, such that n = (k+1) :

Thus

8qn+1 = 4k(k+1)+1
= 4k? -4k +1
(2k 4+ 1)?, a perfect square.

< (8n + 1 is a perfect square.) Then there exists a m € ZT, such that 8n + 1 = m? and

_ (m- 1)(m+1)' m? is odd and therefore, so is m. Let m = 2j + 1, where j is a

8
non-negative integer. Then n = (2‘])(2‘5 +2) = ](]; 1). So n is a deltorial.
1 2 2 2 =1 = /2 2 2 = 2

We have — = ——— = ————. Thus — = -] = - — —_—

A T kD) k k1 ;Ak ;(k k+1> ;k ;kﬂ
2 “2_2
Lk koo

k=1 k=2

a. Notice that an, = n and determine that Agy = 1954 and A63 = 2016. Therefore, a954 = 62
and asp1e — 63, and as010 — 63.

b. From above Ag3 = 2016 and notice that 1 +2+2+3+3+3+4+4+4+4+... =

- D(@2n+1
L+2(2) +3(3) £ 4(0) +.. =124 2 48 444 Recall that Y2 = " H DD
63 k=1
and so Z k% = 85344. Because 2016 is 6 more than 2010, therefore, 85344 has six too many
k=1

63’s, so the answer is 85344 — 6(63) = 84966.

c. Let a, =y = f(z). Notice that the last number in every integer run of the y-values of
this function has an z-value that is A,. For these numbers, this function is the inverse of the

1
%. Therefore, 22 = y?+y and y?+y—2z = 0.

—1++v1+4+ 8z
2

function for finding deltorials and so = =

. Since this is the last number in each

[—1i\g1+78n]

Using the quadratic formula produces y =

integer run, adding the ceiling function accomplishes the goal and so a,, =

14+9+924+9 4+ ... 49" is a geometric series and its sum is 91 :( )8 =
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n+1\2 1 n+l 1 n+1 1
& g = 8 )8(3 + ) The two numbers in the numerator differ by 2, and
therefore, if they are both divided by 2, they will still be integers whose difference is now 1.
(3n+1)2 -1 grtl—1 . 34l

2 = 2 5 2 . And this is A3n+21_1 .

(n+1)

n
15. If A, is a square number, then there exists an m € Z*, such that = m?. Then:

dn(n+1)(4nn+1)+1)

A4n(n—|—1) = 9
1
- @-16n2+16n+4
1

= (m(4n + 2))?, a perfect square.

Very curious conjecture: For any positive integer n,

n2+42n n2+43n
g A, = g Ap.
k=n2+4+2n—1 k=n2+42n+1
Proof:
Left side:
n%+42n n%+42n n2+2n—2
DRV DRVEND DRV
k=n242n—1 k=1 k=1

_(n*+2n+2) (P4
(<n2 + 2?;1 + 2)2712 +(2n?:r 1)>(n2 +2n) (PP +n)(n®+n-1)(n"+n-2)

6 6
_3n° + 150" + 25n° + 15n° 4 2n

6
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Right side:

n?+3n

n?+3n n%+42n
> oa- Y Ay A

k=n2+42n+1 k= k=1
n

l\’)»—‘

+3n+2 3n+1)(n*+3n) (n*+2n+2)(n®+2n+ 1)(n® + 2n)

+ 3n ) (n + Qn)
_ )(n* + N
N 6 6
_ 3n® + 15n* + 13n% — 1502 + 2n
N 6




ARML Power Contest — February 2011 — A Geometry with Straight and Curved Lines

A Geometry with Straight and Curved Lines

The Background

I always find it redundant and a bit amusing when my students
use expressions like “a linear line” or “a straight line” when '. ! '
describing a graph. But in today’s problem set we will be "

exploring a geometry in which two types of lines are defined,
one straight and one curved! i

Definition 1. A point is any ordered pair (x,y) in R?.

Definition 2. A line is the set of points which satisfies either N '1"._
of the following conditions: I R

a) r = a for some a € R, or
b) y = 22 + bz + c for some b, c € R. 3

For simplicity, the first type of line will be called straight and
the second will be called curved.

Theorem 1. Given any two points, there is one and only one line that contains both of
them, i.e., any two points determine a line.
Theorem 2. If two lines intersect they have only one point in common.

Definition 3. Two lines are parallel if and only if they have no points in common.
Theorem 3. If two lines are parallel, they both must be straight lines or both must be
curved lines, i.e., every straight line intersects every curved line.
Theorem 4. Given a line and a point not on the line, there is one and only one line
parallel to the given line that contains the given point.

Definition 4. Given the curved line, y = 22 + bc + ¢, the slope of this line at x = m is 2m + b.

Definition 5. The straight line, x = a, and the curved line, y = 22 + bz + ¢, are perpendicular if and
only if b = —2a. Two curved lines, l; and [y, intersecting at (m,n), are perpendicular if and only if
s1+ 89 = —1, where s; is the slope of [; at (m,n). Two straight lines are never perpendicular.

Theorem 5. Given a line and a point on the line, there is only one line perpendicular to
the given line containing the given point.

Theorem 6. Given a line and a point not on the line, there are one, two, or three lines
perpendicular to the given line containing the given point!

429
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The Problems

(All curved lines should be written in the form y = z? + bz + ¢.)
Reminder: You cannot use results from Problem n to solve Problem m, if n > m.

1.

(Theorem 1) Determine the equation of the line containing each pair of points:

a) (—5,3) and (=5, —2).

b) (—3,4) and (5, —2).

c) (m,n) and (p,q).

(Theorem 2) For each pair of lines, determine the point that is contained in both of them:
a)z=2and y = 2% — 5x + 6.

b) y=2?+3x —5and y = 2® — 5z — 1.

¢c)rx=aandy=2z*+br+c

Show that the point contained in both lines y = 22 + bz + ¢; and y = 2%byx + ¢ is

<_01 —co (1 — 02)2 — bibo(cy + o) + 61(52)2 + 62(51)2)
by — by’ (by — b2)? '

Notice the beautiful symmetry!

(Theorem 4) Determine the equation of the line containing the given point and parallel to the
given line. (In each problem the given point is not on the given line.)

a) (—3,5) and z = 2
b) (=3,5) and y = 2? — 2x + 3

Given line [; and point (m,n) not on line [;, determine the equation of the line containing
(m,n) and parallel to [;.

(Theorem 5) Determine the equation of the line containing the given point and perpendicular
to the given line. (In each problem the given point is on the given line.)

a) (3,2) and z = 3
b) (—=1,-9) and y = 2* + 22 — 8
c) (1,—5) and y = 22 + 22 — 8

Show that if b # —2m, the lines

) o [(4m*+2mb+1 b(m?* +n) +m(2m? +2n + 1)
y=x"+br+c and y=2z"— T+
2m +b 2m +0

are perpendicular at (m,n).
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8. (Theorem 6) Determine the equation of the line containing the given point and perpendicular
to the given line. (In each problem the given point is not on the given line.)

a) (5,2) and = =3
b) (m,n) and x = a
¢) (3,-3)and y = 2*> — 4z + 1
9. Given y; = 2% — 6z + 8 and P = (3,0). Verify that y, = 22 — 8x + 15, y3 = 2> — 4z + 3, and

x = 3 each contain P and are perpendicular to y;.

10. a) Find the equations of the three lines that are perpendicular to y = 2% and contain (3,4).
b) Find the equations of the three lines that are perpendicular to y = 2* — 4z — 3 and contain
(57 _3)

11. a) ABCD is a parallelogram (quadrilateral with two pairs of parallel sides) in this geometry.
If A=(1,3), B=(3,5), and C = (1,7), determine the possible coordinates of vertex D.

b) ABCD is a trapezoid (quadrilateral with only one pair of parallel sides) in this geometry
with two right angles. If A = (5,1), B = (2,10), and C = (2,12), determine the possible
coordinates of vertex D.

Extensions (not part of the contest)

When triangles and quadrilaterals are defined with straight and curved sides, then triangles can
have two right angles and rectangles have only two right angles! In addition, if a distance metric
is defined for curved segments (using arc lengths as defined in calculus), there can be equilateral

trapezoids and the SAS Triangle Congruence Theorem is no longer a theorem! If A = (1,1),
B = (i, %), C= (—%, %), and D = (—1,1), then quadrilateral ABCD is an isosceles trapezoid
with four right angles! Check it out!
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The Solutions

l.a)x=-5
—3,4)=9—-30+c=14 —3b =5
b) (_ ) i o= +_C_ =b=—L and c = -2,
(5,—2) =25+4+5b+c=—2 5b+c = —27
Therefore,y:xz—%x—%.

c) If m = p, then x = m or x = p. If m # p, then

n=m?+mb+c N mb+c=n—m?
g=p*+pb+c pb+c=q—7p*

_ 2 .2
= b_q ntm-p and
p—m
C_me—mzp—irpn—qm

p—m '

2 2 2 2
—-n _ _ _
+m px+pm m°p + pn qm'
p—m p—m

Therefore, y = 2 + 1

2.a)lfx=2,y=4—-10+6 = 0. So the point of intersection is (2,0).

1

_ _ _ 1 _ 13 o
b) x2+3m—5—x2—5x—1:>8x—4:>x—§andy——z. So the point is (5,

¢) If z =a, y=a®+ ba+ c. So the point of intersection is (a, a® + ba + c).

22+ bix+cp =22+ box + o
(bl—bg)I:CQ—Cl
_CQ—Cl_ C1 — Co

T b = by b —by

2
c1 — Cy C1 — Co
. b [ —
Y ( 51—52) " 1< bl—b2)+01

(Cl — 62)2 — bl(Cl — CQ)(bl — bg) + Cl(bl — b2)2

(b1 — b2)?
(a1 = )? = bi®er + bibacy 4 bico — bibscy + 11 — 2¢1b1by + by
B (b1 — b2)?
(a1 = @)? + biba(er + ¢2) + c1bs” + caby
B (b1 — b2)?
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b) We need 2% — 2x + ¢ = y and (z,y) = (=3,5). 94+ 6+ c =5 = ¢ = —10. Therefore,
y =z — 2z — 10.

. Case 1: Suppose [; is a straight line with the equation # = a. Since the point (m,n) is not on
l1, we know m # a. Hence, the equation of the line parallel to [; containing (m,n) is x = m.

Case 2: Suppose [ is a curved line with the equation y = 22+ bz +c. We need y = 2% +bx +¢;
with (z,y) = (m,n). So n =m?+bm + ¢; and ¢; = n — m? — bm. Therefore, the line will be
y=212>+bx+ (n—m?—bm).

. a) Since z = 3 is a straight line, a line perpendicular to it must be of the form y = 2 — 6x +c,
and 2 =9 — 18 + ¢, implying ¢ = 11. Therefore, the desired line is y = 2% — 6z + 11.
b) Since 2 = —2(—1), the desired line is a straight line and hence x = —1 is the line.

c) Since 2 # —2(1), the desired line is a curved line of the form, y = 2% + bx + ¢, and —5 =
1+b+ec, implying ¢ = —6—0b. Since the lines are perpendicular at z = 1, (2-1+1)(2-14b) = —1.

Solving this system yields: y = 22 — %x — %.

. Show (m,n) is on both lines. If x = m, y; = m* + bm +n — m? —bm = n.

) (4m2+2mb+1)m+(b(m2+n)+m(2m2+2n+1))

2= o9m + b 2m + b

om2 +mb  —4Am® —2m2b—m  bm? +bn +2m3 + 2mn +m
= + +

2m + b 2m +b 2m +b
_2m3+mb—4m3—2m2b—m+bm2+bn+2m3+2mn+m
B 2m +b
_an—i-bn_
- 2m+b

Show the product of the slopes of the lines at (m,n) equals —1.

4m? +2mb + 1
31~52:(2m+b)<2m— m L emo T )

2m+0b
= 4m?* + 2mb — (4m* + 2mb + 1)
=1

. a) The line must be of the form, y = z* + bx + c. Because it contains (5,2), 2 = 25 + 5b + ¢
and because it is perpendicular to x = 3, b = —2(3) = —6. Solving this system yields:
y=ax2—6x+7.

b) Again the line must be of the form, y = x? + bz + ¢. Because it contains (m,n), n =

m? — 2am + ¢ and because it is perpendicular to x = a, b = —2(a). Solving this system yields:
y =12 — 2ax +n —m? + 2am.

c) Because —4 # —2(3), the line must be of the form y, = 22 + bx + c¢. Because y, contains
(3,-3), =3 = 9+ 3b + ¢ and therefore, y» = x> + bz — 12 — 3b. y; and y; intersect when
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10.

11.

a? —4r + 1 = 2% + br — 12 — 3b, they intersect when = = 2. Since y; and y, are
perpendicular at x = 15121’, (2 (f’ﬁ’b) +b) (2 (LZiib) —4) = —1. Expanding this equation

yields the cubic, 2b% + 31b% + 160b + 276 = 0, which has only one real zero, b = —6. Since
c=-12—-3b=-12 - 3(—6) =6, yp = 2% — 62 + 6.

P = (3,0) is on each line because: yp : 32 —8(3) +15 =0, y3: 3> —4(3) +3 =0, and = = 3.
y — 1 is perpendicular to z = 3, because —6 = —2(3). y; intersects y, at (%, —%) and y; is
perpendicular to g, because at x = 2, 51+ 55 = (7T—6)(7—8) = —1. —6 = —2(3). y; intersects
Y3 at (g, —%) and y; is perpendicular to y3 because at x = g, s1:83=(5—-6)(5—4) = —1.

a) y1 = 2% and (3,4) is not on y; and 0 # —2(3). Therefore, the line perpendicular to y; must
be curved lines, yo = % + bz + c¢. Because (3,4) is on these lines, 4 = 9 + 3b + ¢, implying

¢ = —5—3b. y; and y, intersect when 22 = 22 —bx — 5 — 3b or when x = 5+T3b The slope of 1,

at x = 5+T3bis2-(5+73b) = 10TJF%amdtheslopeony at x = 5+T3bis2-(5+T3b)+b: W. Y1 18
perpendicular to y, when (10—;)-6(;) ) <10+6bb+b2> = —1. This simplifies to 6b°+47b%+120b+100 =
0. This cubic has three zeros: © = —2, x = —g, and x = —13—0. These three values, along with

the fact ¢ = —5 — 3b, produce the following three lines: o = 22 — 22 + 1, yp = 2% — ga: + g,
andy2:x2—13—0+5.

b) This problem can be solved just like 10a or one can notice that the line and point in 10b is
the line and point in 10a translated 2 units to the right and 7 down. Therefore, the solutions
from 10a just need to also be translated 2 units to the right and 7 down:

Yo = 2* — 20 + 1 becomes
=[(z—2°-2z-2)+1] -7
=2 —dr+4-20+4+1-7
=22 — 6z + 2,

Yo = 2% — gx + g becomes

— -2~ §w -2+ -7
=2’ —do+4-3x+5+3-7
2

_ 2 13,9
=z 5T + 5, and

Yo = 22 = %x + 5 becomes

= [fe =2~ 2@ ) +5] -7
=2’ —de+4-Va+ D457
=z -2z + %

a) By definition, in parallelogram ABCD, AB || CD and BC || AD. Solving systems of

equations, line AB is y = 22 — 3z + 5 and line BC is y = 22 — 5b + 11. Since lines C'D and
AB are parallel, line CD must be y = 22 — 3z + 9. Since lines AD and BC are parallel, line
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AD must be y = 22 — 52 + 7. But lines AD and CD intersect when 22 — 32 +9 = 22 — 52+ 7
or when point D is (—1,13).

b) By definition, in trapezoid ABC'D, AB || CD or BC' || AD. Solving systems of equations,
line AB is y = 2? — 10z + 26 and line BC' is x = 2.

Case 1: AB || CD. Line CD must be of the form y = z* — 10z + ¢ and contain
point C' (2,12). Therefore, line CD is y = 22 — 10z + 28. Line BC' is perpendicular
to neither line AB nor line C'D. Therefore, line AD must be perpendicular to line
AB at point A. But the line perpendicular to line AB at A is the line x = 5 and
therefore lines AD and BC' would be parallel and ABC'D would not be a trapezoid.

Case 2: BC' || AD. Since line BC'is a straight line, line AD must be the straight
line, x = 5. Therefore, line AD is perpendicular to line AB. Line BC'is not perpen-
dicular to line AB and cannot be perpendicular to line C'D because then ABCD
would be a parallelogram. Therefore, lines BC' and C'D must be perpendicular,
implying line C'D is of the form y = 2? — 4z + ¢ and plugging in point C, gives
y = 2% — 4z + 16. Since lines AD and C'D intersect at D, point D must be (5,21).



ARML Power Contest — November 2011 — Number Puzzles

Number Puzzles

The Background

Number puzzles have been mathematical curiosities for centuries. Solving them often requires skills
in arithmetic, algebra, number theory, and logic. Enjoy!

Throughout this problem set, a solution that is obtained by merely rotating or
reflecting a known solution is NOT considered another unique solution.

The Problems

1. Place the integers from 1 through 6 in the
small circles so that the sums of the four
numbers connected by each of the large cir-
cles are equal. How many unique solutions
to this puzzle are there? Justify your answer.

2. Place the integers from 1 through 13 in each
of the circles so that the sums of the five
numbers connected by each of the three lines
are equal.

a. What numbers can go in the center circle?
Justify.

b. If only the odd numbers from 1 through
25 were used, what numbers could go in the
center circle? Justify.

3. Replace a,b,c,d,e, and f with numbers such that a < b < ¢ < d < e < f and the fifteen
sums of all pairs of these numbers are in the set {6,8,9,10,11,12,13,14,15,16}. (Note: The
values 9, 10, 11, 12, and 14 are the sums of two different pairs!)
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4. a. Place the integers from 1 through 8 in the circles in Figure 4a so that the sums, S, of the
three numbers along each edge are equal. How many unique values for S are there? For each
value of S, find a solution to the puzzle.

b. Place the integers from 1 through 12 in the circles in Figure 4b so that the sums, .S, of the
four numbers along each edge and the sum of the numbers in the four corners is also equal
to S. How many unique values of S are there? Find one of the many solutions to this puzzle.

()
/

O—0—0
O O
O—CO0—-0

Figure 4a Figure 4b

O

()
/

5. The integers from 1 through 9 are placed in
the circles in the figure to the right so that
the sums of the four numbers along each edge
are equal to S.

a. Find a solution for S = 21.

b. Prove there is no solution for S = 22.

c. For what values of S does the puzzle to
the right have a solution? Justify.

6. a. Place the integers from 1 through 9 in the is twice the 3-digit number formed in the first
squares of the diagram to the right so that row and the 3-digit number formed in the
the 3-digit number formed in the second row third row is three times the 3-digit number
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formed in the first row.
b. How many unique solutions are there to
this puzzle? Justify.

il e 7

g h i

7. Magic Multiplicative Square: The numbers a, b, c,d, e, f, g, h, and i are unique (but not nec-
essarily consecutive) integers with the products, abc = def = ghi = adg = beh = cfi = aei =

ceg = P.

a. Show that P must be a perfect cube.

b. Find a solution to the puzzle with P =
216.

c. For P = 216, how many unique solutions
to the puzzle are there? Justify.

d. Find a solution to the puzzle if a, b,c, ...,
are nine consecutive powers of 2.

i h s
d e f
g h i

An Anti-Magic Square: An anti-magic square is an n by n array of integers from 1 to n? such
that the n numbers in each row, column, and diagonal sum to a different sum and the sums
form a sequence of 2n + 2 consecutive integers. The following anti-magic square has been

started for you.

a. Determine the set of possible sums for
this puzzle.

b. Find a solution to the puzzle.

c. How many solutions are there? Justify.

Replace a,b,c,d,e, f,g,h, and 7 with dig-
its 1 through 9 and place a minus sign in
front of some of them so that the products

15 4
1 | 1410} 5
913
11 7

acbfe = 320, dhg = 162, acdhi = 6048,
bfg = —60, bed = —240, and e fghi = 756.
a. Find a solution to this puzzle.
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b. How many unique solutions are there?
Justify.

&
gy
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The Solutions

l.a+b+c+d+e+f=21. a+b+te+f=bt+c+f+d=a+d+e+c=>a+e=

c+d=>b+ f =7. Because of rotation and reflection properties of the diagram, we can let
a,e € {1,6}, b, f € {2,5}, and ¢,d € {3,4}. Each of these pairs can be interchanged, i.e.,
a=1,e=6o0ra=6,e=1,sothere are 2-2 -2 = 8 unique solutions to this puzzle.

ca. 14+24+3+...4 13 = 91. Therefore, if x is the value in the middle circle, 91 + 2x = 35

and so0 91 — 2 =0 (mod 3) and z = 1 (mod 3), giving z = 1,4,7, 10, or 13.

b. Using the same reasoning as in part a, 1+3+5+...425 = 169 and so 169 —z = 0 (mod 3).
But z is odd and 2 =1 (mod 3), so z =1 (mod 6), giving x = 1,7,13,19, and 25.

(a+b)+(a+c)+(a+d)+(a+e)+(a+ f)+(b+c)+ (b+d)+ (b+e)+ (b+ f)+ (c+d)+(c+e)+ (c+
H+d+e)+(d+f)+(e+f) =64+8+9+9+10+104+11+11+12+12+13+14+14+15+16.
Therefore, 5(a+b+c+d+e+ f) = 170, implying a+b+c+d+e+ f = 34 and 6+c+d+16 = 34
implies ¢ + d = 12, giving d = 6.5. d + f = 15, the second largest sum. So f = 8.5 and this
implies e = 7.5.

a. Let S =edgesum. a+b+c+d+e+ f+ g+ h =36, the sum of the first eight counting
numbers. (a+b+c)+(c+d+e)+(e+f+g)+(g+h+a) =4S, implying c+e+g+a+36 = 4S.
Therefore, S = 9+ cretgta
Therefore, the only possible values for ¢ 4+ e + g + a are 12,16, 20, 24, or 28.

, implying the sum of the four corners must be a multiple of 4.

Case 1: Corners sum to 12 and S = 12. The only possible candidates for the
corners are (1,2,3,6) or (1,2,4,5). The only unique solution for this case is:

1 8 3
5 7
6 4 2

Case 2: Corners sum to 16 and S = 13. By systematic counting, the only candi-
dates for the corners are: (1,2,5,8), (1,2,6,7), (1,3,4,8), (1,3,5,7), or (1,4,5,6).
There are two unique solutions for this case:

175 18 4
4 6 1 3
832 526

Case 3: Corners sum to 20 and S = 14. Now there are seven possible sets of
corner numbers: (8,7,4,1), (8,7,3,2), (8,6,5,1), (8,6,4,2), (8,5,4,3), (7,6,5,2),
or (7,6,4,3). There are two unique solutions for this case:

16 7 37 4
5 3 6 2
8 2 4 51 8

Case 4: Corners sum to 24 and S = 15. Only two possible candidates for the

corners: (8,7,6,3) or (8,7,5,4). The only unique solution for this case is:

8 4 3
1 5
6 2 7
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Case 5: Corners sum to 28 and S = 16. The only candidate for the corners
is (8,7,6,5). Of the three unique arrangements of these corner numbers, one can
quickly see there are no solutions for this case.

b. (a+b+c+d)+(d+e+f+g)+(g+h+i+j)+(j+k+l+a)=4Sand 1+2+3+...+12 =
a+b+c+d+e+ f+g+h+w+j+k =78 Therefore, 78 +2(a+d+ g+ j) = 55, implying
78 +2(S) =55 or S = 26. Two solutions to this puzzle:

13 5 7 10 3 5 8

9 2 1 4
4 1 79 12
2

8 10 6 6 11 7 2

. a. There are four different possibilities; each

can be represented in eight unique ways be- ; Q 8 T
cause the interior numbers along each side 9 1 5 6 ? 2 4 6
can be interchanged: - 7
2 I 5 5
9 5 6 4
34 6 8 31 9 s
il
i b
h c

b. ¢ f e d a+d+ g+45 = 3(S), implying a +d + g = 21. There are only three
possibilities to check: (a,d,g) = (9,4,8),(9,5,7), or (8,7,6).

Case 1: (a,d,g) = (9,4,8). Then h+i =5, implying h = 2 and ¢ = 3. Likewise,
b+ ¢ must equal 9, implyingb+c=1+4+8,2+7,34+6, or 4+ 5. But 8, 2, 3, and 4
have already been used; thus eliminating all possibilities for this case.

Case 2: (a,d,g) = (9,5,7). Then b+ ¢ = 8, implying b = 2 and ¢ = 6. Likewise,
f + e must equal 10, implyinge+ f=1+9,2+8,3+7, or4+6. But 9, 2, 7, and
6 have already been used; thus eliminating all possibilities for this case.

Case 3: (a,d,g) = (8,7,6). Then f+e =09, implying f =4 and e = 5. Likewise,
b+ ¢ must equal 6, implying b+c =145 or 2+ 4. But 4 and 5 have already been
used; thus eliminating all possibilities for this case.

c. a+d+g+45=3(S5), implying a + d + g is a multiple of 3. 1 + 2+ 3 = 6 is the smallest
possible multiple of 3, so 17 is the smallest possible value for S. 7+ 8 +9 = 24 is the largest
possible multiple of 3, so 23 is the largest possible value for S. From 5a and 5b we know 21
works and 22 does not work, so 17, 18, 19, 20, and 23 must be checked. For every possible
value of S, let V' = 35 — 45, the sum of the three vertices. Then:
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§=17,7=6 > 6 6 9
9 7 8 4
2 4 8 3 2 5 7 3
7 7
§=23, V=24 = =2
6 6 3
9 s 1 8 9 2 4 8
7 7
§=19, V=12 b 5 1
8 i) 4 9
305 9 2 308 6 2
1 |
2 8 5 9
9 6 8 5
7 3 s 4 1 2 6 a4
| 4 2
§=20,V=15 i 8 I8 7 4
7 6 9 3 3 9
9 2 4 5 6 2 7 5 8 6 1 5
4 7 2
39 16 9 6
7 2 9 2 ! 7

6 1 8 5 3 4 8 5 8 4 3 5

S = 18,V = 9: There are only three possibilities to check: (a,d,g) = (1,2,6),(1,3,5),
or (2,3,4).

Case 1: (a,d,g) = (1,2,6). Then h+i = 15, implying h = 7 and ¢ = 8. Likewise,
b+ c must equal 11, implying b+c¢=2+4+9,3+8,4+7, or 5+ 6. But 2, 8, 7, and
6 have already been used; thus eliminating all possibilities for this case.

Case 2: (a,d, g) = (1,3,5). Then b+c = 14, implying b = 8 and ¢ = 6. Likewise,
h 4+ ¢ must equal 12, implying h +:=3+9,4+9, or 5+ 7. But 3, 8, and 5 have
already been used; thus eliminating all possibilities for this case.

Case 3: (a,d,g) = (2,3,4). Thenb+c=13, f+e =11, and h+i = 12, leaving
no place for 1.

6. a. Consider the table below of possible values for the last column, ¢, f,i. The value of ¢

cannot be 5 because 0 is not used in this puzzle. The value of ¢ cannot be 1 because a must
be 1, 2, or 3.

c 123456789
f 246802468
i 369258147



Case 1: The last column is (2,4,6) and so the middle column must also come
from the table above but cannot contain 2, 4, or 6. The only possibility for the
middle column is (9,8,7), leaving 1, 3, and 5 for the first column. Note that
192 -2 =384 and 192 - 3 = 576, a solution!

Case 2: Because the double and triple of 2 are still single digit numbers, the last
column can be moved to the first column, shifting the first and middle columns to
the right. Note that 219 - 2 = 438 and 219 - 3 = 657, a solution, representing the
last column in the table above.

Case 3: Try the next set of numbers from the table, (4,6,9). Since the double
and triple of 3 are still single digit numbers, the middle column must come the table
and not contain 3, 6, or 9. There are two possibilities: (4, 8,2) or (7,4, 1), producing
the two “solutions” below. Unfortunately, in the first case 143 - 2 = 286, not 386.
However, in the second case, 273 - 2 = 546 and 273 - 3 = 819, a correct solution!

I 4 3 2 7 3
38 6 and 5 4 6
5 2 9 8 1 9

Case 4: As in the first solution the columns can be shifted, producing another
solution 327 - 2 = 654 and 327 - 3 = 981, representing the column (7,4,1) in the
table.

Case 5: Consider the next column (4,8,2) from the table. Cell b can only be a
Lora3. If bis a 1, the middle column is (1,2,5) but 2 has already been used. If b
is a 3, the middle column is (3,6,0) but 0 is not allowed.

Case 6: Consider the next column (6,2,8). Of the six possible remaining values
for b, only two, 1 and 4, produce a valid middle column. But the first column cannot
be completed in either case with the remaining digits.

a |1 6 a 4 6
d 3 2 and 4 9 2
g 4 8 g 3 8

Case 7: Consider the last remaining column, (8,6,4). Of the six possible re-
maining values for b, four of them produce valid middle columns. In the first, a
must be 2, but 218 - 2 = 436 and 4 has already been used. In the second, a must
be 2, but 238 - 2 = 476 and 4 has already been used. In the third, a must be 2, but
258 - 2 = 516 and 5 has already been used. Finally in the last case, a must be 1,
but 178 - 2 = 356 and 3 has already been used.
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b. There are four solutions to this puzzle:

1 9 2 219 2 7 3 3 27
= 438 5 46 6 5 4
57 6 6 5 7 8 19 9 81
PP P p P P _ P P
a. a-b-c and a = —, o 2nd ¢ = _. Therefore, ci ch eg  Blihg)  S-P
Therefore, P = e3.
b.
3 4 18
36 6 1
2 9 12

c. From 7a, e must be 6 and therefore must be surrounded by pairs of numbers whose products
are 36, namely 1 and 36, 2 and 18, 3 and 12, and 4 and 9. There are only four triples of these
numbers whose products are 216, namely (1,12, 18), (2,3,36), (2,9,12), and (3,4, 18). Notice
the numbers 2, 3, 12, and 18 each occur twice in these triplets, while the numbers 1, 4, 9, and
36 only occur once. Therefore, the numbers 2, 3, 12, and 18 must occur in the corners of the
puzzle and 1, 4, 9, and 36 must occur on the sides. Once the first number is placed in the
grid, the positions of the other numbers are predetermined. Therefore, barring rotations and
reflections, there is only one solution to this puzzle.

d. The traditional 3 by 3 magic square is below to the left. Since you add exponents when
multiplying powers of two, the resulting magic multiplicative square is below to the right.

2 21 2 256 2 o4
2° 2" = 8 32 128
24 9% 22 16 512 4

£ oW oo

O o o=

b =] N
A

a. Since the sums must be ten consecutive numbers and we know one sum is 30 and another
is 39, the sums must be the numbers 30,31, 32,...,39.

b.
15 2 12 4 15 2 12 4 I5 6 12 4
I 14 10 5 I 14 10 5 and 1 14 10 5
8 9 3 16 8 9 3 l6 8 9 3 16
113 6 7 1 e 13 7 2 13 7
15 a b 4
I 14 10 5
¢ 9 3 4
c. 1 e [ 7 Using the diagram to the left for reference, we currently have three sums,

namely 30, 39, and 34. Sy =4+5+d+ 7 = d+ 16, implying d = 15 or 16. But 15 is
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already in the array so d = 16 and Sy = 32. S5 =154+ 1+4+c+ 11 and S4 = c+ 9+ 3 + 16.
Therefore, S5 = 27 + ¢ and Sg = 28 + ¢, implying S5 and Sg are consecutive numbers and
therefore must be 35, 36, 37, or 38, thus making ¢ an 8, 9, or 10. But 9 and 10 are already
in the array, so ¢ = 8, implying S5 = 35 and Sg = 36. This leaves a,b,e, f € {2,6,12,13}
and S7, Ss, So, S10 € {31, 33,37,38}. Considering the first row, a + b+ 10 = 31, 33, 37, or 38,
implying a+b = 12,14,18, or 19, implying a,b € {2,6, 12} and 12 is either a or b. Considering
the last row, e + f + 18 = 31,33,37, or 39, implying e + f = 13,15,19, or 21, implying
e, f € {2,6,13} and 13 is either e or f. Considering the third column, b+ f + 13 = 31, 33, 37,
or 38, implying b + f = 18,20, 24, or 26, implying b, f € {6,12,13} and 12 is either b or f.
Therefore, b =12 and a is 2 or 6 and fis6 or 13. If a =2, thene=2and b=13 or e = 13
and b = 2. If a = 6, then e = 2 and f = 13. Therefore there are three solutions.

. a. Ignoring the negatives for the time be-
ing and looking at the prime factorizations
of the products, the only possible positions
for 5 and 7 are b and 1, respectively. It fol-
lows that h must be 9. Then 3 and 6 can be
g or d. But 2% is too big for ¢, so ¢ must be
8 and d is 6 and g is 3. Putting 4, 1, and
2in f, e, and a, respectively completes the
triangle.

b. 1) Cells b, ¢, d, f, and g are factors of the
two negative products. Therefore, changing
the signs in cells a, e, and 7 will not affect the
signs of any of the products.

2) Also, changing the signs of the numbers in
cells b,d, f, and h will not affect the signs of 6
any of the products since exactly two of these
factors occur in each of the six products. 9

3) Likewise, changing the signs of the num-
bers in cells b, ¢, g, and h will not affect the
signs of any of the products since exactly two
of these factors occur in each of the six prod-
ucts.

Therefore there are eight solutions to this
puzzle because for each of the three changes
above, you can either make the change or not

make the change and 2 -2 -2 = 8. Starting
with the first diagram, = 1=2=1=3 =

1 = 2 =1 = 3 cycles through the changing
of signs for the eight solutions.




ARML Power Contest — February 2012 — The Power(s) of Fibonacci

The Power(s) of Fibonacci

The Background

Fibonacci numbers have been a fascinating topic in mathematics since Leonardo of Pisa, the son
(filius) of Bonacci, discussed the sequence of numbers in his book Liber Abaci in 1202. This se-
quence, originally associated with pairs of reproducing rabbits, is 1,1,2,3,5,8,13,.... The simplest
property of this sequence is that each term is the sum of the two previous terms. This was surely
known to Fibonacci, though he nowhere states it. Nevertheless, the sequence has been studies
by mathematicians ever since, with the sequence popping up in many unexpected places. This
contest will look at the relationships among the powers of the Fibonacci numbers, leading to the
development of “Fibonacci’s Triangle,” an array of numbers similar to Pascal’s Triangle.

n 1 2 3 4 5 6 7 8 9 10

£, 11 2 3 5 8 13 21 34 95
(F,)2 11 4 9 25 64 169 441 1156 3025
(F,)> 1 1 8 27 125 512 2197 9261 39304 166375

The Problems

1. Notice: F,, = F,, 1+F, cand F,,_ = F,,_s+F,_3. Substituting produces F,, = 2-F,, 1+ F},_3.
But F, o = F, 3+ F,_4. Again, substituting produces F,, = 2(F,_3 + F,,_4) + F,, 3 =
3-F, 3+2-F,_,4.

a. Continue this process and make a generalization by writing a, b, and ¢ in terms of n and k:
F,=F.-F,+ F,-F.,.

b. Using mathematical induction, prove that your generalization is true. Call this Theorem 1.
(Hint: You may need to use this theorem in problems 5 and 7.)

2. The relation F,, = F,,_1 + F,,_5 can be rewritten as F,, — F,,_1 — F,,_o =0, or aF,, + bF,_1 +
cFk, o =0witha=1,b=—1, and ¢ = —1.
a. If a =1, find b, ¢, and d so that a(F,)* + b(F,_1)* + c(F,_2)* + d(F,_3)* = 0.
b. If a = 1, find b, ¢, d, and e so that a(F},)3 + b(F,_1)® + c(Fn_2)® + d(F,_3) + e(F,_4)®> = 0.
c. If a=1, find b,¢,d, e, and f so that a(F,)* + b(F,—1)* 4+ c(Fp—2)* + d(F—3)* + e(F_0)* +
f(an5)4 - 0

3. For the time being, ignore the negative signs of these coefficients and form a triangle
similar to Pascal’s Triangle (see the following page). We will call the new triangle “Fibonacci’s
Triangle”. The entries in Pascal’s Triangle are called “binomial coefficients”, or simply, “bi-

n
nomials”. The symbol is used to represent the binomial found in row n and column k

k

in Pascal’s Triangle. We will call the entries in Fibonacci’s Triangle “fibonomials” and use
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the symbol {Z] to represent the fibonomial in row n and column k. Notice that similar to
binomials, o 1 and - 1, but while ") = n, - E,.
0 n 1 1
Pascal’s Triangle Fibonacci’s Triangle
n/k|0 1 2 3 4 n/k10 1 2 3 4
0 1 0 1
1 1 1 1 1 1
2 1 2 1 2 1 1 1
3 1 3 3 1 3 1 2
4 1 4 6 4 1 4
5 1 5 5 5

a. Make a copy of Fibonacci’s Triangle on your Answer Sheet and complete rows 3, 4,
and 5 of the triangle, using the coefficients you found in the Fibonacci power recurrences in
problem 2. (N.B. The 3'® row has the coefficients of the recurrence relations of the squares
of the Fibonacci numbers, the 4" row has the coefficients of the recurrence relations of the
cubes of the Fibonacci numbers, etc.)

b. Note: 1(Fn)5 - 8(Fn_1)5 - 40(Fn—2)5 +60(Fn_3)5 +40(Fn—4)5 - 8(Fn_5)5 + 1(Fn—6)5 =0 and
1(F,)5—13(F,,_1)%—104(F,,_2)%+260(F,_3)%4+260(F,,_4)°—104(F,_5)°—13(F,_¢)°+1(F,_7)® =
0. Use these recurrence relations to complete rows 6 and 7 of the Fibonacci Triangle.

-1 -1
4. In Pascal’s Triangle an important relation is (Z) = (Z 1) + (n I ), known as Pascal’s

Identity. The identity shows that a binomial can be derived by adding two adjacent binomials
from the previous row. But actually, any binomial can be derived from the single binomial
on its left (Theorem 2) or from the single binomial directly above it (Theorem 3).

(")
(")

a. [Theorem 2] Find p and ¢ in terms of n and k such that (Z) .
q

b. [Theorem 3] Find r and s in terms of n and k such that (Z) =T
s

c. [Theorem 4] Use Theorem 2 and Theorem 3 to prove that

() =G0+ (%)

(Hint: Write both sides in terms of ("').)

5. Fibonacci’s Triangle Identities Using the values found in rows 6 and 7 of Fibonacci’s Triangle,
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: ] p [ n ] :
a. [Theorem 5] Find p and ¢ such that == . (No proof is necessary.)

k] g (k1]
(Hint: p and ¢ will be Fibonacci numbers with subscripts involving n and k.)
, (n]  r [n—1] _
b. [Theorem 6] Find r and s such that =5 8 | (No proof is necessary.)
s

(Hint: 7 and s will be Fibonacci numbers with subscripts involving n and k.)

c. [Theorem 7] Use Theorem 5 and Theorem 6 to prove that

n n—1 n—1
LJ = Fh i L{_J +Fk—1|: I ]

(Hint: Write both sides in terms of [*,'].)

d. Use Theorem 7 to find the value of E]

6. Factorials are often associated with binomials. Here are three definitions for nFactorial, n!:

D onl= ) - Dn-2)...(3)2)0),
1 ifn=0
n(n—1)"! ifn>0,

iii) n! = the number of ways of arranging n distinct things.

i) nl=

Likewise, “Fibtorials” are associated with Fibonomials!

Here are two definitions for nFibtorial, F:

0 Fy= (Fa)(Faet)(Fasa) - (F)(F) () = (Fn) (Famr) (Faz) - - (2)(1)(D),
i) nl— 1 itn=20

VT E(EL) ifn> o
a. What is the value of F3?

F,
b. What is the value of —2—7
Fs5 - F;

!

(n — k)EY

|
the Fibonomial Bj £y

7. Amazingly, just as the binomial (Z) = - F o F

Using this definition, prove Theorem 7. (Be legible!)

Not part of the contest:

Theorems 5 and 6 can now be easily proven with this definition.
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Just as (a +b)" = (Z) a" "b* is used for determining the powers of binomials,

k=0

3 m (1) H (Fo)" ' =0

k=0

is used to determine the recurrence relation for powers of Fibonacci numbers!
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The Solutions

l.a F,=F, 1+ F, sand F,_1 = F,_o+ F,_3. Therefore, F,, = 2F,,_o+ F,,_3.

But F,,_5 = F,,_3+ F,,_4. Therefore, F,, = 2(F,,_3+ F,,_4) + F,_3 = 3F,_3+ 2F,,_4.
But F,, 3=F, 4+ F, sand so F,, = 3(F,,_4+ F,,_5) + 2F,,_4 = 5F,_4 + 3F,_s.
Continuing the pattern, F,, = 8F,,_5+5F,_¢ and F,, = 13F},,_¢+8F,,_7 = F;F,,_¢+
FﬁFn_7.

Generalizing, for any n > k > 0, F,, = Fy F, 1 + Fp 1 Fy k.

b. Starts: f n=2and k=1, Fy = F1F5 + FoFy = 1=1-1+0-1, which is true.
Continues: Given F,, = F;F,_; 11 + Fj_1F,—, we must show F,, = Fj 1 F,_; + FjF,_ 1.

Fy = FiFy jp + FijaFyj
— Fj(Faj+ Fojor+ Fy1Fy
=FF,_j+FiF,_j 1+ F_1F,_;
— FiFy_j+ Fj1F,_;+ F,F,_;_,
= (Fj+ Fjoa)Foj + FiFnj
=Fjbnj+ Filn_j

2. a. 1-(F)*+0b- (F,1)*+c (F,2)?+d-(F,_3)* =0 produces the following system:

1-94b-44¢c-14d-1=0
1-254+0-94+c¢c-44+d-1=0
1-64+0-25+¢c-9+d-4=0.

Solving this system produces b = —2,¢ = —2, and d = 1. Therefore, 1- (F,)> —2- (F,_1)* —
2-(F, 9)?+1-(F,_3)%*=0.

b. 1-(F)2+b-(F1)?+c (Fu9)?+d-(F,3)?®+e- (F,_4)* = 0 produces the following
system:

1254+b-27T+c-84d-1+e-1=0
-512+b-1254¢-274+d-8+e-1=0
221974+ b-512+¢c-125+d-27T+e-8=0
29261 +b-2197+c¢-5124+d- 125+ € - 27 = 0.

—_ = =

Solving this system produces b = —3,¢ = —6,d = 3, and e = 1. Therefore, 1 - (F,)® — 3 -
(Fur)? =6+ (Foa)® +3+ (Fug)® +1- (Fy_g)* = 0.

c. 1-(E) 4+b- (Fo)) +c- (Fu)+d- (Fo3)' +e- (F,4)*+ [ (F,_5)" = 0 generates:
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4096 +b-6254+c-81+d-16+e-14+f-1=0

28561 +b-4096 +c-625+d-8l1+e-16+f-1=0

- 194481 + b - 28561 + ¢ - 4096 + d - 625+ ¢-81+ f-16 =0

1336336 + b - 194481 4 ¢ - 28561 + d - 4096 + e - 625+ f - 81 =0
9150625 + b - 1336336 + ¢ - 194481 + d - 28561 + e - 4096 + f - 625 = 0.

—_ = e

\

Solving this system produces b = —5,¢ = —15,d = 15,e = 5, and f = —1. Therefore,
L-(F)* =5 (F1)* =15 (F,0)* + 15 (F3)* +5 - (F_a)* — 1 (F,_5)* = 0.

3.
n/k|0 1 2 3 4 ) 6 7
0 |1
1 1 1
2 |1 1 1
3 |1 2 2 1
4 |1 3 6 3 1
5 |1 5 15 15 5 1
6 |1 8 40 60 40 8 1
7 |1 13 104 260 260 104 13 1
» () (n_n—k:)vku n! (n—k+1!I(k—1)!
4. a. — = n = ] = k 'k' . '
¢ (") (= )) (k=D (n — k)!k! n
B n! (n—k+Dn—-k!(k-1)! n—-k+1
(n— k) Ek(k—1)! n/! B koo
—k+1
Therefore, (Z) = % . (k ﬁ 1). [Theorem 2]
N () N s BT I et et 0!/ S Tt ) N it SV L.
s (M % (n—k)k! (n—1)! (n—k)(n—k—1)k! (n—1)!

n n n n—1
=— Therefore, (k) =—7 ( i ) [Theorem 3]

c. Theorem 3 revised:

B k n—1
T n—1—k+1 k

kE—1
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—1 —1
To prove (Z) = (Z 1> + (n I ), use Theorem 2 on the left side and the revised Theo-

rem 3 on the right side:

ni6 6 6 6 6 6 ¢ T 7 7 7 7 7
k| 1 2 3 4 5 6 1 2 3 4 5 6 7
p| 8 5 3 2 1 1 13 8 5 1 2 1 1
q | 1 1 2 3 5 8 1 1 3] 1 5 8 13

L, Fs F, F;, F, F, F, F, Fs F, F, F F

F -4 -2 21 -5
Fr F, F3 F, Fs Fg F F, F3 Fy, Fy Fy F;

F,_ F,_
It appears that b_ % Therefore, [n} = ML [ " ] [Theorem 5]

q k k F k—1

n r [n—1 r [n]
b. = = - = ke

N R
n| 6 6 6 6 6 6 7 7 7 7 7 7 7
k 0 1 2 3 4 5) 0 3
T 8 8 8 8 8 8 13 13 13 13 13 13 13
S 8 5} 3 2 1 1 13 8 51 3 2 1 1
7 Fe Fy Fg Fg¢ Fy Fy F, I F, F, I F, F;

F, Fs F, Fy 5 F F, Fg Fy F, F35 Fy, I

F,
It appears that r_ . Therefore, o
s F k

1 . [Theorem 6]
n—~k

Fn—k '
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n] Fo_rn n
k| E, k—1
E, nl [ n
Foin k] (k-1
F, n—1] [n—-1
Foown | k] k-1
—1] F —1
Therefore, [Z 1 = Fn: : [n i } [Theorem 5 revised|
n] n—1 n—1
E,_ Fi._
[k_ k+1 {k— J + g1 [ I ]
— 1] F -1 -1
" ko n—k+1 —Fn: : [n 1 } + Foq - [n 1 } Thm. 6 and revised Thm. 5
n—1] F n—1
- = (FnkJrl . Fn: +Fk1) . [ I } Factor
— 1] Fo w1 - F, Fo_i-F,_ -1
" - = < ]ii:ik k k ];n_k k) . {n k ] Common Denominator
— 1] Fo o1 Fo+F,_ - F,_ -1
”k_:( ant ;i;l k)[”k] Addition
— 1] F, —1
. nk: | = o . [nk‘ ] Theorem 1

6. a. Fy=1Fgy-Fy-Fg-F5-Fy-F3-F-F;=21-13-8-5-3-2-1-1=65520.

Fy

65520 65520

b.
R R
in 5d.)

S (2-1-1)-(5-3-2-1-1)  2-30

= 1092. (Should be the same as your answer



n n—1 ﬁ—l . . ..
=Fy k1 + Fj_q - Fibonomial Definition
F;%k FIL F1'1—1—(k—1) ) Fl'cfl Féflfk ’ FIL
! !
= Foji1 - = o — + Fpy - — Fos , Simplify
Fo ok Fra Foy g By
F! F!
F,_ n-l + Fy_ n—l Fibtorial Definiti
k1 o Ff@_k 1 F/L 1 h—1 FT!L_1_/§ o F;i_1 ibtorial Definition
— L'n—k
R F_ . FeFl
+F Pk By C D inat
b1 ommon Denominator
"V Fow Fy B F
Fppir Fy F _ +Foq-Foy- F_
— kHF k 7 1 kFl ol k™ n-t Addition
n—k " Lp_p—1 Tk 1
 (Facknr By + Foy - Fo) - F
= ! ! Factor
Fn—k ’ Fk
_ BBy Th 1
= m eorem
F .
=0 Fibtorial Definition



ARML Power Contest — November 2012 — Brahmagupta’s Cyclic Quadrilaterals

Brahmagupta’s Cyclic Quadrilaterals

The Background

Brahmagupta (ca 598 AD — 668 AD) was an Indian mathematician and astronomer. His best-known
work, Brahmasphutasiddhanta (“The Correctly Established Doctrine of Brahma”), was written in
628. It is the very first book that uses zero as a number, defining it to be the result when a number
is subtracted from itself. He gives rules for computing with zero, including division by zero. But the
part for which Brahmagupta’s name is remembered the most is his chapter that deals with cyclic
quadrilaterals, four-sided polygons whose vertices lie on a circle. In this chapter he states a formula
to determine the area and length(s) of the diagonal(s) of a cyclic quadrilateral, knowing the length
of its four sides.

Brahmagupta’s Area Formula:

[ABCD] = /(s —a)(s — b)(s — ¢)(s — d) where \
a+b+c+d :
—
Brahmagupta’s Diagonal Formula:
2 (ab + cd)(ac + bd)
ad + be

It also contains a beautiful theorem regarding cyclic quadrilaterals with perpendicular diagonals.

Brahmagupta’s Theorem

In a cyclic quadrilateral with perpendicular diagonals, a line drawn perpendicular to one side of
the quadrilateral through the intersection of the diagonals bisects the opposite side.

In this problem set, we will prove and use these results. The following theorems may be useful:
1. Quadrilateral ABCD is cyclic if and only if ZA+ £ZC = 4B + £ZD = 180°.
2. A trapezoid is cyclic if and only if it is isosceles.

3. (Ptolemy’s Theorem) In a cyclic quadrilateral, with side lengths a, b, ¢, d and diagonal lengths
m and n, mn = ac + bd.

4. The length of a median drawn to the hypotenuse of a right triangle is half the length of the
hypotenuse.

5. The vertex centroid of a quadrilateral can be found in three ways, i.e., all three methods
produce the same point:
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a. The coordinates of the centroid: (x,y) = (the sum of the z-coordinates of the
vertices divided by four, the sum of the y-coordinates divided by four).

b. Form two segments by connecting the midpoints of the opposite sides of the
quadrilateral. Where they intersect is the centroid.

c. Form a segment by connecting the midpoints of the diagonals of the quadrilateral.
The midpoint of this segment is the centroid. (This theorem is easily proven using
coordinate geometry.)

The Problems (In this problem set, [ABC D] = the area of polygon ABCD.)

1. a. Verify Brahmagupta’s Area Formula by finding the area of this trapezoid in two ways.

(One way should be Brahmagupta’s Area Formula.)

—

14

b. Verify Brahmagupta’s Area Formula by finding [BCFE] in two ways. ABCD is a square
with AB = 2, F is the midpoint of AB, and F' is a point on DFE such that CF L DE. (One
way should be Brahmagupta’s Area Formula.)

c. ABCD is a convex quadrilateral with integral sides, diagonal AC = 25, and /B = /D =
90°. How many different cyclic quadrilaterals are there with these conditions? Find the area
of each.

2. Derive Brahmagupta’s Area Formula:

a+b+c+d

[ABCD] = /(s —a)(s — b)(s — ¢)(s — d), where s = 5
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You may use your own approach or you might want to use the following outline:

—a+b+c+d S_b_a—b+c+d

a) Begin by showing that s — a = 5 , 5

, ete.
b) Start the derivation with [ABC D] = [ABD] + [BC D] and show that
[ABCD] = % sin A(ad + bc).
c¢) Continue by showing that
16 - [ABCD]? = 4(ad + be)*(1 — cos? A) = 4(ad + be)® — (a® + &> — 0> — ?)* .

d) Factor, using the difference of squares three times, to complete the derivation.

3. Compute the area of the isosceles trapezoid ABC'D where AB = BC'=CD =1 and AD =
a+ /5

Cc

AC = BD. Write your final, simplified answer in the form

4. Hexagon ABCDFEF is inscribed in a circle with AB = BC = CD = 2 and DE = EF =
FA=6. Compute [ABCDEF].
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5. Cyclic hexagon ABC DEF is formed by trapezoid ABC'D and quadrilateral DEFA. If AB =
BC =4, DE=8 EF =7, FA=9, and [ADEF] = 121/35, compute [ABCD].

6. If cyclic quadrilateral ABC'D, with side lengths a, b, ¢, and d, circumscribes a circle, show
that [ABC D] = v abcd.

B
A C
D
7. Brahmagupta’s Diagonal Formula states that m? = (ab +acj)_|(_abcc+ bd). It can be derived using

the Law of Cosines twice or very elegantly using Ptolemy’s Theorem three times with the



459

(mu)(mn)

figures below and the identity m? = . Each of the three cyclic quadrilaterals has sides

un
a, b, c, and d, but pairs of sides have been switched in adjacent figures. Derive Brahmagupta’s

Diagonal Formula using BOTH methods.

8. Cyclic quadrilateral ABC'D has consecutive side lengths of 25, 39, 52, and 60. Find its area,
the lengths of its two diagonals, and the diameter of the circumscribed circle.

9. Brahmagupta’s Theorem states that in a cyclic quadrilateral with perpendicular diagonals,
a line drawn perpendicular to one side of the quadrilateral through the intersection of the
diagonals bisects the opposite side.

In the figure, if ABCD is a cyclic quadrilateral with AC L BD and line FEG is drawn

perpendicular to CD, then AG = GB. This beautiful theorem can easily be proven as a
result of labeling the congruent angles in the figure. Do so.

B
G

D

10. Brahmagupta’s Corollary to his theorem. (Even more beautifull)

If the diagonals AC' and BD of a quadri-
lateral ABCD, which is inscribed in a cir-
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11.

cle centered at point O, are perpendicular at
point E, then the midpoints of the sides of
the quadrilateral, M,, M, M., and My, and
the feet of the perpendiculars drawn from F
to each of the sides, P,, Py, P., and Py, all lie
on a circle whose center is K, the midpoint

Brahmagupta’s Trapezium Construction

of EO.

Prove M,, My, M., and M, all lie on a circle
centered at K. Then show P,, P, P., and P,
lie on this same circle. And finally, show that
K is the midpoint of EO.

Take any two Pythagorean Triples, say (r, s,t) and (z,y, z), where r?+s* = t? and 2% +y?* = 22,
and show there exists a quadrilateral ABC'D with side lengths a = rz, b = tx, ¢ = sz, and

d = ty which

i) is cyclic,

ii) has perpendicular diagonals with lengths m = sx + ry and n = rz + sy, and

iii) [ABCD] = %

a. Show the construction works when you use the triples (3,4,5) and (8, 15,17).

b. Prove the three conclusions in general are true for any pair of Pythagorean triples. (Hint:

Make the construction.)
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The Solutions

i) Drop altitudes, dividing lower base into segments of lengths 3, 8, and 3. Use the
Pythagorean Theorem to determine a height of 4. Using the trapezoid area formula,

o b1 + by - 8+ 14 -
[Area]—h( )-4( 5 )—44.

2

14

ii) Since all isosceles trapezoids are cyclic (Theorem 2), Brahmagupta’s Area Formula
(abbreviated “B.A.F.”) can be used with s = 1. Thus

[Area] = /(16 — 8)(16 — 5)(16 — 14)(15 — 5) = 44.

b. AE =1 and DE = /5. ZAED = /EDC and /ZEAD = /DFC, therefore, NAED =~

AFDC. FD = 2\5/5 FC = 4‘5/5 and FE = 3\5/5
i) [BCFE] = [ABCD] — [AED] — [DFC] = 4 — L(1)(2) — (ﬁg) (‘*f) =3

ii) Since ZB = ZD = 90°, ZA+ ZC = 180° and so BCF'E is cyclic and B.A.F. can
142+ 85136 75415
2 10

V5 + 15 . 7V5 + 15 ) W5+15 35\ (TVE+15  4V5
0 10 0 5 10 5

be used with s =

[BCFE] =

(VBB (W5 —5) [VE+15) [—V5+15
B \ 10 10 10 10

B 245 — 25 225-5\ 11

B 100 100 ) 5
c. Since 25 = 52, right triangle ABC is either a primitive Pythagorean triangle with ¢ = 25 or
a primitive Pythagorean triangle with ¢ = 5 and a scale factor of 5. Therefore, m? + n? = 25
or 5. The first gives m = 4 and n = 3, producing 2mn = 24 and m? —n? = 7, while the second

gives m = 2 and n = 1, producing 2mn = 4 and m? — n? = 3. Therefore, triangles ABC and
ADC have either sides 7, 24, 25 or 15, 20, 25. They can be arranged in the following six ways:
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! 20
. Ny A =
24
30[} 168

20 20 20
[234] [234] [300] [168]
at+b+cec+d at+b+c+d at+b+c+d 2a —a+b+c+d ) )
Szf. s—a:f—azf—ng. Likewise,
a—b+c+d a+b—c+d a+b+c—d
s—b:f,s—c:f,ands—d:f.

[ABCD] = [ABC] + [BCD] = 1adsin A + 1bcsinC. Since ABCD is Cyclic A+ C = 180°
and, therefore, sin A = sin C'. Therefore, [ABCD] = jadsin A + $bcsin A = 5 sin A(ad + be).

Therefore, [ABCD)? = % sin® A(ad+bc)?, 4{ABCD]* = (1—cos® A)(ad+bc)?, and 4| ABCD]? =

(ad + bc)? — (ad + be)? cos2 A. But BD? = a®> + d® — 2adcos A = b* + ¢* — 2bccosC.
Since A + C = 180°, cosC' = —cos A, and so a* + d*> — b* — ¢ = 2(ad + bc)cos A and
(@ + d?> = 0® — )* = 4(ad + be) cos> A. 4{ABCD] = (ad +be)? — 1 (a® + & — b — &)°.

Therefore,
16[ABCD]? = 4(ad + be)® — (a N T L
= (2(ad + be) — (a* + d* = b* — *)) (2(ad + bc) + (a* + d* — b° — 7))
= (—a? —|—2ad d* + 0% + 2bc + %) (a® + 2ad + d* — (b* — 2bc + 7))
= ((b+c)—(a—d)?) ((a+d)*—(b—10)?)
=0b+c—(a—d)(b+c+(a—d))(a+d—(b—c))(a+d+ (b—c))
=(—a+b+c+d)a+b+c—d)(a—b+c+d)(a+b+c+d)
. [ABCD — (—a+b+c+d)a—b+c+d)(a+b—c+d)(a+b+c—d)

16

(—a+b+c+d)(a—b+c+d)(a+b—c+d><a+b+c—d)
2 2 2

=(s—a)(s—b)(s—c)(s—d).

Therefore, [ABCD] = /(s — a)(s — b)(s — ¢)(s — d).

The lengths of the diagonals can be established in two ways: 1) Because base angles of isosceles
triangles are equal and base angles of isosceles trapezoids are also equal, 10x = 360°. So
x = 36° and AACD is a 36°—T2°—72° triangle. Bisecting a 72° angle of this triangle produces
a pair of similar triangles. Thus

1 1 3
o srr-=1l=-1r-1=0=0= +\/_.
1 z-1 2

ii) Since ABCD is an isosceles trapezoid, it is cyclic and Ptolemy’s Theorem applies, giving
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14+ 141+ 15
—x —1 =0 as above. Therefore, s = 5 2 — 7+4\/5 and

2

l-z2+1-1=z-zorx

4 4

4

4

(ABCD] - \/(3+\/5> <3+\/5) (3+\/5> (5—\/5) _ V200 +88V5 _ \/5o+22\6

16 8

4. Draw radii coming from the center of the circle.

Then 3a + 3b = 360° = a + b = 120°. Thus the measure of minor arc F'B is 120° and the
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measure of major arc F'B is 240°, making ZFAB = 120°. Therefore,

2? =22 4+ 6% — 2(2)(6) cos 120°

=4+36+4+12
=52
x:2\/1_3,
o= (/)
y? =48
y =43,
P=4y <4¢§>2
=64
z=8.

BCDE is a cyclic quadrilateral with s = 9, thus [BCDE] = /(7)(7)(3)(1) = 7V3. ABEF
is a cyclic quadrilateral with s = 11, thus [ABEF] = 1/(9)(3)(5)(5) = 15v/3. Therefore,
[ABCDEF)] = [BCDE] + [ABEF] = 22V/3.

5. Let x = AD in cyclic quadrilateral ADEF. s = r+8 ;_ 9 _ 24;— T o124 g By B.AF.,

DICIERD

12\/_5_\/ 12+——x> (12+——8)(

(25 (145 6+ 5) (+3)

(144)(35) = (48 + 4z — %2) (15 + Az — )
?)

(16)(144)(35) = (192 + 162 — 22)(60 + 162 + 2
0 = 2% — 38822 — 4032z + 69120,

This quartic has a zero at x = 10. Now consider cyclic quadrilateral ABC'D. It has s =

w + 11 and so [ABCD] = \/(7)(7)(7)(1) = V7.

6. Let P, @, R, and S be the points where ABC'D touches the inscribed circle. By equal tangents,
AP =AS, BP = BQ, CQ =CR, and DR = DS.
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Let AB=a, BC=0b,CD =c,and DA=4d. If AP = x, then BP =a—x. If BQ =a — z,
then CQ =b—(a—x) =b—a+z. fCR=b—a+z,then DR=c—(b—a+z) =c—b+a—uz.
IfDS=c—b+a—uz,then AS=d—(c—b+a—2)=d—c+b—a+xz. Since AP = AS,

r=d—c+b—a+z, implying b+ d =a+ c. Since$:a+bgc+d,s:2(a;c):a+c
ORSzz(b;d) = b+ d. Therefore,
[ABCD] = /(s —a)(s—b)(s —c)(s —d)
= Va+tc—a)b+d—-b)a+c—c)(b+d—d)
= Vc-d-a-b.
2, g2 02 2, 2 2
. i) cosA = o rd —m and cosC = u Since A + C = 180°, cosC = —cos A.
2ad 2be
Therefore,
V+cd—m?  atd?—m?
2bc B 2ad

ad(b* + ¢ —m?) = be(m? — a® — d?)
ad(b* + ) + be(a® + d*) = bem® + adm?
adb® + adc® + bea® + bed® = (be + ad)m?
ab(bd + ac) + cd(ac + bd) = (bc + ad)m?
(ab+ cd)(ac + bd) 5
(ad + be) -

ii) By Ptolemy’s Theorem, the first diagram has ac + bd = mn, the second diagram has

ab+cd = mu, and the third diagram has ad +bc = nu. But m? = (mu)(mn)

(ab + cd)(ac + bd)
(ad + be)

and substituting,
(un)

gives: m? =
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8 s 25 + 39 —|2— 52 +60 _ 88. By B.A.F., [ABCD] = /(63)(49)(36)(28) = 1764. By B.D.F.,
(25-39452-60)(25- 52+ 39 - 60) 7 wet b
" (2560 + 39 - 52) 65. By Ptolemy’s Theorem, n —
2552 + 3960

10.

= 56.

65
The diameter of the circumscribed circle can be found in two ways:

i) Notice that 39% + 522 = 252+ 60? = 65%. Therefore, ABD and BCD are right triangles and
right triangles are inscribed in circles where the diameter is the hypotenuse. So BD = 65 is
the diameter.

if)
[ABCD] = [ABC] + [ACD]
1764 = %(25)(56) sinz + %(60)(56) siny

1
= 5(56) (25sinx + 60siny)

1 39 52
—5(56) (25'AO/+60'A0/>
(56)(25 - 39 + 60 - 52)

AC' = = 65

1764

The altitude drawn to the hypotenuse of any right triangle, divides the triangle into two
right triangles, similar to triangle EDC. The measures of vertical angles are equal. Inscribed
angles intercepting the same arc have equal measure. Therefore, triangle EGB is isosceles
with FG = GB and triangle AGFE is also isosceles with EG = GA. Therefore, GA = GB.

(See Figure 1) The segment formed by connecting M, and M, is the midsegment of AABC
and, therefore, parallel to AC. Likewise, the segment formed by connecting M. and M; is
the midsegment of AADC and is also parallel to AC'. Likewise, the segment connecting M,
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and M, and the segment connecting M, and M, are parallel to BD. Therefore, quadrilateral
M, MyM_.M, is a parallelogram. Because AC 1 BD, M,M,M_,M, is a rectangle. Since the
diagonals of a rectangle are congruent and bisect each other at K. Therefore, M,, M,, M.,
and My lie on a circle centered at K. By Theorem 5b, K must be the vertex centroid of
ABCD.

Figure 1

(See Figure 2) By Brahmagupta’s Theorem above, M, E, and P, are collinear and so
AMyP, M, is a right triangle. By Theorem 5b, MyK = M,K = P,K and so My, M,, and P,
all lie on a circle centered at K. The same argument can be used to show that P,, P., and P,
also lie on the same circle.

Mb

o

Figure 2

(See Figure 3) Construct OF perpendicular to AC. Since AC is a chord of the circle centered
at O, OF bisects AC at F. Likewise, OG, constructed perpendicular to BD, bisects BD
at C. Quadrilateral EFOG must be a rectangle. The midpoint of FG must be the vertex
centroid of ABC'D by Theorem 5c¢. But K has already been determined to be the centroid of
ABCD. Since the diagonals of a rectangle bisect each other, K must be the midpoint of OF.
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Figure 3

11. a. (See Figure 11a)

24,32, 40) = 8(3,4,5)
) = 15(3,4,5)
)

)

24,45, 51
32,60, 68) = 4(8, 15, 17)

= 3(8,15,17)

(
(45, 60,75
(
(

[ABCD] = (AC- EB) + 3(AC" ED)

= %AO -(EB+ ED)

= %AC~BD

= S(T7)(84)

= 3234
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Using B.AF., s = A0+ 51 ;— 68475 _ 117. So

[ABCD)] = /(117 — 40)(117 — 51)(117 — 68)(117 — 75) = +/(77)(66)(49)(42) = 3234.

b. Four right triangles can be formed and arranged as in Figure 11b.1.

Figure 11b.1 Figure 11b.2

Since vertex angles intercepting the same arc must have equal measures, the angles of ABC'D
can be labeled as in Figure 11b.2.

Because the acute angles in any right triangle must be complementary, a + b = 90° and
¢+ d = 90°. Therefore,

LCBA+/ZCDA=a+c+d+b
=a+b+c+d
= 180°

and

/DCB+ /DAB =c+b+a+d
=a+b+c+d
= 180°.

Since opposite angles are complementary, by Theorem 1, ABCD is cyclic.
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It’s obvious from the construction that the diagonals are perpendicular. Thus

[ABCD] = (AC- EB) + J(AC" ED)

= %AO -(EB+ ED)
= %AC’ -BD
1
= E(sx +ry)(rz + sy)
1
= —mn.

2



ARML Power Contest — February 2013 — Rational Trigonometry

Rational Trigonometry

The Background

In his book, Divine Proportions: Rational Trigonometry to Universal Geometry, N.J. Wildberger
states that the key concepts of rational trigonometry are far simpler and mathematically more
natural than those of classic trigonometry, which uses concepts like cos(f) and sin~'(3). Classical
trigonometry requires the use of a calculator or a table of trigonometric values to solve even the
simplest problems and most of its solutions are approximations. But the study of triangles, the most
fundamental of geometric topics as evident from the study of the ancient Greeks, should not require
the use of advanced mathematics and transcendental functions. Professor Wildberger develops a
new “rational trigonometry” in which the difficult concepts of length, requiring an understanding
of irrational numbers, and angle measurement, based on the arbitrary number 360, are replaced by
two much simpler and exact measurements called quadrance and spread.

The quadrance between two points A and B, symbolically written as Q(A, B), measures the sepa-
ration of two points. Quadrance is defined as the area of the square whose side length is AB, i.e.,
it is the square of the length of AB. In Euclid’s Elements, the Pythagorean Theorem is stated in
terms of quadrances: “In right-angled triangles the square on the side subtending the right angle is
equal to the squares on the sides containing the right angle.” (Book I, Prop. 47)

In this problem set, three different symbols will be used for quadrance: Q(A, B) = Q(AB) = ¢.
(The last is a shorthand notation often used with triangles.)

The measure of the separation of two lines, known as
the spread, is a dimensionless number in the range of
[0, 1]. Suppose two lines I3 and Iy intersect at point A.

Choose a point B on [; (# A) and let C' be the foot
of the perpendicular from B to l,. Then the spread s

is defined as s(ly,ly) = Q(B’C), a ratio of two areas.

Q(4, B)

If 5 L Iy, then s = 1. If [ || I, then s = 0. In
this problem set, three different symbols will be used
for spread: s(ly,ly) = s(m,jﬁ) = Sq. (The last is
a shorthand notation for the spread of two lines inter-
secting at point A.)

Five Basic Laws of Rational Trigonometry: Given any three points A;, Ay, and Az, define

Ql(AQ, Ag), QQ(Al, Ag), and Qg(Al, AQ)

Triple Quadrance Formula: Three points A;, As, A3 are collinear if and only if
(Q1 + Q2 + Q3)% = 2(Q1* + Q2> + Q3?). This can also be rewritten in an asymmet-
rical (but useful) form: (Q; + Q2 — Q3)? = 4Q1Q-.

471
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The Pythagorean Theorem: Two lines A; A3 and A, A3 are perpendicular if and only
if Q1+ Q2 =Qs.

Given AABC, let & = Q(B,C), b = Q(A,C), ¢ = Q(A,B), s, = s(AB,AC),
sy = s(BA, BC), and s. = s(CA, CB).
Sp S

The Spread Law: In any AABC, S7a = 5 ==,
a ¢

The Cross Law: In any AABC, (a+b—¢&)% = 4ab(1—s,). (Because of its asymmetry,
the Cross Law can be written in three different ways.)

The Triple Spread Formula: In any AABC, (Sq+8p+5¢)% = 2(8a2+ 5% +8:2)+4845p5c-

(N.B. These last three laws are analogs of the Law of Sines, the Law of Cosines, and Triangle Sum
equals 180° and, therefore, are useful in solving triangles.)

Because all these laws are at most quadratic, all quadrances and spreads are exact values.

Although the concepts of quadrance and spread are

easily understood, some caution is advised.
In figure i, when dealing with distances, - —>

XY +YZ=XZ but QX,Y)+Q(Y,2) # Q(X, Z).

Y L
figure i

o e

In figure i, when dealing with angles,
/XPY +/YPZ =/XPZ, but

s(PX, PY) + s(PY, P2) + s(PX, P7).

Y

Ne

figure ii

In this problem set, you must think rationally even though it might drive you crazy because the
irrational ideas of lengths and angle measures are so ingrained in our thinking!

Although thinking outside the box and clever approaches are usually encouraged, in
this problem set, no solutions can use classical trigonometric functions or measures of
angles. In addition, no credit will be given for any answer not supported by work.
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The Problems

1. A rectangular piece of paper is folded in half to form a smaller rectangle similar to the original
rectangle. If the original rectangle is ABCD (with AB > BC) and Q(BC) = 1, compute
Q(AB), Q(AC), s(AB, AC), and s(CB,CA).

2. a. In AABC, a =5, b= 13, and é = 10. Compute s,, sp, and s..
b. In AABC, s, = %, b= 45, and ¢ = 25. Compute sy, S, and a for two different triangles.
c. In AABC, s, = g, Sp = %, and ¢ = 16. Compute s, a, and b for two different triangles.
d. In AABC, s, = i, a =2, and ¢ = 4. Compute 3, S, and b for two different triangles.

3. Using the notation defined in the Triple Quadrance Formula, prove the following theorem.

The Midpoint Quadrance Theorem: If A, is the midpoint of A; Az, then (), = %

4. Triangle ABC' is given, with a = 25,b = 36, and ¢ = 16.
a. Compute Q(BN), where BN is the altitude from vertex B to side AC.
b. Compute Q(BM), where BM is the median from vertex B to side AC.
c. Compute Q(BP), where BP is the vertex bisector from vertex B to side AC. (BP is the

vertex bisector of vertex B if and only if s(ﬂ, ﬁ’) = S(W, %))

5. Prove Stewart’s Formula: In any AABC, if BD is any cevian from vertex B to side AC, then

— (& + 7 — a)2.

¢=Q(A B) n=Q(C,D)
a
A
6. a. Use figure 6a to prove half of the Spread B
Sa Se

L —=—. /

W T /
a=Q(B,0C)
b=Q(A,C)
c= Q(A’ B) . S5 B S¢
& =Q(B,D) A b ¢

figure 6a
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b. Use figure 6b along with the Pythagorean
Theorem and the Triple Quadrance Law to
prove the Cross Law.

a=Q(B,C) T=Q(B,D)

b=Q(A,C) m=Q(AD)

¢=Q(A,B) n=Q(C,D) figure 6b

c 1 A 7
c¢. The Spread Law can be extended: % = %b = % = 5 SO that a = s,D, b = s, D, and
¢ = s.D. Use this fact and the Cross Law and prove the Triple Spread Law. (Hint:ABegin by
showing that the Cross Law can be rewritten as (a + b+ ¢)* = 2(a® + b + ¢%) + 4abs..)

Coordinate Geometry and Rational Trigonometry

Quadrance: If A= (x1,9;) and B = (22, 92), then Q(A, B) = (x1 — x2)? + (y1 — y2)*.

Spread: A line in coordinate geometry is defined as ax + by + ¢ = 0. Its slope is determined
solely by the coefficients a and b. Therefore, the spread between the two lines, a;z+b1y+c; =0
and asx + boy + co = 0, is determined solely by the coefficients ay, as, b1, and bs.

If [; is defined by a1z 4+ by + ¢; = 0 and Is is defined by asx + by + co = 0, prove that

(Cl1b2 - a261)2
(a1? + b12)(a22 + 522) .

8(l17 l2) =

Hint: Let [ and [ intersect at the origin. Then ¢’s are eliminated from the equations. Then

a) Let A =(0,0), B=(=b1,a1), and C' = (—=Abg, Aay). (N.B. Point C' can be any
point on I, depending on the choice of A\. For one choice of A, [; and [y will be
perpendicular.)

b) Determine Q(A, B), Q(A,C), and Q(B, C).

c¢) Use the (Rational) Pythagorean Theorem to determine the conditions on A
(XA # 0) necessary to make BC' L AC, i.e., express A in terms of ay, az, by, and bs.

d) Replace X in Q(B, C') with this equivalent expression to derive the spread formula.
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The Solutions

1. Let AB = z. Then % = /2 = 22 = 2 and Q(AB) = 2 and, by the (Rational) Pythagorean
B T . @BC) 1 =71 7m _ QAB) _ 2
Theorem, Q(AC) = 3. Therefore, s(AB, AC') = =——- = -~ and s(CA,CB) = — = .
QD) (45, 7C) = 200 — L and s(CA.CB) = 207 2
49

2. a. By the Cross Law, (12 + 10 — 5)% = 4(13)(10) — 4(13)(10)s,. Solving for s, gives s, =

. 49 49
Similarly s, = =0 and s. = 5

130°

b. By the Cross Law, (45 + 25 — a)? = 4(45)(25) (1 — g) Solving for a gives a = 40 or 100.

4/5 _ s sc 9 1

By the Spread Law with a = 40, Solving, this gives s, = 1 and s, = —.

40 45 25 2
1
Using a = 100, results in s, = 9 and s, = —.
25 5)

. 44 2 A\2 4N , 4\ [ 4

c. By the Triple Spread Formula, (5 + a3 + sc> =2 ((5) + (E) + (sc) ) +4 (5) <B>

80 1024 64 16

This simplifies to 0 = (s,) s (sc) + 995" Solving this quadratic, gives s, o5 OF S = e

64 4/5  4/13  64/65
iy 65" a b 16
b="5. Using s, = o and the Spread Law, results in a = 52 and b = 20.

By the Spread Law with s. =

and solving, this gives a = 13 and

d. By the Cross Law, (b+4 —2)? = 4(b)(4) (1 - %) This simplifies to (5)2 — 8(b) +4 = 0 and

1/4 sy, Se

1 thi b=4+2 By the Spread L ith b =4+ 2 =

solving, this gives V3. By the Spread Law wi +2v/3, o/ 4
and b =4 — 21/3, the result is s, = — V3 and s. = %

3. Since A, is the midpoint, Q1 = Q). By the Triple Quadrance Formula,
(Q14+ Q14 Q3)> =2((Q1)* + (Q1)* + (Q3)%) and
4(Q1)" +40Q1Q;5 + (Q3)” = 4(Q1)* +2(Q3)*.

Qs

This simplifies to 4Q,Q3 = (Q3)?, implying Q, = T

4. a. Let & be the quadrance of the altitude from vertex B to side AC. By the Cross Law,

(16 + 36 — 25)% = 4(16)(36)(1 — s,). Solving for s, results in s, = ;;2 But s 1% and so
P

16
b. Let & be the quadrance of the median from vertex B to side AC. From #3, Q(AM) =9

5, and using the Cross Law, (16+9—1)% = 4(16)(9) <1 — i) Solving

f da, 84 = —
and from #4a, s 55 556
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P .17 . 23 .07 . . .. 23
for z, gives T = 5 o= But = = 5 s too large for this triangle and so is & = 5 (In
.. 2a+2b—¢ . . . :
general, the median = = — This is easily proven by Stewart’s Theorem — see #5.)

c. Let & be the quadrance of the vertex bisector (BP) from vertex B to side AC.

Lemma: Let m = Q(AP) and 7 = Q(CP), then, using the Spread Law twice,
_ s(BA,BP) and 5 — s(BC, BP)

Se N

= s(BA, BP) and =
T

Sq MM

~

nd . Therefore,

w| &

s(BC, BP). Since s(BA, BP) = s(BC,BP), s, -m = s.-n. By the Cross Law,

o B . sqer 175/256 25
(36425—16)* = 4(36)(25)(1 —s.) and so n = P 7IT = g M (Note

the similarity of this result to the classical angle bisector theorem.)

2 2
Since A, P, and C are collinear, (m + %m + 36) — 9 ((m)? + (%m) + 362>. This sim-
plifies to the quadratic
0 = 81(1n)? — 472321 + 331776,
64 . 64

whose roots are m = 576 or m = 5 M= 576 is too large for this triangle and so is m = 9

. 64 .\ 64 175 . .
Using the Cross Law on AABP, (16 ty x) = 4(16) <§> <1 — %> and solving for z,
100

results in = o5

1 —s)and (2 +n—a) =
= 4(2)(1—s). Therefore,

—~

[\

5. Using the Cross Law twice, gives (& + m — ¢)? = 4(&)(1h)
N P o
4(z)(n)(1—s). Therefore, M = 4(2)(1—s) and (&

A A A2 A N a)2
(@+m—¢)° (@+n—d) and (2 +1h — &) = (2 +n — a)%

m n

S

& &

. . . . . . s
and s, = =. Therefore, és, = & and as, = Z. Therefore, ¢s, = as, and == =
a

2c
¢

[SHIRSH

| &

s. = — and as, = . By the Pythagorean Theorem, m + z = ¢ and n + £ = a. Therefore,

s v
H>®>

¢ =c¢—ascand n=a— & =a— as. = a(l — s.). Using the Triple Quadrance Law,
. . . 2

b — )? = 4nb, and substituting for 7 and 7, produces (d(l —s) 4+ b— (¢ dsc)> —
1 — s.)b, which simplifies to (d + b — )2 = 4ab(1 — s.).

S
—~
+
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c. Starting with the Cross Law,

(a4 b—¢)? = 4ab(1 — s,)
(a+b)% —2(a+ b)e + (&)? = 4ab(1 — s,)
(64 b)% = 2(a + b)é + (6)% + 4(a + b)é = 4ab(1 — s.) + 4(a + b)é
(@+ )% +2(a+ b)é + (6)* = 4ab(1 — s.) + 4aé + 4bé
(a+b+¢)? = (a+b—¢)?+4ac + 4be
= (a)? 4 2ab + (b)? — 2a¢ — 2bé + (&) + 4aé + 4bé
— (@)% + (b) + (&)* + 2ab + 2a¢ + 2bé
= (@)% + (b)> + (6)® + 4ab — 2ab + 2aé + 2b¢ + 4abs, — 4abs,
— (a)% + (b)® + (¢)?2ab + 2a¢é + 2b¢ + 4abs, + 4ab(1 — s,)
= (@)% + (b)* + (¢)%2ab + 2a¢ + 2b¢ + 4abs, + (@ + b+ ¢)*
= 2(a)% + 2(b)? + 2(&)% + 4abs,.

Extended Spread Law: Sfa = % = e _ %, so that a = s,D, b = spD, and ¢ = s.D.
a C
(54D + syD + 5.D)? = 2(5,D)* + 2(53D)? + 2(5.D)? + 45,Ds,Ds,.

D?(sq + 8p + 5.)? = 2D? ((sa)2 + (sp) + (30)2) +4D%s,5,8,
(50 + 8p+5.)% =2 ((sa)2 + (s0)? + (30)2) + 45,5p5¢.

7. Let [; and [y intersect at A(0,0). Therefore, Iy = a;z + byy = 0 and [y = asx + bey = 0. Now
let B = (—by,a;) and C = (—\by, Aay). Clearly Aison [; and B is on lo. Q(AB) = a, + b,?,
Q(AC) = N2(az? + by?), and Q(BC) = (=Aba + b1)? + (Aag — a;)?. To determine the value of
A that will make 1 % , the Pythagorean Theorem must hold, i.e., Q(AB) = Q(AC) +
Q(BC). Thus

a? + 0% = )\2(a22 + 522) + (—Ab + b1)2 + (Aag — a1)2
= A2 + A2by? + (= Aby)? — 20byby 4+ b2 + (Mag)? — 2Xajay + ay?

which implies

0 = 222452 4+ 2)\%hy2 — 2\b1by — 2)\aqas
= 2)\()\&22 + )\b22 — blbg — a1a2).

Therefore, A = 0 (which implies A = C', and therefore, [y L I5) or o2+ Abs® —byby —ajas = 0,
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implying \ = (m. Therefore,
—_— a1a2 + blbg 2 a;as + blbg >2
BO)= (b — 22712 p) 4 (2712 g, —a
Q( ) ( ! CL22 + b22 2) CL22 + b22 2 !
. (bl(CLQQ -+ b22) — (&1@2 + blbg)bg )2 1 ((a1a2 + blbg)&g — aq (022 + b22))2
- 2 2 2 2
as +b2 as —|—b2

(bras® + biby® — ayasby — b1b22)2 + (a1a2® + bibsas — aras® — a1b22)2
(as? + 522)2
o (bras® — araszby)? + (bibas — CL1[?22)2
(ag? + 522)2
_ (az(brag — a1bs))? + (ba(bras — aibs))?
(ag? + by?)2
as?(brag — arby)? + bo?(brag — a1by)?
N (as? + b%)?
((a2? + 622)2) (brag — arby)?
B (ag? + by?)?
(b1a2 - alb2>2

as? + by’

Q(%) _ (blag - albg)2
(112 + b12 (CL12 + b12)(a22 + b22) ‘

Therefore, s(ly,1ly) =



ARML Power Contest — November 2013 — Partitions

Partitions

The Background

Starting with any positive integer, a partition is simply a list of positive integers, given in decreasing
order, that adds up to the starting integer. For example, some partitions of 12 are (5,3,2,1,1),
(4,4,4), and (12). The individual numbers that make up the partition are called the parts. There
are no restrictions on the parts other than they have to be in decreasing order.

The only partition of 1 is (1). For 2 there are two: (2) and (1,1). There are three partitions of 3
and five of 4: (4), (3,1), (2,2), (2,1,1), and (1,1,1,1). Let p(n) represent the number of partitions
of the number n. Thus we have just seen that p(4) = 5.

In the problems below, the instruction list means to write a list of all the partitions asked for in
the problem, while the instruction determine the number asks for just a number, with no proof
necessary. In particular, when asked to determine the number of partitions of a particular type, you
do not have to list all the partitions in your answer (even though you may have solved the problem
by listing them all out and counting them). Additionally, you may feel free to use the “floor”
notation: |z | is the largest integer less than or equal to x. So |3.5] = 3,|—3.5] = —4, and |5] = 5.

There are 40 points available on this contest.

The Problems

1. a. It is a fact that p(6) = 11. List the eleven partitions of 6.
b. Determine p(10), the number of different partitions for 10 (just give the answer—not the
list!).
2. a. List the partitions of 11 whose parts consist only of odd numbers.
b. List the partitions of 11 whose parts are all different.
c. Determine the number of partitions of 12 whose parts consist only of odd numbers.
d. Determine the number of partitions of 12 whose parts are all different.
Sometimes we manipulate a partition to turn it into another partition. For example, if a partition
has any even part we can break that part into two halves, and repeat until there are no even parts
left. For example, (12,7,4,4,3,1) — (7,6,6,3,2,2,2,2,1) — (7,3,3,3,3,3,1,1,1,1,1,1,1,1, 1).
3. a. Describe the reverse of this transformation.
b. If the reverse transformation was carried out on (7,3,3,3,3,3,1,1,1,1,1,1,1,1,1) (the

final result of the example above) as far as possible, what is the resulting partition?

Partitions can be represented visually by means of a Young diagram. This is simply a bunch of
rows of boxes, aligned on their left hand sides, with the parts telling the number of boxes in each
row:

479
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The two Young diagrams shown above are the diagrams corresponding to the partitions (6,4, 2,2, 1)
and (5,4,2,2,1,1) respectively. Notice how these two diagrams are “flips” of each other. More
precisely, if we were to use the parts of the partition as the number of boxes in a column instead
of a row, (6,4,2,2,1) would give the second diagram and (5,4,2,2,1,1) would give the first. Such
pairs of diagrams are called conjugates of each other, and the corresponding partitions are also
called conjugates.

4. Draw the Young diagram for (7,5,4,4,3,2,2,2,1). Then draw the conjugate diagram and
find the conjugate partition.

A partition that is its own conjugate is called self-conjugate. These have diagrams that are symmet-
ric across their NW-SE diagonal. For instance, the partition (3,1, 1) of 5 is self-conjugate. There
are two self-conjugate partitions of 8, namely (4,2,1,1) and (3,3,2).

5. Find the smallest positive integer that has at least three different self-conjugate partitions.
List these partitions.

Manipulating partitions or their Young diagrams can often lead to quick proofs of deep relationships,
sometimes even relationships between partitions that seem to have no relation between each other.
Conjugation often figures into either the relationship or the manipulation.

6. a. Find, with explanation, the number of partitions of a general number n into exactly two
parts.

b. Using conjugation, prove that the number of partitions of any number n into exactly two
parts is equal to the number of partitions of n into parts where the largest part is two.

c. Prove that the number of partitions of a number n into at most five parts is the same as
the number of partitions of n into parts none of which is larger than 5.

7. Prove that the number of self-conjugate partitions of a number is equal to the number of
partitions of that number into different odd parts.
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11.
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Prove that the number of partitions of a number n where none of the parts are one is
p(n) —p(n —1).

Prove that the number of partitions of a number into a list of (different) consecutive integers
is equal to the number of odd factors of that number. For example, 15 has four odd factors,
(1, 3, 5, and 15) and four partitions into consecutive integers: (1,2,3,4,5), (4,5,6), (7,8),
and (15).

Prove that the number of partitions of a number into all odd parts equals the number of
partitions of that number into all different parts.

Explain why the number of partitions of n into all different parts is given by the coefficient
of ™ in the expansion of the product (1 + x)(1 + 2?)(1 + 23)--- (1 + a™).
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The Solutions

1. a. The eleven partitions of 6 are (6), (5,1), (4,2), (4,1,1), (3,3), (3,2,1), (3,1,1,1), (2,2,2),

(2,2,1,1), (2,1,1,1,1), and (1,1,1,1,1,1).

b. There are 42 of them. Since we're just getting started, the easiest way to do this is to
exhaustively list them all. So here we go:

(10), (9,1), (8,2),(8,1,1),(7,3),(7,2,1),(7,1,1,1)
(6,4),(6,3,1),(6,2,2),(6,2,1,1),(6,1,1,1,1)

(5,5),(5,4,1),(5,3,2), (5,3,1,1),(5,2,2,1), (5,2,1,1,1), (5,1,1,1,1,1)
(4,4,2), (4,4,1,1), (4,3,3),(4,3,2,1),(4,3,1,1,1), (4,2,2,2), (4,2,2,1,1)
(4,2,1,1,1,1),(4,1,1,1,1,1,1)
(3,3,3,1),(3,3,2,2),(3,3,2,1,1),(3,3,1,1,1,1),(3,2,2,2,1), (3,2,2,1,1, 1)
(3,2,1,1,1,1,1),(3,1,1,1,1,1,1,1)
(2,2,2,2,2),(2,2,2,2,1,1),(2,2,2,1,1,1,1),(2,2,1,1,1,1,1,1)
(2,1,1,1,1,1,1,1,1),(1,1,1,1,1,1,1,1,1,1)

There are better ways to count them, such as totaling by the largest part, but this will do for
now.

Y 17 17 17 17 1)7

a. (11)7 (97 17 1)7 (77371)7 (7 1717 17 1)7 ( 7571)7 (57373)7 (573717 17 1)7 (571
1,1 1,1). There are

(37 37 37 17 1)7 (37 37 171717 17 1)7 (37 717 71717 17 ) )7 and (17 17 171717 7171717
twelve of them.

b. (11)7 (1071)a (97 2)? (873)7 (77 4)7 (675)7 (87271>7 (77371)a (6,4,1), (6a37 2)7 (5747 2)7 and
(5,3,2,1). There are twelve of these, also.

c. 15. (Each of the answers in part (a) could have a one added as a last part, and you can
additionally have (9,3), (7,5), and (3,3,3,3).)

d. 15. (Each of the answers in part (b) could have its largest part increased by one, and you
can additionally have (6,5,1), (5,4,3), and (5,4,2,1). It’s no coincidence that (a) and (b)
have the same answer, as do (c¢) and (d)—see problem 10.)

. a. Since the transformation takes an even part and breaks it into two equal smaller parts,

the reverse will take two equal small parts and combine them into a single part that is double
their size.

b. (7,3,3,3,3,3,1,1,1,1,1,1,1,1,1) — (7,6,6,3,2,2,2,2,1) — (12,7,4,4,3,1) —
(12,8,7,3,1). Notice how the transformation, if carried out as long as possible, always leads
to a partition with all odd parts, because any even part must be split in two. The reverse
transformation will always lead to a partition with all different parts, because if any parts are
the same they must be combined into a single part that is twice as large.

The Young diagram for (7,5,4,4,3,2,2,2,1) is as shown below. Taking the mirror image along
the diagonal gives the conjugate diagram, which represents the partition (9,8,5,4,2,1,1).
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5. The answer is 12. It is easy to see that 9 has two self-conjugate partitions ((3,3,3) and
(5,1,1,1,1)), 10 also has two ((4,3,2,1) and (5,2,1,1,1)), as does 11 ((4,3,3,1) and
(6,1,1,1,1,1)). But 12 has three different self-conjugate partitions: (4,4,2,2), (5,3,2,1,1),
and (6,2,1,1,1,1).

6. a. To break a number n into two parts, think about how large the smaller part can be. We
can make this smaller part 1,2,3,... up to n/2 if n is even, but only up to (n — 1)/2 is n is
odd. A quick way to write this is [n/2].

b. If you draw the Young diagram for a partition with exactly two parts there are exactly two
rows of boxes in the diagram. When you flip this, there is at least one row with two boxes in
it, and no row has more than two boxes. So the conjugate of a partition with exactly two parts
is a partition whose largest part is two. Thus conjugation gives a one-to-one correspondence
between partitions into exactly two parts and partitions with largest part equal to two, so
there are the same number of each.

c. The reasoning is the same as in the previous paragraph, except for we must deal with the
“at most” phrase rather than the “exact” phrase. So the diagram for a partition with at most
five parts has at most five rows of boxes. When flipped, no row can have more than five boxes,
so conjugation gives a one-to-one correspondence between partitions into at most five parts
and partitions with largest part at most five.

7. Consider the Young diagram for a self-conjugate transformation. There are as many boxes
in the first row as there are in the first column, and the top-left box is counted in both. So
the total number of boxes in the top row and first column is odd. Now peel off the top row
and column and consider what’s left. Because the original diagram was symmetric across
the diagonal, so is the remainder, so what’s left after peeling off the first row and column
is a Young diagram for a self-conjugate partition of some other (smaller!) number. So its
top row and first column also form an odd number of boxes, and so forth. So by peeling
apart the Young diagram by layers, we see that a self-conjugate partition has a corresponding
partition into all odd parts. The correspondence for the three self-conjugate partitions of 12
are (4,4,2,2) «— (7,5), (5,3,2,1,1) +— (9,3), and (6,2,1,1,1,1) <— (11,1).
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10.

But why are all the odd numbers different? Well consider the first and second rows in a Young
diagram. The second row has at most as many boxes as the first, and may have fewer. And
when we peel off the first column, that leaves the second row with strictly fewer boxes than
the original first row. That means each odd number we peel off is strictly smaller than the
previous one. Thus, each self-conjugate partition corresponds to a partition into different odd
numbers.

We can also go backwards, by taking each odd number and “bending” it in the middle. For
instance, 13 would “bend” into a row of 7 and a column of 7, overlapping in the top-left square
of course. If we have all different odd numbers, then we can bend each in the middle and
nestle them inside each other in order of decreasing size to obtain a self-conjugate partition.

In this way, there is a one-to-one correspondence between self-conjugate partitions and
partitions into different odd numbers, so there must be the same number of each.

Keep in mind that there are p(n) partitions of n altogether. We can split these into two types:
those that have a part of one and those that don’t. We are trying to count the latter. But it
is much easier to count the former! For if you have any partition of n and at least one of the
parts is one, if you delete that part you have a partition of n — 1. So there are p(n — 1) of
these, and therefore p(n) — p(n — 1) partitions that do not have a part of size one.

Say we are breaking n into k£ consecutive parts, and let those parts be a, a + 1, a + 2,

.., a+ (k—1). The number k is the number of parts and can be any positive integer
(keep in mind that we are counting a single part as a list of (one) consecutive integer!). So
n=a+(a+1)+- -+ (a+ (k—1)). The right-hand side is an arithmetic series, so we apply
the familiar formula to obtain n = ka + k(k — 1)/2, or 2n = k(2a + k — 1). Now if k is odd,
2a + k — 1 is even and vice-versa (we say they have opposite parity).

Now if xy is a way of factoring n, (2z)y is a way of factoring 2n. So each odd factor of n is
also an odd factor of 2n and vice versa. And since a will always be at least one, 2a + k — 1 is
larger than k. So given a way to factor 2n into an odd number and an even number, set k to
be the smaller factor and 2a+ k — 1 to be the larger factor and we have the list of consecutive
numbers that add up to n.

For example, when n = 15, we have 2n = 30 which factors as:

e 1 x 30, giving £ = 1 and 2a = 30 so a = 15 and the partition is (15);

e 2 x 15, giving k =2 and 2a + 1 = 15 so a = 7 and the partition is (7, 8);

e 3 x 10, giving k = 3 and 2a + 2 = 10 so a = 4 and the partition is (4, 5, 6);

e 5 X6, giving k =5 and 2a +4 = 6 so a = 1 and the partition is (1,2, 3,4,5).

The solution to this problem lies in the transformation described prior to problem 3. As we
noticed when investigating this transformation, if we continue to apply it as many times as
possible to a partition, the result is a partition with no even parts because any even part
must be split in half. If we apply the reverse transformation as many times as possible, the
result is a partition with no two equal parts, because those parts could be combined. So the
idea is that given an partition with all odd parts, we apply the reverse transformation until
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we obtain a partition with all different parts, and given a partition with all different parts we
apply the transformation until we obtain a partition with all odd parts. In this way, for each
partition with all odd parts we can find a related one with all different parts, and vice versa.
We will be done if we can show that this correspondence is one-to-one.

To show this, keep in mind that every positive integer can be expressed uniquely as 2*b where
a is a non-negative integer and b is an odd positive integer. If @ > 0 then the integer is even,
and the transformation would take it to two copies of 2¢71b. If you have multiple copies of
the same number 2%b then the reverse transformation takes two of those copies and gives you
one copy of 2¢71b. The important thing to notice is that the transformation and its reverse
never change b. And since the transformation ends with all odd parts, that part must be b.

So now we can easily see why the transformation and its reverse describe a one-to-one corre-
spondence. Starting with the partition with all different parts, collect those parts that have
the same b. In fact, those parts will be different powers of 2 times b. Let’s say the total of
those power of 2 is k. As we apply the transformation, these parts will dissolve into a lot of
copies of b. In fact, into k copies. Now when we apply the reverse transformation, copies of b
will be turned into copies of 2b, then 4b, and so on until there are no two copies of the same
number. Thus, we will have turned all copies of b into powers of 2 times b. Since there is a
unique way of writing any number k as a sum of powers of 2 (think binary notation!) we have
shown that starting with a partition into different parts, applying the transformation to get a
partition into odd parts, and then applying the reverse transformation returns to the original
partition. So the transformation and its reverse must be one-to-one.

For example, here’s a partition with different parts: (52, 48, 46, 39, 30, 24, 21, 16, 15, 12,10, 5,2, 1).
We could write this as (22-13,2%-3,2-23,1-39,2-15,23-3,1-21,2%.1,1-15,2%.3,2-5,2-1,1-1).
If we collect the parts whose b is, say, 3, we have the 48, the 24, and the 12—a total of 28
3’s. Then when we use the reverse transformation, we first obtain 14 6’s, then 7 12’s. One of
these is left behind and we continue combining the other six to get 3 24’s and a 12, and two
of those 24’s are combined to end with 48, 24, and 12, exactly the multiples of 3 we started
with. None of the other parts interferes in any way with our 3’s

Let’s say we multiplied out the expression (1 + z)(1 + z2)--- (1 + ") but did not collect like
terms. Each term in the resulting expression then comes from multiplying a bunch of different
powers of x with a bunch of ones. Since multiplying powers of x causes their exponents to
add, each term with total exponent k comes from some partition of k£ into different parts
(different because no number occurs twice as an exponent in (1 + z)(1 + z2)--- (1 +2™)). So
when we do combine like terms, the coefficient of z* represents the number of ways to write
k as a sum of different numbers less than or equal to n. In particular, since a partition of n
itself never needs any parts larger than n, the number of partitions of n into different parts
will be the coefficient of ™ in our expanded product.



ARML Power Contest — February 2014 — Falling Blocks

Falling Blocks

The Background

This year marks the thirtieth anniversary of the computer game Tetris®. In this game, there is
an area ten squares wide and a number of squares tall. Pieces chosen randomly from among the
seven “tetrominoes” made up of four squares glued together, as shown below, fall from the top of
the screen.

As the pieces fall, the player may rotate them or slide them left or right, but once they touch a
piece below them they stick in place. If the player is able to fit the pieces together so as to leave no
gaps in a row, that row disappears and all the blocks above fall to leave more room for new blocks.
Otherwise the screen fills up with blocks and the game ends. In the example below, the player has
been playing for a little while; the gray area representing earlier pieces that have become stuck, and
the black T-shaped block has just started to fall. The player rotates it and slides it over to fit into
the gaps in the bottom rows, and in the second diagram the T has fallen into the gap. Note that
the bottom row still has holes in it, but the second row has now been filled in completely. So the
second row will disappear and all blocks above it will drop by one row—even if it means defying
gravity a little—leaving the grid in the third diagram, where another piece is about to start falling.

This problem is about the kinds of patterns that can be formed on a Tetris® screen, and similar
related puzzles. Obviously, if the pieces are chosen at random, the player has little control over the
patterns that form. But what if the player could choose the piece to come next? Can any pattern
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be left on the screen? The answer to this is easily seen to be no. For instance, there can never
be just a single square—or any odd number of squares—because the pieces all are made of four
squares, and squares disappear from the screen only in complete rows of ten squares. Since both
four and ten are even numbers, the player can never have an odd number of squares remaining. But
what is possible?

In the problems that follow, you will be asked to find a way to end up with the given pattern. The
answer will be to draw the outlines of the pieces where they end up, drawing a small circle next to
rows that disappear due to being complete. An example appears below. In your solutions, you may
use as many lines as necessary—only a couple lines will be shown for the patterns to save space, not
as an indication of how tall the solution should be. That is, your solution may need many lines to
disappear before you can obtain the desired pattern, but unless otherwise instructed any solution
will be acceptable regardless of how tall it ends up being compared to the original problem. Other
questions may ask you to prove that certain patterns are impossible. Be careful to check the width
of each puzzle, because some of the puzzles are not the standard ten columns wide.

Example: Create the given pattern. A solution is on the right; there are other solutions (such as
turning the given one upside-down). Note the small circle at the right to indicate that the bottom
row will disappear, allowing the desired pattern to fall into place along the bottom of the screen.

The Problems

There are 40 points available on this contest. The numbers at the end of each problem
are the number of points that problem is worth.

1. a. Create this pattern:

b. Faced with having to create this pattern, suppose
that a careless ARML team submitted the answer
shown to the right. The team would not have received
any points, because this proposed solution doesn’t
actually create the pattern desired. Explain why this
proposed solution does not work.

2. Create each of the following patterns:
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3. a. If the puzzle is ten spaces wide and the pattern to be obtained consists of exactly two squares

(that is, after complete rows disappear, only two squares are left that didn’t disappear), explain
why the number of complete rows that disappear in the solution must be odd.

b. If the puzzle is ten spaces wide, there are (120) = 45 different patterns where two squares

remain on the bottom line and all other squares have disappeared. Some of these patterns
can be achieved with just one row disappearing, while others require at least three rows to
disappear. (None require more than three.) How many of each kind are there? (You do not
have to provide all 45 solutions, just the numbers.)

If you try to repeat part (b) of the previous problem but without using the “T”-shaped block
you will discover that some patterns still require only one line to disappear, others require
three lines to disappear, but now some are impossible altogether. Again, none of the possible
patterns require more than three disappearing lines.

a. Determine how many of the 45 patterns still require only one line, how many now require
three, and how many are now impossible.

b. Give a simple explanation why some patterns are impossible without the “T”-block.
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It turns out that every pattern with an even number of squares can be created by dropping appro-
priate blocks in an appropriate order, and that every such pattern can be “cleared”—by dropping
the right blocks in the right places every square will eventually be part of a complete row and
disappear, leaving the entire screen empty. The proof of these facts is not any more difficult than
the rest of these problems, but has too many little parts that need verification to include the whole
solution. But we can model the proof for a simplified case.

5. Consider if the game were played on a screen only four squares wide, and the blocks that
fell were “triominoes” —three squares glued together along their edges. There are only two
different triominoes. One is the straight triomino, three squares glued together with their
centers in a straight line. The other is the “L”-triomino, three squares glued together with
their centers in a right triangle. We will prove that any pattern on the screen can be cleared.
Start by showing that no matter what the top line of the pattern is, by dropping the correct
blocks it can be cleared, leaving a pattern with fewer uncleared lines:

a. Show how to drop blocks to clear the top line if the top line is one of these (or their
left-right mirror image) (the question mark indicates that we don’t care what is below the top
line, only that we can clear the top line):

c. Show how to clear any remaining possible top-line patterns.

d. Complete the proof that any pattern in a four-square wide screen can be completely cleared.
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6. If you are playing on a screen that is eight squares wide but the only block you can use is the
straight triomino, prove that it is impossible to either create or clear the pattern with just a
single square in the corner.

7. This time, we are playing on a nine-square-wide screen, with the regular tetrominoes. Let’s
say we want to create the pattern with just a single square in the lower left-hand corner:

-----------------------------------------------------------------

............................................................

If we allow ourselves only one of the seven possible blocks, the straight tetromino can certainly
solve the following puzzle:

It turns out that no other tetromino can create this pattern by itself. But several pairs of the
other blocks can create the pattern. Find three solutions to the pattern, each using only two
different tetromino blocks. Each solution should use a different pair of blocks. Don’t forget
that the mirror image of a non-symmetric block is a different block!
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The Solutions

Note: Many, if not all, of the pattern-finding problems have multiple solutions. Only one will be
given, but any correct solution will score full points.

1.

.a.

a.

b. As the blocks are dropped into place to form the proposed solution, the final “T”-shaped
block must be placed before the “L”-shaped block that sits on top of it. But as soon as that
“T”-block is placed, the row indicated by the bottom-most circle will disappear. Then, when
the “L”-shaped block that rests on top of it comes down, the protrusion from the “T” upon
which it is supposed to come to rest won’t be there, and it will fall too far to leave the desired
pattern.

....................................................................
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3. a. All of the different pieces have four squares in them, so the total number of squares in all
blocks that have fallen is a multiple of four. If there are to be two squares left after all the
complete rows have disappeared, the total number of squares that have fallen is 10n+ 2 where
n is the number of lines that disappear. If n is even, then 10n + 2 is not divisible by four.

b. The diagram below shows how to achieve each of the patterns with two squares remaining
on the bottom line (in each, all but the topmost row disappear, so the circles have been
omitted). The first line of patterns are left-right symmetric, while the remaining patterns
can each be reversed left-for-right to obtain the 20 patterns that are not explicitly shown. So
clearly there are 34 patterns that can be created with just one row disappearing, while the
remaining 11 require three rows
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The diagram above shows the situation. The entries in light gray haven’t changed since the
previous problem—the pattern was already solved without the “T” in as few lines as possible.
There are two entries that used to have one line and now have three, and there are twelve
entries marked with an “X” which represent patterns that are impossible without the “T.”
So there are now 19 of the 45 patterns that are possible with one line disappearing, six that
are possible with three lines disappearing, and 20 that are impossible without the “T.”

b. Paint the squares that make up the falling blocks alternately black and white, like a
chessboard. Notice that each block except the “T” always has the same number of black
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and white squares. And when a row of squares is completed and disappears, the number of
white and black squares that disappear is the same. Now that doesn’t mean that the non-“T”
pieces can’t create a pattern with different numbers of black and white squares—problem 1(a),
for example —because when a line disappears and squares above it fall, every one of those
squares changes colors. In 1(a) squares above the disappearing line changed color to match
squares below it which didn’t change color, resulting in more of one color than another. But
for this problem, the remaining squares are all on one line, so there are no squares below the
disappearing lines to match!

a. Drop two of the “L”-triominoes as shown. The first one will not complete the line to be
eliminated, so the second one will be supported as shown, and then both the squares to be
eliminated and all the new squares added by dropping these blocks will be part of complete
lines and vanish.

b. Drop one “L”-triomino as shown. In the first case, we are left with two lines that can be
cleared like the first diagram in part (a); in the second case we are left with one such line.

c. The remaining cases are those shown below (and their mirror images):
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We know these are all possible patterns because (counting mirror images) we have accounted
for 14 different possibilities of the top row. Together with the empty row and the full row
(which aren’t problems!) this takes care of all 2! = 16 possible rows of squares.

Now in the first diagram above with just one square in the row to be eliminated, the solution
is to drop a copy of the straight triomino in its horizontal position into the wide gap. This
will eliminate the top row right away (unless there is also a wide gap in the next row down, in
which case that row will vanish, and so forth for as many rows have this wide gap. Whatever
the row the new triomino lands in must have a single square in it holding up the rows above
it—there are no empty rows in the middle of a pattern!). No matter which row vanishes, the
resulting pattern has one fewer row than the original.

In the second diagram, drop the straight triomino into the narrow gap. Keep dropping them
until one reaches the height of the row to be eliminated or higher. At that point, the row
will be eliminated, though there may be some single squares above that row that remain if
the straight triomino ends up reaching above the row. No matter; we learned in the previous
paragraph how to eliminate rows with a single square along the edge.

In the final diagram, drop the “L”-triomino, oriented so the it has two squares on the bottom
and one above, into the gap. Keep dropping them until one reaches the height of the row to
be eliminated or higher. If it only reaches the row to be eliminated, that row now has three
squares in it, and previous work shows how to make it vanish. If it reaches the row above,
then the bottom two squares of the new triomino filled the gap in the row to be eliminated,
causing it to disappear. The top square of the new triomino now is all alone on the row to be
eliminated, but we already know how to eliminate a row with only one square in it.

d. A short induction proof is all that is needed now. For the base case, if the pattern has
zero rows of squares to eliminate, the whole pattern has been cleared and we are done. Now
assume that all patterns of height n can be cleared. The previous steps show how to reduce
any pattern to one with one fewer row, so a pattern of height n 4+ 1 can be reduced to one of
height n. This can be cleared, so by induction any pattern can be cleared.

. The original solution I had to this problem turned out to be incorrect, and will be discussed
below. Here is a relatively simple explanation (a composite of some of the actual teams’
solutions—it’s always humbling when the students are smarter than the writer!).

Let’s say that triominoes could be dropped to leave just a single square in the lower left corner.
Consider the number of complete rows that would end up disappearing to leave just the single
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square. Since eight squares disappear at a time, if k is the number of rows that disappear
we have the total number of squares that drop is 8k 4 1. Since the squares drop in groups of
three, 8k 4+ 1 is a multiple of three. That requires k itself to be one larger than a multiple
of three (in other words, £k = 1 (mod 3)). So k = 3l + 1. So 3l + 1 squares drop into every
column except the leftmost, which sees a total of 3] + 2 squares.

Now the triominoes land either horizontally or vertically. Number the columns left-to-right
from 1 to 8, and let h, be the number of triominoes that land horizontally with their left-
most block in column n, and v, be the number of triominoes that land vertically in column n.
Clearly h; = hg = 0 because a triomino landing horizontally with its left-most block in the
seventh or eighth column would stick out to the right past the edge of the screen, which is
not allowed.

Count the number of squares that end up in the first column. This is clearly 3v; + hq, so
this must equal 3/ + 2. This tells us that oy — 2 is a multiple of three (h; = 2 (mod 3)).
Now any triomino that lands horizontally with its left-most square in the first column crosses
into the second and third columns. So the total number of squares in the second column is
3vg + ho + hy and this must equal 3/ + 1. Since h; is two more than a multiple of three, this
relationship requires hy to also be two more than a multiple of three. Continuing to the right,
3vz + hs + ho + h1 = 3l + 1, so hg is a multiple of three. Then 3vs 4+ hy + hg + hy = 3l + 1 so
h4 is two more than a multiple of three. Then hs will be two more than a multiple of three,
and hg will be a multiple of three. Next we get to the seventh column, where we find that
3vr+hr+hg+hs = 3L+ 1. Since hg is a multiple of three and hjs is two more than a multiple of
three, we find that h; must be two more than a multiple of three. But we already know that
h7 = 0, so it is impossible for it to be two more than a multiple of three. This contradiction
shows that our original assumption that the triominoes could be dropped to leave a single
square in the corner must have been incorrect.

This same idea will show that you can’t leave a single square in columns 2, 4, 5, 7, or 8. The
argument doesn’t apply in columns 3 or 6, and in fact it is possible to leave a single square
in those columns—TI’ll let the reader figure out the solution to that puzzle.

Now here is the original, incorrect proof for this problem and a brief discussion of what went
wrong.

Start by coloring the squares of the grid with three colors, as shown:
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Now every straight triomino will fall into one square of each color, so that (before complete
rows vanish) there are always exactly the same number of each color square that are covered
by triominoes. Unfortunately, no matter how many rows are involved, creating the pattern
with just a single square (or clearing it) requires more of one color square than some other
color. For example, if we try to create the pattern with a single square in the lower left, and
the diagram is colored as shown, then any number of complete rows with a single square on
top, where the total number of squares is divisible by three, will require one more gray square
than there are black squares, and one fewer white square than black.

So what is wrong? The problem is that as entire lines disappear, the colors of the squares
above that line change, and vertical blocks need no longer cover one square of each color.
Skillful timing of when each row disappears will now allow the player to leave patterns that
initially have uneven numbers of each color.

7. Here are some sample solutions; obviously there are many others.

Please note that only solutions that did not use the straight tetromino could earn credit, as
the question asked for “pairs of the other blocks.”
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Pancake Sorting

The Background

In 1975, a mathematician named Jacob Goodman posed a problem in the American Mathematical
Monthly which went like this:

The chef in our place is sloppy, and when he prepares a stack of pancakes they come
out all different sizes. Therefore, when I deliver them to a customer, on the way to
the table I rearrange them (so that the smallest winds up on top, and so on, down to
the largest at the bottom) by grabbing several from the top and flipping them over,
repeating this (varying the number I flip) as many times as necessary. If there are n
pancakes, what is the maximum number of flips (as a function f(n) of n) that I will ever
have to use to rearrange them? (American Mathematical Monthly v. 82 (1975), p. 1010)

Unfortunately, no one knows exactly how to compute the function f(n). Small values of n are
relatively easy, though. For instance, if there are just two pancakes, either they are already in
order, or the larger might be on top of the smaller, so the stack would have to be flipped. Thus
f(2) = 1. If there are three pancakes, they might be in the order 231, which means the middle-sized
pancake is on top, then the largest, then the smallest on the bottom of the stack. If this is the case,
we have to flip the top two (resulting in the stack 321) and then flip the whole stack (to get 123)
so that they are in the correct order. This does not mean that f(3) = 2, however, because there is
an ordering of three pancakes that takes more than two flips (see problem 1).

Notation: As just indicated, a stack of pancakes will be denoted by listing the relative sizes of
the pancakes, from top to bottom. To indicate a sequence of flips, underline the part you wish
to flip—it will always start at the left (representing the top of the stack) and include at least two
numbers (because flipping just one pancake doesn’t help re-order the stack). Then write an arrow,
followed by the result of that flip (the part that you previously underlined will be reversed). You
can string several flips in a row. For instance, the flips that change 231 to the proper order 123
would be written as
231 — 321 — 123.

The Problems

1. There are six arrangements of three pancakes: 123, 132, 213, 231, 312, and 321. Obviously, if
you start with the pancakes in the correct order 123 no flips are required to put them in correct
order. The order 231 was demonstrated above. For each of the other four orders, find a shortest
sequence of flips that puts the stack in order.

2. From your information in problem 1, determine f(3).

3. For one of the stacks in problem 1 there is a different, equally short sequence of flips that will
put it in order. Show this alternate set of flips.
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4. Tt is known that f(4) = 4 and that there are three different stacks that require a sequence of
four flips. Find those stacks (you don’t need to show the sequence of flips needed to put them in
order, just the stack).

5. It is known that f(5) = 5. Find any stack of five pancakes that requires five flips to put in order.

In any stack of pancakes, you can arrange for any single pancake to end up on top of the stack with
at most one flip—if it’s not already on top, then put your spatula just beneath it an flip. Similarly,
you can arrange for the top pancake to end up in any position with one flip. If you want it to
become the k"' pancake, just flip the top k& pancakes.

6. Use these ideas to show that f(n+ 1) < f(n) + 2.
7. Prove, for all n > 2, that f(n) < 2n — 3.

We have discovered an upper bound on the number of flips necessary to order the stack. In reality,

2n — 3 is much larger than needed, and one of the main results of Bill Gates’ paper is the improved

on—+9o

upper bound of . A more recent trick was able to lower the slope from 5/3 to 18/11. Since

we don’t know the function exactly, it is good to have as small an overestimate as possible.

On the other hand, we’d also like to find an underestimate. In a stack of pancakes, define an
adjacency to be a pancake where the pancake below it is immediately larger or immediately smaller
in size (that is, these two pancakes belong together in the final sorted stack), or when the largest
pancake is on the bottom of the stack (we can pretend we are treating the plate as a sort of
unflippable largest pancake).

8. Count the number of adjacencies in each of the following stacks.
(a) 28713645 (b) 54312768

9. Explain why a single flip cannot change the number of adjacencies by more than one.

10. For every n > 4 explain how to construct a stack of n pancakes that has zero adjacencies.
11. Use the previous two results to explain why f(n) > n for n > 3.

12. Find a stack of pancakes for which no flip increases the number of adjacencies.

13. Find a stack of six pancakes which requires seven flips to put in order. Hint: After three flips
you reach a stack for which no flip increases its adjacencies.

Another result in Gates’ paper is an improved lower bound, by finding stacks of 16k pancakes,
where k is any positive integer, that take at least 17k flips to put in order. Thus the slope of the
underestimate is raised from 1 to 17/16 (others have since raised the slope to 15/14).



500

Cohen worked on a variation of the problem that deals with “burnt” pancakes. That is, each
pancake has a good side and a burnt side, and when you serve the stack to the customer not only
should they be in order from smallest to largest, but each pancake should have its burnt side down
so that at least it looks pretty. We will let g(n) represent the maximum number of flips necessary
to properly order a stack of n burnt pancakes.

Notation: The notation will stay the same as before, and a pancake that is burnt-side-up will be
surrounded by parentheses. You can put a single set of parentheses around a bunch of pancakes if
every one of them is upside down. For example, 43(5)2(1) is a stack where the smallest pancake
is burnt-side-up on the bottom of the stack, the second-smallest pancake is right-side-up on top of
it, then the upside-down largest pancake, and so forth. The stack (123) is an easier way to write
(1)(2)(3) which has all the pancakes in order, but burnt-side-up.

Notice that a flip not only reverses the order of the numbers that are underlined, but also makes
right-side-up pancakes become upside-down and vice versa. Also, with burnt pancakes it may be
necessary to flip just the top pancake. One way of fixing the example stack above is

43(5)2(1) — 5(34)2(1) — (534)2(1) — 1(2)435 — (4)2(1)35
— (3)1(2)45 — 2(1)345 — (21)345 — 12345.

14. If there are n burnt pancakes, derive an expression for the number of possible stacks, counting
both order and sided-ness.

15. Use the ideas from problems 6 and 7 and the paragraph before them to show that g(n) < 3n — 2.

This upper bound of 3n — 2 can be improved very easily to 2n as we shall see. First, let’s define an
adjacency for burnt pancakes to also require that the burnt side of the smaller pancake is touching
the unburnt side of the larger. The largest pancake is only adjacent to the plate when it is right-
side-up. For example, if pancakes 3 and 4 are to be deemed adjacent, the stack must look like

++34--- or ---(4)(3)---. As in the unburnt case, a stack of n pancakes is sorted if and only if
there are exactly n adjacencies.

16. Assume we have a stack of n burnt pancakes. Show with proof, in each case below, a sequence
of two flips that will create one more adjacency without ruining any other adjacency.

(a) Pancake n is right-side-up somewhere in the stack. Get it to the bottom of the stack, right-
side-up, in two or fewer flips.

(b) Pancake p is the largest right-side-up pancake, p < n, and pancake p + 1 is upside-down and
higher up in the stack than p. That is, the stack looks like - -+ (p+1)---p---.

(c) Pancake p is the largest right-side-up pancake, p < n, and pancake p + 1 is upside-down and
lower in the stack than p. That is, the stack looks like - p---(p+1)---.

(d) All pancakes are upside-down, but some pancake (p) has (p + 1) somewhere higher up in the
stack. That is, the stack looks like --- (p4+1)---(p) - --
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The only stack not covered by one of the cases above is where the pancakes are in the correct
order—no pancake is ever below a larger pancake—but every pancake is burnt-side-up. That is, the
stack (123---n).

17. Starting with this stack, flip the entire stack, then flip all but the bottom, and repeat this pair
of flips &k times. Prove that the resulting stack is (k+ 1)(k +2)---(n)12--- k.

Thus, every stack of n burnt pancakes can be sorted in at most 2n flips. Use the steps in problem 16
to create as many adjacencies as possible. At most, two flips are used per adjacency. When no more
adjacencies can be created by those techniques, we have reached a stack of the form (12---k)---n.
Pancakes k + 1 through n are safely in proper order on the plate, and we have created n — k
adjacencies using at most 2(n — k) flips. Then use the technique of problem 17 to get the top k
pancakes right-side-up, using 2k additional steps. So g(n) < 2n.

Gates’ and Cohen’s papers show that a lower bound for g(n) is 3n/2.

The problem becomes at once simpler and more complicated if you allow more kinds of flips. Let’s
return to the unburnt pancakes, but now allow any part of the stack to be flipped. That is, you
may lift a few pancakes from the top of the stack, then flip the next bunch, then set the top few
back down. In notation, the underline indicating the flip is now allowed to start and end anywhere
in the list, not just starting at the first pancake. It is now much easier to sort stacks, since it will
require fewer moves, but more complicated to analyze since there are far more options.

18. Prove that any stack of n (unburnt) pancakes can be sorted in no more than n — 1 moves if you
are allowed to flip any part of the stack.

Since reversal of part of a strand of DNA is one of the most common types of mutations in genetics,
it is important to know the fastest way to sort a string of DNA using these kinds of flips. One
genetic test of the “distance” between two species is the number of flips it would take to get from
the genome of one to the genome of the other.
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The Solutions

1. The shortest sequences of flips that put each stack in order are as follows.

321 — 123

132 — 231 — 321 — 123 or 132 — 312 — 213 — 123

2. Of all the stacks of three pancakes, there is one (132) that requires three flips, and none require
more than three flips, so f(3) = 3.

3. The stack is 132, and both flip sequences are shown in the answer to problem 1.

4. The three stacks are 2413, 3142, and 4231. Though inelegant, probably the best way to see this
is to start with 1234 and catalog all the stacks you can get from various flips.

5. There are 20 such stacks. Using the idea of adjacencies introduced in later problems, this problem
can be easily solved by looking for stacks with no adjacencies. A few examples are 53142, 52413,
42513, and 25314. Of course, any of the 20 correct solutions is acceptable for full credit.

6. Given any stack of n + 1 pancakes, it takes at most two flips to get the biggest pancake on the
bottom of the stack (if it’s not already on the bottom, then (if it’s not already on top) flip the
largest to the top, then flip the whole stack). Then the smallest n pancakes can be sorted in at
most f(n) flips without disturbing the largest pancake, so the whole process takes at most f(n) + 2
flips.

7. This is a straightforward induction starting with a base case of n = 2. We know that a two-
pancake stack takes at most one flip, so f(2) =1 =2-2 — 3. so the formula holds for n = 2. Now
if f(n) < 2n — 3, then using the result of the previous problem, we see that f(n+1) < f(n)+2 <
2n—-3+2=2(n+1)—3.

(a) There are only two adjacencies: the 87 and the 45.
(b) There are four adjacencies: 54,43,12, and 76.

9. During the flip, the number of adjacencies among the pancakes that are flipped can’t change,
nor can the number of adjacencies among the pancakes that are left on the plate. The only place
that you can create or destroy an adjacency is the one place where you put the spatula!
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10. There are many ways to do this. A simple one would be to make a stack with all the even-sized
pancakes (in order) first, followed by the odd-sized pancakes (in order). No two even numbers nor
any two odd numbers are adjacent, and the place where you switch from even to odd can’t be an
adjacency because you go from the largest even-size pancake (at least four) to the smallest odd
pancake (size 1). For four pancakes, this creates the stack 2413, which is one of the stacks we
discovered in problem 4 to require the maximum number of flips.

11. For n = 3, we already know f(3) = 3 so it is true in this case. For n > 4, by problem 10 we
can find a stack with zero adjacencies. A completely sorted stack has n adjacencies—12, 23, 34,
..., until you count the adjacency of the largest pancake lying on the plate. But by problem 9 we
can create at most one new adjacency with each flip, so we need at least n flips to create the n
adjacencies in the sorted stack. Thus f(n) > n.

12. There was a typo in the problem—it was supposed to ask for a stack other than the fully sorted
stack for which no flip would increase the number of adjacencies, because the fully sorted stack
is a trivial example. In fact, every flip possible for the sorted stack will decrease the number of
adjacencies. In the proper form, the question would require an answer something like 2143. The
possible flips are 1243 (no adjacencies are affected), 4123 (one adjacency, 23 is created, but another,
34 is destroyed) and 4312 (no adjacencies affected).

13. There are two such stacks—462513 and 536142. It is clear that both of these start with
zero adjacencies, so would require at least six flips to put into order. But trying the various
possibilities, each of these always leads to a position where no available flip will increase the number
of adjacencies, so each of these stacks takes at least a seventh flip to order.

14. In terms of pancake size, there are n! orders. But each pancake can be right-side-up or upside-
down, so there are 2" ways to choose which side is up for all the pancakes. Since the order and
the upsides can be chosen independently, we multiply: there are 2"n! possible stacks of n burnt
pancakes.

15. A stack of one pancake might need to be flipped (if the pancake is burnt-side-up). So g(1) =
1 =3-1-—2 to start the induction. Now to order and right-side n 4+ 1 pancakes, we can put the
biggest pancake right-side-up on the bottom of the stack in at most three flips. For if it is not
already in that position, we can bring it to the top (using one flip, unless it is already there), then
flip it so that the burnt side is up (using one flip, if it isn’t that way already), and then flip the
whole stack to that it ends up good-side-up on the bottom. Then the remaining pancakes can be
positioned using at most g(n) moves. So we learn g(n + 1) < g(n) + 3. If we assume by induction
at g(n) < 3n — 2 then we find g(n+1) < g(n)+3<3n—2+3=3(n+1)—2.

16. Let ¢ = p+ 1 in the explanations below.
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(a) If pancake n is right-side-up, it cannot be adjacent to the pancake just below it unless it is
on the plate. So flip the top of the stack down to, and including n, and then flip the whole stack.
In other words, perform ---n--- — (n)--- — ---n. Any adjacencies in the top part of the

stack (above n) are preserved because that part of the stack is never changed, and the same goes
for the adjacencies below the original location of n. Since, as already mentioned, pancake n was
not adjacent to pancake initially below it, no adjacencies were destroyed, and pancake n is now
right-side-up on the plate, so one more adjacency has been created.

(b) Perform the flips ---(¢)---p--- — (p)--+q--+ —> ---pg---. In other words, flip the top

down to and including p. Since p is the largest right-side-up pancake, it is not adjacent to the
pancake below it (which would have to be a right-side-up ¢ = p + 1). So this flip doesn’t ruin any
adjacencies. Then flipping the stack down to, but not including the right-side-up ¢ puts these two
together properly.

(¢) Perform the flips ---p---(¢)--+ —> q---(p)--+ —> - (qp) - - -. No adjacencies are ruined, for
the same reasons as the previous part. And again p and ¢ are now adjacent (though upside-down
this time).

(d) This time, the flips are ---(q)---(p)--+ —> q---(p)--- —> ---(gp) - - - . Since, once again, the

place where the spatula goes cannot be an adjacency, we never ruin any adjacencies and always
create one.

17. Looks like a job for induction! When k = 1, we get (1)(2)---(n) — n---21 — (2)---(n)1,
which demonstrates the base case.

Then, if 2(k — 1) flips takes (1)(2)---(n) to (k)(k+1)---(n)12---k — 1, two more flips produce

B)(k+1) ()12 k—1— (k—1D)(k—2)-- ) (n-k+1k — (k+1)-- (n)12-- -k,

as desired.

18. A simple solution, though certainly not the only one, is to sort the pancakes into order by using
each move to put the next pancake that is not in order into its proper position from top to bottom.
That is, after k flips, assume the top (at least) k& pancakes are in order on top of the stack. At step
k + 1, lift these k& pancakes, flip the bunch down to and including k£ 4+ 1, and set the top k& back
down. In notation, we do the flip 12---ka---bk+1--- — 12---kk+1b---a---. We can be a
little more proper with the induction. The base case is k = 0 and certainly after zero flips, there are
at least zero pancakes in proper order. If, after k flips the top k pancakes are in order, the (k+ 1)
flip puts pancake k£ + 1 in its proper position. After at most n — 1 flips the top n — 1 pancakes are
in order, and by the pigeon-hole principle, pancake n must be on the bottom, so the whole stack is
in order.









